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PREFACE. 


THE scope of the present book is sufficiently indicated by 
the title and the Table of Contents. In the chapter on 
“Diophantos’ notation and definitions” several suggestions 
are made, which I believe to be new, with regard to the 
origin and significance of the symbols employed by Diophantos. 
A few words may be necessary to explain the purpose of the 
Appendix. This is the result of the compression of a large 
book into a very small space, and claims to have no inde- 
pendent value apart from the rest of my work. It is in- 
tended, first, as a convenient place of reference for mathe- 
-maticians who may, after reading the account of Diophantos’ 
methods, feel a desire to see them in actual operation, and, 
secondly, to exhibit the several instances of that variety of 





peculiar devices which is one of the most prominent of the 
characteristics of the Greek algebraist, but which cannot be 
brought under general rules and tabulated in the same way 
Bas the processes described in Chapter V. The Appendix, then, 
is a necessary part of the whole, in that there is much in 
Diophantos which could not be introduced elsewhere ; it must 
not, however, be considered as in any sense an alternative to 
the rest of the book: indeed, owing to its extremely con- 
densed form, I could hardly hope that, by itself, it would 
even be comprehensible to the mathematician. I will merely 
add that I have twice carefully worked out the solution of 
H. D. b 
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every problem from the proof-sheets, so that I hope and _be- 
lieve that no mistakes will be found to have escaped me. 

It would be mere tautology to enter into further details 
here. One remark, however, as to what the work does not, 
and does not profess to, include may not be out of place. 
No treatment of Diophantos could be complete without a 
thorough revision of the text. I have, however, only cursorily 
inspected one Ms. of my author, that in the Bodleian Library, 
which unfortunately contains no more than a small part of 
the first of the six Books. The best Mss. are in Paris and 
Rome, and I regret that I have had as yet no opportunity of 
consulting them. Though this would be a serious drawback 
were I editing the text, no collation of Mss. could affect my 
exposition of Diophantos’ methods, or the solutions of his 
problems, to any appreciable extent; and, further, it is more 
than doubtful, in view of the unsatisfactory results of the 
collation of three of the Mss. by three different scholars in 
the case of one, and that the most important, of the few ob- 
secure passages which need to be cleared up, whether the text 
in these places could ever be certainly settled. 

I should be ungrateful indeed if I did not gladly embrace 
this opportunity of acknowledging the encouragement which 
I have received from Mr J. W. L. Glaisher, Fellow and Tutor 
of Trinity College, to whose prospective interest in the work 
before it was begun, and unvarying kindness while it was 
proceeding, I can now thankfully look back as having been 
in a great degree the “moving cause” of the whole. And, 
finally, I wish to thank the Syndics of the University Press 
for their liberality in undertaking to publish the volume. 


T, L. HEATH: 
11 May, 1885. 
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DIOPHANTOS OF ALEXANDRIA. 


CHAPTER I. 


HISTORICAL INTRODUCTION, 


§ 1. Tue doubts about Diophantos begin, as has been 
remarked by Cossali’, with his very name. It cannot be posi- 


view that he was called Diophantos. 


title that he lived at Alexandria. 


Avodartos, but the name Avodavtns nowhere occurs. 


have the analogous forms ‘Iepopavtns, cuvxopavrns. 


Bibliotheca Regia, deprachendi, qui veram exhibent lectionem e/s Aupavror.” 


H. D.. l 


t 





tively decided whether his name was Diophantos or Diophantes. 
The preponderance, however, of authority is in favour of the 


(1) The title of the work which has come down to us under 
his name gives us no clue. It is Avopavtov AreEavdpews ’ApiOu- 
ntixav BiBdia wy. Now Avogavrov may be the Genitive of 
either Avéfaytos or Avodavtns. We learn however from this 


(2) In Suidas under the article “‘T'watia the name occurs 
in the Accusative and in old editions is given as Avodavtnp ; 
but Bachet? in the Preface to his edition of Diophantos assures 
us that two excellent Paris Mss. have Avodavtov. Besides this, 
Suidas has a separate article Avodavtos, évowa xvpiov. More- 
over Fabricius mentions several persons of the same name 


on this ground probable that the correct form is Avogavtos. 
We may compare it with “Exgav7os, but we cannot go so far 
as to say, with Bachet, that Avogavtns is not Greek; for we 


1 «Su la desinenza del nome comincia la diversita tra gli serittori”’ (p. 61). 
2 “Ubi monendus es imprimis, in editis Suidae libris male haberi, es Avo- 
gdvrnv, ut ex duobus probatissimis codicibus manu exaratis qui extant in 
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(83) In the only quotation from Diophantos which we 
know Theon of Alexandria (fl. 365—390 A.D.) speaks of him 
as AvédavTos. 

(4) On the other hand Abu’lfaraj, the Arabian historian, 
in his History of the Dynasties, is thought to be an authority for 
the form Diophantes, and certainly in his Latin translation of the 
two passages in which D, is mentioned by Abu'lfaraj, Pococke 
writes Diophantes. But, while in the first of the two passages 
in the original the vowel is doubtful, in the second the name is 
certainly Diophantos. Hence Abu'lfaraj is really an authority 
for the form Diophantos. 


(5) Of more modern writers, Rafael Bombelli in his - 


Algebra, published 1572, writes in Italian “ Diofante” corre- 
sponding to Avodavtns. But Joannes Regiomontanus, Joachim 
Camerarius, James Peletarius, Xylander and Bachet all write 
Diophantus. 

We may safely conclude, then, that Diophantos was the 
name of our author. Far more perplexing than the doubt as 
to his name is the question of the time at which he lived. As 
no certainty can even now be said to have been reached on this 
point, it will be necessary to enumerate the indications which 
bear on the question. Before proceeding to consider in order 
the internal and external evidence, it will be well to give the 
only facts which are known of his personal history, and which 
can be gathered from an arithmetical epigram upon Diophantos. 
This epigram, the probable date of which it will be necessary to 
consider later along with the question of its authorship, is as 
follows : 

Odros tor Avohavtov éye tapos, a péeya Oadya, 
Kai tados é« téxvns pétpa Bioww réyer. 

"Extny xoupifew Budtov eds wrace poipny, 
Awsexatn & ériBels pijia ropev xdoaewv. 

TH 8 dp’ éf EBSouatyn TO yaunduov rato éyyos, 
"Ex &€ yapov réurt@ maid’ érévevoev eer. 

Ai at tyddiyeTov Seirdv Téxos, Hurcv TaTpos, 
Tod dé Kal 1 Kpvepos pérpov éX@v ProTov. 

IlévOos & a’ micipecou tmapnyopéwy éviavtois 
Tide rocov codpin tépw érépnoe Biov. 


oe eee ee ee 
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The solution of this epigram-problem gives 84 as the age 
at which Diophantos died. His boyhood lasted 14 years, his 
beard grew at 21, he married at 334 a son was born to him 
5 years later and died at the age of 42, when his father was 
80 years old. Diophantos’ own death followed 4 years later 
at the age of 84. Diophantos having lived to so great an age, 
an approximate date is all that we can expect to find for 
the production of his works, as we have no means of judg- 
ing at what time of life he would be likely to write his 
Arithmetics. 

§ 2. The most important statements upon the date of 
Diophantos which we possess are the following : 

(1) Abw'lfaraj, whom Cossali calls “the courageous compiler 
of a universal history from Adam to the 13th century,” in his 
History of the Dynasties before mentioned, places Diophantos, 
without giving any reason, under the Emperor Julian (3861— | 
363 A.D.). This is the view which has been ordinarily held. 
It is that of Montucla. 

(2) We find in the preface to Rafael Bombelli’s Algebra, 
published 1572, a dogmatic statement that Diophantos lived 
under Antoninus Pius (138—161 A.p.). This view too has 
met with considerable favour, being adopted by Jacobus de 
Billy, Blancanus, Vossius, Heilbronner, and others. 

Besides these views we may mention Bachet’s conjecture, 
which identifies the Diophantos of the Arithmetics with an 
astrologer of the same name, who is ridiculed in an epigram 
attributed to Lucilius; whence Bachet concludes that he 
lived about the time of Nero (54—68) (not under Tiberius, 
as Nesselmann supposes Bachet to say). The three views 
here mentioned will be discussed later in detail, as they are 
all worthy of consideration. The same cannot be said of a 
number of other theories on the subject, of which I will quote 
only one as an example. Simon Stevin' places Diophantos 
later than the Arabian algebraist Mohammed ibn Miisa 


1 Les Oeuvres Mathém. de Sim. Stevin, augm. par Alb. Girard, Leyden, 1634. 
“Quant & Diophant, il semble qu’en son temps les inventions de Mahomet 
ayent seulement esté cognues, comme se peult colliger de ses six premiers 


livres.” 
1—2 
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Al-Kharizmi who lived in the first half of the 9th century, the 
absurdity of which view will appear. 
We must now consider in detail the 


(a) Internal evidence of the date of Diophantos. 


(1) It would be natural to hope to find, under this head, 
references to the works of earlier or contemporary mathema- 
‘ticians. Unfortunately there is only one such reference trace- 
able in Diophantos’ extant writings. It occurs in the fragment 
upon Polygonal Numbers, and is a reference to a definition 
given by a certain Hypsikles’. Thus, if we knew the date of 
Hypsikles, it would enable us to fix with certainty an upper 
limit, before which Diophantos could not have lived. It is 
particularly unfortunate that we cannot determine accurately 
at what time Hypsikles himself lived. Now to Hypsikles is 
attributed the work on Regular Solids which forms Books 
xiv. and xv. of the Greek text of Euclid’s Elements. In the 
introduction to this work the author relates® that his father 
knew a treatise of Apollonios only in an incorrect form, whereas 
he himself afterwards found it correctly worked out in another 
book of Apollonios, which was easily accessible anywhere in 
his time. From this we may with justice conclude that Hypsikles’ 
father was an elder contemporary of Apollonios, and must have 
died before the corrected version of Apollonios’ treatise was 
given to the world. Hypsikles’ work itself is dedicated to a 
friend of his father’s, Protarchos by name. Now Apollonios 
died about 200 B.c.; hence it follows that Hypsikles’ treatise 


1 Polyg. Numbers, prop. 8. 
‘kal dmedelyOn rd mapa ‘Tyke? év Spw eyduevov.”” 
“auvamoderxOevros ody Kal tod ‘TyrxdXéous Spou, x. 7. d.” 
kal more dteoivres (sc. Basileides of Tyre and Hypsikles’ father) 7d bd 
"Arroh\wviou ypapev mepl rijs cvyKploews Tod Swiexaddpou Kal Tov elxocaédpov Trav 
els rhv abriv opalpay éyypadouévwy, riva Noyov exer mpds Anda, Edotay TavTa 
Hh OpOGs yeypapévac rdv 'Aro\\dviov. adrot dé ravra diaxabdpayres Eypayay ws 
jw dxovew Tov marpos. éyw be torepov mepierecov érépw BiBiw bwd 'Amodwvlov 
Exdedoudvy, Kal mepiéxovre amodetw yids (?) wept Tov vroxemévov. Kal peyddws 
epuxaywyhOnv éml rH mpoBAnwaTos YyTHTE. Td pev bd ’Amoddwvlou éxdobev Fore 
Kowy oxoreiv. Kal yap wepipéperas, k.7.d.” 


26 
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on Regular Solids was probably written about 180 B.c. It 
was clearly a youthful production. Besides this we have another 
work of Hypsikles, of astronomical content, entitled in Greek 
avagopixos. Now in this treatise we find for the first time 
the division of the circumference of a circle into 360 degrees, 
which Autolykos, an astronomer a short time anterior to Euclid, 
was not acquainted with, nor, apparently, Eratosthenes who 
died about 194 B.c. On the other hand Hypsikles used no 
trigonometrical methods : these latter are to some extent em- 
ployed by the astronomer Hipparchos, who made observations 
at Rhodes between the years 161 and 126. Thus the discovery 
of trigonometrical methods about 150 agrees well with the 
conclusion arrived at on other grounds, that Hypsikles flourished 
about 180 B.c. 

We must not, however, omit to notice that Nesselmann, 
an authority always to be mentioned with respect, takes an 
entirely different view. He concludes that we may with a fair 
approach to certainty place Hypsikles about the year 200 of our 
era, but upon insufficient grounds. Of the two arguments used 
by Nesselmann in support of his view one is grounded upon 
the identification of an Isidoros whom Hypsikles mentions’ 
as his instructor with the Isidoros of an article in Suidas: 
"Icidwpos pirocodos os éepirocodnce pév Ud Tots abeAdois, 
elmep Tis adXos, ev paOnuaow: and, further, upon a conjecture 
of Fabricius about it. Assuming that the two persons called 
Isidoros in the two places are identical we have still to deter- 
mine his date. The question to be answered is, what is the 
reference in U70 Tots adeAdois? Now Fabricius makes a con- 
jecture, which seems hazardous, that the adeApoi are the 
brothers M. Aurelius Antoninus and L. Aurelius Verus, who 
were joint-Emperors from 160 to 169 a.p. This date being 
assigned to Isidoros, it would follow that Hypsikles should 
be placed about A.D. 200. 

In the second place Nesselmann observes that according to 
Diophantos Hypsikles is the discoverer of a proposition respect- 
ing polygonal numbers which we find in a rather less perfect 

1 Buel. xv. 5. “7 dé edpeots, ws "Ioldwpos 6 juérepos dpryicaro méyas d.ddon- 
aos, Exe Tov Tpomov TovTov,” 
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form in Nikomachos and Theon of Smyrna; from this he 
argues that Hypsikles must have been later than both these 
mathematicians, adducing as further evidence that Theon (who 
is much given to quoting) does not quote him. Doubtless, as 
Theon lived under Hadrian, about 130 4.D., this would give a 
date for Hypsikles which would agree with that drawn from 
Fabricius’ conjecture; but it is not possible to regard either 
piece of evidence as in any way trustworthy, even if it were 
not contradicted by the evidence before adduced on the other 
side. 

We may say then with certainty that Hypsikles, and there- 
fore a fortiori Diophantos, cannot have written before 180 B.c. 

(2) The only other name mentioned in Diophantos’ writings 
is that of a contemporary to whom they are dedicated. This 
name, however, is Dionysios, which is of so common occurrence 
that we cannot derive any help from it whatever. 

(3) Diophantos’ work is so unique among the Greek trea- 
tises which we possess, that he cannot be said to recal the style 
or subject-matter of any other author, except, indeed, in the 
fragment on Polygonal Numbers ; and even there the reference 
to Hypsikles is the only indication we can lay hold of. 

The epigram-problem, which forms the last question of the 
5th book of Diophantos, has been used in a way which is rather 
curious, as a means of determining the date of the Arithmetics, 
by M. Paul Tannery’. The enunciation of this problem, which 
is different from all the rest in that (@) it is in the form of an 
epigram, (b) it introduces numbers in the concrete, as applied 
to things, instead of abstract numbers (with which alone all 
the other problems of Diophantos are concerned), is doubtless 
borrowed by him from some other source. It is a question 
about wine of two different qualities at the price respectively of 
8 and 5 drachmae the yods. It appears also that it was wine of 
inferior quality as it was mixed by some one as drink for his 
servants. Now M. Tannery argues (a) that the numbers 8 and 
5 were not hit upon to suit the metre, for, as these are the only 
numbers which occur in the epigram, and both are found in 


1 Bulletin des Sciences mathematiques et astronomiques, 1879, p. 261, 
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the same line in the compounds oxTadpaypovs and mevtedpay- 
Hous, some other numerals would serve the purposes of metre 
equally well. (b) Neither were they taken in view of the solu- 
tion of the problem, for each number of ydes which it was 
required to find are found to contain fractions. Hence (c) the 
basis on which the author composed his problem must have 
been the price of wines at the time. Now, says M. Tannery’, 
it is evident that the prices mentioned for wines of poor quality 
are famine prices. But wine was not dear until after the time 
of the Antonines. Therefore the composer of the epigram, and 
hence Diophantos also, is later than the period of the Antonines. 

This argument, even if it is correct, does no more than give 
us a later date than we before arrived at as the upper limit. 
Nor can M. Tannery consistently assert that this determination 
necessarily brings us at all near to the date of Diophantos ; for 
in another place he maintains that Diophantos was no original 
genius, but a learned mathematician who made a collection of 
problems previously known; thus, if so much had already been 
done in the domain which is represented for us exclusively by 
Diophantos, the composer of the epigram in question may well 
have lived a considerable time before Diophantos. It may be 
mentioned here, also, that one of the examples which M. Tan- 
nery quotes as an evidence that problems similar to, and even 
more difficult than, those of Diophantos were in vogue before 
his time, is the famous Problem of the Cattle, which has been 
commonly called by the name of Archimedes; and this very 
problem is fatal to the theory that arithmetical epigrams must 
necessarily be founded on fact. These considerations, however, 
though proving M. Tannery to be inconsistent, do not neces- 
sarily preclude the possibility that the inference he draws from 
the epigram-problem solved by Diophantos is correct, for (a) the 
date of the Cattle-problem itself is not known, and may be 
later even than Diophantos, (b) it does not follow that, if 
M. Tannery’s conclusion cannot be proved to be necessarily 
right, it must therefore be wrong. 

1 «T) est d’ailleurs facile de se rendre compte que ces prix n’ont pas été 


choisis en vue de la solution: on doit done supposer qu’ils sont réels. Or ce 
sont évidemment, pour les vins de basse qualité, de prix de famine.” 
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On the vexed question as to how far Diophantos was original 
we shall have to speak later. 
We pass now to a consideration of the 


(b) External evidence as to the date of Diophantos. 


(1) We have first to consider the testimony of a passage of 
Suidas, which has been made much of by writers on the ques- 
tion of Diophantos, to an extent entirely disproportionate to its 
intrinsic importance. As however it does not bear solely upon 
the question of date, but upon another question also, it cannot 
be here passed over. The passage in question is Suidas’ article 
‘Tratia’. The words which concern us apparently stood in 
the earliest texts thus, éypawev trouvnpa eis Avodavtny 
Tov doTpovomltkov. Kavova eis Ta kovixa’ AToNwviov 
vrouvnua. With respect to the reading Avopaytny, we have 
already remarked that Bachet asserts that two good Paris Mss. 
have Avodavrov. 

The words as found in the text cannot be right. Avodavtnv 
Tov aotpovouixsy should (if the punctuation were right) be 
Avodavrny Tov aotpovopoy, the former not being Greek. 

Kuster’s conjecture® is that we should read taouvnpa eis 
Avofavtov aotpovoy.ixoy Kavova’ eis TA K@viKa ’Atro\N@vio”U 
vrouvnua. If this is right the Diophantos here mentioned must 
have been an astronomer. In that case the person in question 
is not our Diophantos at all, for we have no ground whatever to 
imagine that he occupied himself with Astronomy. It is cer- 
tain that he was famous only as an arithmetician. Thus John 
of Jerusalem in his life of John of Damascus® in speaking of 
some one’s skill in Arithmetic compares him to Pythagoras and 


1'Yrarla 7 Odwvos rou Tewuérpov Ovyarnp rod ’ANetavipéws Pirogogov kal avrh 
girocodpos, Kal moddols yvwpiuos* yuvh “Iowddpov tov pitoodg¢ou' Fxuacey él rhs 
Bacwdelas Apxadlou’ &ypayev irduynua els Acopdvrny Tov aorpovomxor. Kavova els 
7a kwixa’ “Arro\\wvlou Umrdurnua. 

2 Suidae Lexicon, Cantabrigiae, 1705. 

% Chapter x1. of the Life as given in Sancti patris nostri Joannis Damasceni, 
Monachi, et Presbyteri Hierosolymitani, Opera omnia quae exstant et ejus nomine 
circumferuntur. Tomus primus. Parisiis, 1712. ‘Avadoylas dé’ ApiOunrixds odrws 
cEnoxnxacw eipuds, ws Iudayopar jf Acogavroy, 
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Diophantos, as representing that science. However, Bachet 
has proposed to identify our Diophantos with an astrologer of 
the same name, who is ridiculed in an epigram’ supposed to be 
written by Lucilius. Now the ridicule of the epigram would 
be clearly out of place as applied to the subject of the epigram 
mentioned above, even supposing that Lucilius’ ridiculous 
hero is not a fictitious personage, as it is not unreasonable to 
suppose. 

Bachet’s reading of the passage is Uréuvnua eis Avodavtor, 
TOV aoTpovomiKoY Kavova, els Ta KoViKAa ’ATrO\N@VioU UTrOmYT- 
pa*. He then proceeds to remark that it shows that Hypatia 
wrote a Canon Astronomicus, so that she evidently was versed 
in Astronomy as well as Geometry (as shown by the Commen- 
tary on Apollonios), two of the three important branches of 
Mathematics. It is likely then, argues Bachet, that she was 
acquainted with the third, Arithmetic, and wrote a commentary 
on the Arithmetics of Diophantos. But in the first place we 
know of no astronomical work after that of Claudius Ptolemy, 
and from the way in which 6 dotpovoyxds cavewv is mentioned 
it would be necessary to suppose that it had been universally 
known, and was still in common use at the time of Suidas, and 
yet was never mentioned by any one else whom we know; an 
inexplicable hypothesis. oe 


7 
. 


si * ~ 
: 


1 ‘Epuoyévn tov larpov 6 dorpoddyos Awpavtos 
Elre pdvous (wis évvéa unvas exew, 
Kdkeivos yedaoas, Ti wev 6 Kpdvos évvéa unvay, 
Pyol, Aéyer, od voe* Taud dé oivroua cor 
Elze xal éxrelvas uovov nyaro* Kal Acopaytos 
“ANXov amedrifw, altos ameckdpicer. 


“Tudit non inuenustus poéta tum in Diophantum Astrologum, tum in medi- 
cum Hermogenem, quem et alibi saepe fals¢ admodum perstringit, quéd solo 
attactu non aegros modd, sed et bené valentes, velut pestifero sidere afflatos 
repenté necaret. Itaque nisi Diophantum nostrum Astrologiae peritum fuisse 
negemus, nil prohibet, quo minus eum aetate Lucillij extitisse dicamus.” 

Bachet, Ad lectorem. 

2 From this reading it is clear that Bachet did not rest his view of the 
identity of our Diophantos with the astrologer upon the passage of Suidas, 
M. Tannery is therefore mistaken in supposing this to be the case, ‘‘Bachet, 
ayant lu dans Suidas qu’Hypatia avait commenté le Canon astronomique de 
notre quteur..,”; that is precisely what Bachet did not read there, 
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Next, the expression eis Avcfavtov has been objected to by 
Nesselmann as not being Greek. He maintains that the Greeks 
never speak of a book by the name of its author, and therefore 
we ought to have Avodavrou apiOuntixa, if the reference were 
to Diophantos of the Arithmetics. M. Tannery, however, de- 
fends the use of the expression, on the ground that similar 
ones are common enough in Byzantine Greek. M. Tannery, 
accordingly, to avoid the difficulties which we have mentioned, 
supposes some words to have dropped out after Avdavtov, and 
thinks that we should read eis Avodavtov...rov artpovoptKov 
Kavova. eis Ta Kovixa AtroAXwviov Urouvynma, Suggesting that 
before tov aotpovopixoy Kavova we might supply e¢s and under- 
stand IIroXepailov. 

It will be seen that it is impossible to lay any stress upon 
this passage of Suidas. We cannot even make sure from this 
that Hypatia wrote a commentary upon Diophantos, though it 
has been very generally asserted by historians of mathematics 
as an undoubted fact, even by Cossali, who in speaking of the 
corrupt state into which the text of Diophantos has fallen 
remarks that Hypatia was the most fortunate of the commen- 
tators who have ever addressed themselves to his writings. 

(2) I have already mentioned the epigram which in the 
form of a problem gives us the only facts we know of Dio- 
phantos’ life. If we only knew the exact date of the author of 
this epigram, our difficulties would be much lessened. It is 
commonly assigned to Metrodoros, but even then we are not 
sure whether Metrodoros of Skepsis or Metrodoros of Byzan- 
tium is meant. It is now generally supposed that the latter 
was the author; and of him we know that he was a gram- 
marian and arithmetician who lived in the reign of Constantine 
the Great. 

(3) It is satisfactory in the midst of so much uncertainty to 
find a most certain reference to Diophantos in a work by Theon 
of Alexandria, the father of Hypatia, which gives us a lower limit 
for the date, more approximate than we could possibly have 
derived from the article of Suidas. The fact that Theon quoted 
Diophantos was first noted by Peter Ramus’: “ Diophantus, 


' Schola Mathematica, Book 1, p. 35, 
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cujus sex libros, cum tamen author ipse tredecim polliceatur, 
graecos habemus de arithmeticis admirandae subtilitatis artem 
complexis, quae vulgo Algebra arabico nomine appellatur: cum 
tamen ex authore hoc antiquo (citatur enim a Theone) anti- 
quitas artis appareat. Scripserat et Diophantus harmonica.” 
This quotation was known to Montucla, who however draws an 
absurd conclusion from it’ which is repeated by Kliigel in his 
Worterbuch*®. The words of Theon which refer to Diophantos 
are kal Aodavtos dynow Ort, THs pwovddos apuetabérov obens 
Kal EoTWONS TaVTOTE, TO TOANATAAGLAbSmEVvoY Eldos em’ adti)y 
auto TO €ldos é€otat. We have only to remark that these words 
are identically those of Diophantos’ sixth definition, as given in 
Bachet’s text, with the sole difference that wavrtore stands in 
the place of the equivalent de/, in order to see that the refer- 
ence is certain beyond the possibility of a doubt. The name of 
Diophantos is again mentioned by Theon a few lines further on. 
Here then we undoubtedly have a lower limit to the time of 
Diophantos, supplied by the date of Theon of Alexandria, and 
one which must obviously be more approximate than we could 
have arrived at from any information about his daughter 
Hypatia, however trustworthy. Theon’s date, fortunately, we can 
determine with accuracy. Suidas® tells us that he was con- 
temporary with Pappos and lived in the reign of Theodosius I. 
The statement that he was contemporary with Pappos is almost 


1 « Théon cite une autre ouvrage de cet analyste, of il étoit question de la 
pratique de larithmétique. Je soupeonnerois que c’étoit 14 qu’il expliquoit plus 
au long les régles de sa nouvelle arithmétique, sur quoi il ne s’étoit pas assez 
étendu au commencement de ses questions.” Montucla, 

Apparently translated word for word in Rosenthal’s Eneyclopéidie d. reinen 
Mathem., ut. 195, 

2 1.177, under Arithmetik: ‘“Diophantus hab ausser seinem grossen arith- 
metischen Werke auch ein Werk iiber die praktische Arithmetik geschrieben, 
das aber verloren ist.” 

To begin with, Montucla quotes the passage as occurring in the 5th Book of 
Theon’s Commentary, instead of the first. The work of Diophantos which 
Theon quotes is not another work, but is identically the Arithmetics which we 
possess. 

3 Géwy 6 éx Tov Moveelov, Alyiarios, Pidcogos, tiyxpovos 5¢ Ilarrwy 7G Prvooddy 
kat air@ ’Adetavdper ériyxavov dé dupdrepor emt Ocodoclov Baciéws rod rpecBurd- 
pou* &ypave Madnuarixa, ‘ApiOunrixd, Kk, T.r. 
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certainly incorrect and due to a confusion on the part of Suidas, 
for Pappos probably flourished under Diocletian (A.D. 284— 
305); but the date of a certain Commentary of Theon has been 
definitely determined' as the year 372 A. p. and he undoubtedly 
flourished, as Suidas says, in the reign of Theodosius I. (879— 
395 A. D.). 

(4) The next authority who must be mentioned is the 
Arabian historian Abuw’lfaraj, who places Diophantos without 
remark under the emperor Julian. This statement is important 
in that it gives the date which has been the most generally ac- 
cepted. The passage in Abu'lfaraj comes after an enumeration 
of distinguished men who lived in the reign of Julian, and is 
thus translated by Pococke: “Ex iis Diophantes, cuius liber 
A. B. quem Algebram vocat celebris est.” 

It is a difficult question to decide how much weight is to be 
allowed to Abu'lfaraj’s dogmatic statement. Some great autho- 
rities have unequivocally pronounced it to be valueless. Cossali 
attributes it to a confusion by Abu'lfaraj of our author with 
another Diophantos, a rhetorician, who is mentioned in another 
article? of Suidas as having been contemporary with the em- 
peror Julian (361—363); and assumes that Abu’lfaraj made the 
statement solely on the authority of Suidas, and confused two 
persons of the same name. Cossali remarks at the same time 
upon a statement of Abu’lfaraj’s translator, Pococke, to the effect 
that the Arabian historian did not know Greek and Latin. 
Colebrooke too® (Algebra of the Hindus) takes the same view. 
Now it certainly seems curious that Cossali should remark upon 
Abu'lfaraj’s ignorance of Greek and yet suppose that he made a 
statement merely upon the authority of Suidas; and the ques- 
tion suggests itself: had Abuw’lfaraj no other authority? We 





1 «On the date of Pappus,” &c., by Hermann Usener, Neues Rheinisches 
Museum, 1873, Bd. xxvii. 403. 

2 AiBdvws, cogrorhs Avrwoxevs, Trav éml rod "TovNavod rod MapaBarov xpévwv, 
kal wéxpt Oeodoclov tov mperBurépov, Pacyaviov warpds, MaOnrhs Acopdvrov. 

8 Note M. p. xxi. ‘The Armenian Abu’lfaraj places the Algebraist Dio- 
phantus under the emperor Julian. But it may be questioned whether he has 
any authority for that date, besides the mention by Greek authors of a learned 
person of the name, the instructor of Libanius, who was contemporary with that 
emperor,” 


—— 
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must certainly, as was remarked by Schulz, admit that he must 
have had ; for he gives yet another statement about Diophantos, 
which certainly comes from another source, that his work was 
translated into Arabic, or commented upon, by Mohammed 
Abu'l-Wata. There would seem however to be but one possibility 
which would make Abu'lfaraj’s statement trustworthy. Is it 
possible that the two persons, whom he is supposed to have 
confused, are identical? Is it a sufficient objection that Liba- 
nius distinguished himself chiefly as a rhetor and not as a 
mathematician? In fact, in the absence of any evidence to the 
contrary, why should the arithmetician Diophantos not have 
been a rhetorician also? This question has given occasion to 
some jests on the compatibility of the two accomplishments. 
M. Tannery, for example, quotes Fermat, who was “ Conseiller 
de Toulouse”; and Nesselmann mentions Aristotle, arriving 
finally at the conclusion that the two may be identical, and so, 
while Abu'lfaraj’s statement has nothing against it, it has a 
great deal in its favour. But M. Tannery thinks he has made 
the identification impossible by finding Suidas’ authority, namely 
Eunapios in the Lives of the Sophists, who mentions this other 
Diophantos as an Arabian, not an Alexandrian, and professing 
at Athens’. Certainly if this supposition is correct, we cannot 
identify the two persons, and therefore cannot trust the state- 
ment of Abu'lfaraj. There is a further consideration—that the 
reign of Julian (861—363) could certainly only have been the 
end of Diophantos’ life, as we see by comparing Theon’s date, 
above mentioned, to whom Diophantos is certainly anterior ; 
he may indeed have been much earlier, because (1) Theon 
quotes him as a classic, and (2) the absence of quotations before 
Theon does not necessarily show that the two were nearly 
contemporary, for of previous writers to Theon who would have 
been likely to quote Diophantos ? 

(5) In the preface to his Algebra, published A.D. 1572, 
Rafael Bombelli gives the bare statement that Diophantos lived 


1 “Tl nous donne ce Diophante, qu’il a connu et dont il ne fait d’ailleurs 
pas grand cas, comme né, non pas a Alexandrie, ainsi que le mathématicien, 
mais en Arabie (Awavros 6 ‘Apdfios), et, d’autre part, comme professant a 
Athénes,” 


14 DIOPHANTOS OF ALEXANDRIA. 


in the reign of Antoninus Pius’, giving no proof or evidence of 
it. From the demonstrated incorrectness of certain other state- 
ments of Bombelli concerning Diophantos we may infer that we 
ought not hastily to give credence to this; on the other hand it 
is scarcely conceivable that he would have made the assertion 
without any ground whatever. The question accordingly arises, 
whether we can find any statement by an earlier writer, which 
might have been the origin of Bombelli’s assertion. M. ‘Tannery 
thinks he has found the authority while engaged in another 
research into the evidence on which Peter Ramus ascribes to 
Diophantos a treatise on Harmonics’, an assertion repeated by 
Gessner and Fabricius®. As I cannot follow M. Tannery in his 
conjectures—for they are nothing better, but are rather con- 
jectures of the wildest kind,—I will give the substance of his 
remarks without much comment, to be taken for what they are 
worth. According to M. Tannery Ramus’ source of information 
was a Greek manuscript on music; this there is no reason to 
doubt; and in the edition of Antiquae musicae auctores by 
Meibomius we read, in the treatise by Bacchios o yépar, that 
there were five definitions of rhythm, attributed to Phaidros, 
Aristoxenos, Nikomachos, Aecogavtos and Didymos. Now the 
name AeodayTos is not Greek; the form Aewpavtos however is, 
but M. Tannery argues that a confusion between Aco and Acw is 
much less likely than a confusion between Aco and Aw. (I may be 
allowed to remark here that I cannot agree with this view. 
Of course A and A are extremely likely to be confounded, but 
that . should have been at the same time changed into ¢ seems 
to me anything but probable. Besides, this involves two changes, 
whereas the change of Aew into Aéo involves only one variation, 
This latter change then is the smaller one, and why should it 


1 “Questi anni passati, essendosi ritrouato una opera greca di questa dis- 
ciplina nella libraria di Nostro Signore in Vaticano, composta da un certo 
Diofante Alessandrino Autor Greco, il quale fi & tempo di Antonin Pio...” 

[I quote from the edition published in 1579, which is in the British Museum. 
I have not seen the original edition of 1572.] 

2 “Seripserat et Diophantus harmonica,” 

% “Harmonica Diophanti, quae Gesnerus et alii memorant, intellige de har- 
monicis numeris, non de scripto quodam musici argumenti,”’ though what is 
meant by ‘‘harmonic numbers,” as Nesselmann remarks, is not quite clear, 


& 
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be less likely than the other? I confess that it seems to me by 
far the more likely of the two; for the long and short vowels o, 
# must have been closely associated, as is proved by the fact 
that in ancient inscriptions’ we find O written for both O and Q 
indiscriminately, and in others 0 used for both sounds.) Then, 
according to M. Tannery, Ramus probably took the name for 
Avogav7os, and was followed by other writers. Admitting that 
the identification with the arithmetician Diophantos is hypo- 
thetical enough, M. Tannery goes on to say that it is confirmed 
by finding the name of Nikomachos next to Aeddavros, and by 
observing that Euclid and Ptolemy also were writers on music, 
which formed part of the wa@yuara. Now in enumerations of 
this sort the chronological order is generally followed, and the 
dates of many authors have been decided on grounds no more 
certain than this. (It is an obvious remark to make to M. 


_ Tannery that “two wrongs do not make aright”: it does not 


follow that, because other dates have been decided on insufficient 
grounds, we should determine Diophantos’ date in the same 
manner ; weought rather to take warning by such unsatisfactory 
determinations. But to proceed with M. Tannery’s remarks)— 
In the present case we know that Aristoxenos was a disciple of 
Aristotle, and that Nikomachos was posterior to Thrasyllos who 
lived in the reign of Tiberius. Thus we can prove the chrono- 
logical order for two of the five names. Again, Nikomachos 
must be anterior to his commentator Apuleius who was con- 
temporary with Ptolemy, and Ptolemy speaks in his Harmonics 
of a tetrachord due to a neo-Pythagorean Didymos. Of Phaidros 
we know nothing. Hence if we admit that the names are given 
in chronological order, and remember that Diophantos lived to 
be 84 years of age, we might say that, coming between Niko- 
machos and Didymos, he lived in the reign of Antoninus Pius, 
as Bombelli states, i.e. 138—161 A.D. 

M. Tannery, however, is conscious of certain objections to 
this theory of Diophantos’ date. This determination would, he 
says, have great weight if Bacchios 6 yépwv had been an author 

1 I mean, of course, inscrr. later than the introduction of 2, before which 


time one sign was necessarily used for both letters, Further, I lay no stress 
upon this fact except as an i/lustration. 
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sufficiently near in point of time to Diophantos and the rest in 
order to know their respective ages. Unfortunately, however, 
that is far from certain, Bacchios’ own date being very doubtful. 
He is generally supposed to have lived in the time of Constantine 
the Great; this is however questioned by M. Tannery who 
thinks that the epigram given by Meibomius, in which Bacchios 
is associated with a certain Dionysios, refers to Constantine 
Porphyrogenetes, who belongs to the sixth century. Next, 
grave doubts may be raised concerning the determination by 
means of the supposed chronological order; for the definitions 
of rhythm given by Nikomachos and Diophaitos (?) are very 
nearly alike, that of Diophantos being apparently a development 
of that of Nikomachos: cata 5€ Nixdpuayov, ypovwrv ev’taKtos 
auvberis’ kata dé Avodarrov (2), ypovav cvvOeos Kat avadoylav 
Te Kal cumpeTplav mpds éavtovs. The similarity of the two 
definitions might itself account for their juxta-position, which 
might then after all be an inversion of chronological order. 
Again the age of Didymos must be fixed differently. By 
“Didymos” is meant the son of Herakleides Ponticus, gramma- 
rian and musician, whom Suidas places in the reign of Nero. 
Thus, if we assume Bacchios’ order to be chronological, we must 
place Diophantos in the reign of Claudius, and Nikomachos in 
that of Caligula. 


§ 3. Results of the preceding investigation.. 


I have now reviewed all the evidence we have respecting the 
time at which Diophantos lived and wrote, and the conclusions 
arrived at, on the basis of this evidence, by the greatest autho- 
rities upon the subject. It must be admitted the result cannot 
be called in any sense satisfactory; indeed the data are not 
sufficient to determine indisputably the question at issue. The 
latest determination of Diophantos’ date is that of M. Tannery, 
and there has been no theory propounded which seems on the 
whole preferable to his, though even it cannot be said to have 
been positively established ; it has, however, the merit that, if it 
cannot be proved, it cannot be impugned; as therefore it seems 





~~ 
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open to no objection, it would seem best to accept it provisionally, 
as the least unsatisfactory theory. We shall therefore be not 
improbably right in placing Diophantos in the second half of the 
third century of our era, making him thus a contemporary of 
Pappos, and anterior by a century to Theon of Alexandria and 
his daughter Hypatia. 

One thing is quite certain: that Diophantos lived in a 
period when the Greek mathematicians of great original power 
had been succeeded by a number of learned commentators, who 
confined their investigations within the limits already reached, 
without attempting to further the development of the science. 
To this general rule there are two most striking exceptions, in 
different branches of mathematics, Diophantos and Pappos. 
These two mathematicians, who would have been an ornament 
to any age, were destined by fate to live and labour at a time 
when their work could not check the decay of mathematical 
learning. There is scarcely a passage in any Greek writer 
where either of the two is so much as mentioned. The neglect 
of their works by their countrymen and contemporaries can be 
explained only by the fact that they were not appreciated or 
understood. The reason why Diophantos was the earliest of the 
Greek mathematicians to be forgotten is also probably the 
reason why he was the last to be re-discovered after the Revival 
of Learning. The oblivion, in fact, into which his writings and 
methods fell is due to the circumstance that they were not 
understood. That being so, we are able to understand why 
there is so much obscurity concerning his personality and the 
time at which he lived. Indeed, when we consider how little 
he was understood, and in consequence how little esteemed, we 
can only congratulate ourselves that so much of his work has 
survived to the present day. 


CHAPTER II. 


THE WORKS OF DIOPHANTOS; THEIR TITLES AND GENERAL 
CONTENTS; THE PORTIONS OF THEM WHICH SURVIVE. 


§ 1. We know of three works of Diophantos, which bear 
the following titles. 


(1) “Api@unrixdv BiBria vy. 
(2) wept wodvyavev apiOudr. 
(3) tropicpara. 


With respect to the first title we may observe that the 
meaning of “apsOuntixa” is slightly different from that assigned 
to it by more ancient writers. The ancients drew a marked 
distinction between ape@unrtixy and NoytoteKy, both of which 
were concerned with numbers. Thus Plato in Gorgias 451 B’* 
states that dpv@un7TLK7 Is concerned with the abstract properties 
of numbers, odd even, and so on, whereas XoytoteKn deals with 
the same odd and even, but in relation to one another. Geminos 
also gives us definitions of the two terms. According to him 
apiOuntixyn deals with abstract properties of numbers, while 
AoyloTiKy gives solutions of problems about concrete numbers. 
From Geminos we see that enunciations were in ancient times 
concrete in such problems. But in Diophantos the calculations 

Let ris pe eporo...Q2 Dwxpares, tls éorw H apOunrixh réxvyn; eltroww’ dv 
alte, Sorep od Apri, bre T&v Sia Adyou Tis Td KOpos éxoveGv. Kal el we éravép- 
oro Tév mept rh; elmo’ dv, bre Tov wept 7d Apridv Te Kal wepirrov bo av 
éxdrepa tiyxave. bvra. ef 5 at Eporro, Thy 5& oyiorixny rlva Kadets réxvnv; 
elrom’ dv bre Kal airy éori tov byw 7d Tay Kupovpévwy. Kal el éravéporo ‘H 
mepl rl; elmo’ dy Worep ol ev TQ Snuw cuvyypaddueva, bre Ta ev Ga KaOdarep 
7 dpOunrixn 7 NoyoriKy Exe’ Tepl To abrd ydp éor., 76 Te apriov Kal TO mepiTTov* 
diagéper 5¢ Tocoiroy, drt Kal mpds abra Kal mpos GAAnda Was Exe TAHOoUS ExicKomed 
TO TepiTTov Kal 70 dpriov 7 NoytoTiKy}. Gorgias, 451 B,C. 
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take an abstract form, so that the distinction between Noyirri«7 
and apuOuntixn is lost. We thus have ‘ApiOuntixa given as 
the title of his work, whereas in earlier times the term could 
only properly have been applied to his treatise on Polygonal 
Numbers. This broader use by Diophantos of the term arith- 
metic is not without its importance. 

Having made this preliminary remark it is next necessary to 
observe that of these works which we have mentioned some 
have been lost, while probably the form of parts of others has 
suffered considerably by the ravages of time. The Arithmetics 
should, according to the title and a distinct statement in the 
introduction to it, contain thirteen Books. But all the six 
known Mss.* contain only six books, with the sole variation 
that in the Vatican ms. 200 the same text, which in the rest 
forms six books, is divided into seven. Not only do the mss. 
practically agree in the external division of the work; they 
agree also in an equally remarkable manner—at least all of 
them which have up to the present been collated—in the lacunae 
and the mistakes which occur in the text. So much is this 
the case that Bachet, the sole editor of the Greek text of 
Diophantos, asserts his belief that they are all copied from one 
original *. This can, however, scarcely be said to be established, 

1 The six mss. are: 


1—3. Vatican mss. No. 191, x11. c., charta bombycina. 
No. 200, xiv. c., charta pergamena. 
No. 304, xv. c., charta. 
4. ms. in Nat. Library at Paris, that used by Bachet for his text. 
5. ms. in Palatine Library, collated for Bachet by Claudius Salmasius, 
6. Xylander’s ms. which belonged to Andreas Dudicius. 

Colebrooke considers that 5 and 6 are probably identical. 

2 “«Etenim neque codex Regius, cuius ope hance editionem adornavimus; 
neque is quem prae manibus habuit Xilander; neque Palatinus, vt doctissimo 
viro Claudio Salmasio referente accepimus ; neque Vaticanus, quem vir summus 
Iacobus Sirmondus mihi ex parte transcribendum curauit, quicquam amplius 
continent, quam sex hosce Arithmeticorum libros, et tractatum de numeris 
multangulis imperfectum. Sed et tam infeliciter hi omnes codices inter se 
consentiunt, vt ab vno fonte manasse et ab eodem exemplari descriptos fuisse 
non dubitem. Itaque parum auxilij ab his subministratum nobis esse, veris- 
simé affirmare possum.” Jpistola ad Lectorem. 

It will be seen that the learned Bachet spells here, as everywhere, Xy lander’s 
name wrongly, giving it as Xilander. 

9__9 
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for Bachet had no knowledge of two of the three Vatican Mss. 
and had only a few readings of the third, furnished to him by 
Jacobus Sirmondus. It is possible therefore that the collation 
of the two remaining ss. in the Vatican might even now lead 
to important results respecting the settling of the text. The 
evidence of the existence in earlier times of all the thirteen 
books is very doubtful, some of it absolutely incorrect. Bachet 
says‘ that Joannes Regiomontanus asserts that he saw the 
thirteen books somewhere, and that Cardinal Perron, who had 
recently died, had often told him that he possessed a MS. 
containing the thirteen books complete, but, having lent it 
to a fellow-citizen, who died before returning it, had never re- 
covered it. Respecting this latter MS. mentioned by Bachet 
we have not sufficient data to lead us to a definite conclusion 
as to whether it really corresponded to the title, or, like the 
Mss. which we know, only announced thirteen books. If it 
really corresponded to the title, it is remarkable how (in the 
words of Nesselmann) every possible unfortunate circumstance 
and even the “pestis” mentioned by Bachet seem to have 
conspired to rob posterity of at least a part of Diophantos’ 
works. 

Respecting the statement that Regiomontanus asserts that 
he saw a MS. containing the thirteen books, it is clear that 
it is founded on a misunderstanding. Xylander states in two 
passages of his preface” that he found that Regiomontanus 


1 «Toannes tamen Regiomontanus tredecim Diophanti libros se alicubi 
vidisse asseverat, et illustrissimus Cardinalis Perronius, quem nuper ex- 
tinctum magno Christianae et literariae Reipublicae detrimento, conquerimur, 
mihi saepe testatus est, se codicem manuscriptum habuisse, qui tredecim Dio- 
phanti libros integros contineret, quem cim Gulielmo Gosselino conciui suo, 
qui in Diophantum Commentaria meditabatur, perhumaniter more suo exhi- 
buisset, paullo post accidit, ut Gosselinus peste correptus interiret, et Diophanti 
codex eodem fato nobis eriperetur. Cum enim precibus meis motus Cardi- 
nalis amplissimus, nullisque sumptibus parcens, apud heredes Gosselini codicem 
illum diligenter exquiri mandasset, et quouis pretio redimi, nusquam repertus 
est.’’ Ad lectorem. 

2 “Tnueni deinde tanquam exstantis in bibliothecis Italicis, sibique uisi 
mentionem a Regiomontano (cuius etiam nominis memoriam ueneror) factam.” 
Xylander, Hpistola nuncupatoria. 

‘Sane tredecim libri Arithmeticae Diophanti ab aliis perhibentur exstare in 
bibliotheca Vaticana; quos Regiomontanus ille uiderit.” Ibid. 
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mentioned a Ms. of Diophantos which he had seen in an Italian 
library; and that others said that the thirteen books were 
extant in the Vatican Library, “which Regiomontanus saw.” 
Now as regards the latter statement, Xylander was obviously 
wrongly informed ; for not one of the Vatican mss. contains 
the thirteen books. It is necessary therefore to inquire to what 
passage or passages In Regiomontanus’ writings Xylander refers. 
Nesselmann finds only one place which can be meant, an Oratio 
habita Patavii in praelectione Alfragani* in which Regiomon- 
tanus remarks that “no one has yet translated from the Greek 
into Latin the thirteen books of Diophantos*.” Upon this 
Nesselmann observes that, even if Regiomontanus saw a MS., 
it does not follow that it had the thirteen books, except on 
the title-page; and the remarks which Regiomontanus makes 
upon the contents show that he had not studied them thoroughly; 
but it is not usually easy to see, by a superficial examination, 
into how many sections a MS. is divided. However, this passage 
is interesting as being the first mention of Diophantos by a 
European writer; the date of the Speech was probably about 
1462. The only other passage, which Nesselmann was acquaint- 
ed with and might have formed some foundation for Xylander’s 
conclusion, is one in which Regiomontanus (in the same Oratio) 
describes a journey which he made to Italy for the purpose 
of learning Greek, with the particular (though not exclusive) 


1 Printed in the work Rudimenta astronomica Alfragani. ‘‘Item Alba- 
tegnius astronomus peritissimus de motu stellarum, ex observationibus tum 
propriis tum Ptolemaei, omnia cum demonstrationibus Geometricis et Addi- 
tionibus Joannis de Regiomonte. Item Oratio introductoria in omnes scientias 
Mathematicas Joannis de Regiomonte, Patavii habita, cum Alfraganum publice 
praelegeret. Ejusdem utilissima introductio in elementa Euclidis. Item Epis- 
tola Philippi Melanthonis nuncupatoria, ad Senatum Noribergensem. Omnia 
jam recens prelis publicata. Norimbergae anno 1537. 4to.” 

2 The passage is: ‘‘Diofanti autem tredecim libros subtilissimos nemo usque- 
hac ex Graecis Latinos fecit, in quibus flos ipse totius Arithmeticae latet, ars 
videlicet rei et census, quam hodie vocant Algebram Arabico nomine.”’ 

It does not follow from this, as Vossius maintains, that Regiomontanus sup- 
posed Dioph. to be the inventor of algebra. 

The ‘‘ars rei et census,” which is the solution of determinate quadratic 
equations, is not found in our Dioph.; and even supposing that it was given in 
the ms. which Regiomontanus saw, this is not a point which would deserve 
special mention, 
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object of turning into Latin certain Greek mathematical works’. 
But Diophantos is not mentioned by name, and Nesselmann 
accordingly thinks that it is a mere conjecture on the part 
of Cossali and Xylander, that among the Greek writers mentioned 
in this passage Diophantos was included; and that we have 
no ground for thinking, on the authority of these passages, 
that Regiomontanus saw the thirteen books in a complete form. 
But Nesselmann does not seem to have known of a passage 
in another place, which is later than the Oration at Padua, 
and shows to my mind most clearly that Regiomontanus never 
saw the complete work. It is in a letter to Joannes de Blan- 
chinis*, in which Regiomontanus states that he found at Venice 
“ Diofantus,” a Greek arithmetician who had not yet been 
translated into Latin; that in the proémium he defined the 
several powers up to the sixth, but whether he followed out 
all the combinations of these Regiomontanus does not know; 
“ for not more than six books are found, though in the proémium 
he promises thirteen. IPf this book, a wonderful and difficult 
work, could be found entire, I should like to translate it into Latin, 
for the knowledge of Greek I have lately acquired would 
suffice for this’? &c. The date of this occurrence is stated 


1 After the death of his teacher, Georg von Peurbach, he tells us he went 
to Rome &e. with Cardinal Bessarion. ‘‘Quid igitur reliquum erat nisi ut 
orbitam viri clarissimi sectarer? coeptum felix tuum pro viribus exequerer? 
Duce itaque patrono communi Romam profectus more meo literis exerceor, ubi 
scripta plurima Graecorum clarissimorum ad literas suas discendas me invitant, 
quo Latinitas in studiis praesertim Mathematicis locupletior redderetur.” 

Peurbach died 8 April, 1461, so that the jourtiey must have taken place 
between 1461 and 1471, when he permanently took up his residence at Niirn- 
berg. During this time he visited in order Rome, Ferrara, Padua (where he 
delivered the Oration), Venice, Rome (a second time) and Vienna. 

2 Given on p. 135 of Ch. Th. v. Murr’s Memorabilia, Norimbergae, 1786, and 
partly in Doppelmayr, Historische Nachricht von der Niirnbergischen Mathe- 
maticis und Kiinstlern, p. 5. Note y (Niirnberg, 1730). 

3 The whole passage is: 

‘‘Hoc dico dominationi uestrae me reperisse nune uenetiis Diofantum arith- 
meticum graecum nondum in latinum traductum. Hie in prohemio diffiniendo 
terminos huius artis ascendit ad cubum cubi, primum enim uocat numerum, 
quem numeri uocant rem, secundum uocat potentiam, ubi numeri dicunt 
censum, deinde cubum, deinde potentiam potentiae, uocant numerum censum 
de censu, item cubum de censu et tandem cubi, Nescio tamen si omnes com- 
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in a note to be 1463. Here then we have a distinct contradiction 
to the statement that Regiomontanus speaks of having seen thir- 
teen books ; so that Xylander’s conclusions must be abandoned. 

No conclusion can be arrived at from the passage in Fermat’s 
letter to Digby (15 August 1657) in which he says: The name 
of this author (Diophantos) “me donne l'occasion de vous faire 
souvenir de la promesse, qu’il vous a pleu me faire de recouvrer 
quelque manuscrit de cét Autheur, qui contienne tous les treize 
livres, et de m’en faire part, s'il vous peut tomber en main.” 
This is clearly no evidence that a complete Diophantos existed 
at the time. 

~ Bombelli (1572) states the number of books to be seven’, 
showing that the Ms. he used was Vatican No. 200. 

To go farther back still in time, Maximus Planudes, who 
lived in the time of the Byzantine Emperors Andronicus I. and 
II. in the first half of the 14th century, and wrote Scholia to 
the two first books of the Arithmetics, given in Latin in 
Xylander’s translation of Diophantos, knew the work in the 
same form in which we have it, so far as the first two books 
are concerned. From these facts Nesselmann concludes that 
the corruptions and lacunae in the text, as we have it, are due 
to a period anterior to the 14th or even the 13th century. 

There are yet other means by which lost portions of Diophan- 
tos might have been preserved, though not found in the original 
text as it has come down to us. We owe the recovery of some 
Greek mathematical works to the finding of Arabic translations 
of them, as for instance parts of Apollonios. Now we know 


binationes horum prosecutus fuerit. non enim reperiuntur nisi 6 eius libri qui 
nunc apud me sunt, in prohemio autem pollicetur se scripturum tredecim. Si 
liber hie qui reuera pulcerrimus est et difficilimus, integer inueniretur [Doppel- 
mayr, inueniatur] curarem eum latinum facere, ad hoc enim suflicerent mihi 
literae graecae quas in domo domini mei reuerendissimi didici. Curate et uos 
obsecro si apud uestros usquam inueniri possit liber ille integer, sunt enim in 
urbe uestra non nulli graecarum litterarum periti, quibus solent inter caeteros 
tuae facultatis libros huiusmodi oceurrere. Interim tamen, si suadebitis, sex 
dictos libros traducere in latinum occipiam, quatenus latinitas hoe nouo et 
pretiosissimo munere non careat.” 

1 <«Rgli e io, per arrichire il mondo di cosi fatta opera, ci dessimo A tradurlo 
e cinque libri (delli sette che sono) tradutti ne abbiamo.” Bombelli, pref. to 
Algebra. 
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that Diophantos was translated into Arabic, or at least studied 
and commented upon in Arabia. Why then should we not 
be as fortunate in respect of Diophantos as with others? In 
the second part of a work by Alkarkhi called the Fakhri* 
(an algebraic treatise) is a collection of problems in deter- 
minate and indeterminate analysis which not only indicate 
that their author had deeply studied Diophantos, but are, 
many of them, directly taken from the Arithmetics with the 
change, occasionally, of some of the constants. The obliga- 
tions of Alkarkhi to Diophantos are discussed by Wopcke in 
his Notice sur le Fakhri. In a marginal note to his MS. is a 
remark attributing the problems of section Iv. and of section 
ut. in part to Diophantos*. Now section Iv. begins with pro- 
blems corresponding to the last 14 of Diophantos’ Second Book, 
and ends with an exact reproduction of Book ur. Intervening 
between these two parts are twenty-five problems which are not 
found in our Diophantos. We might suppose then that we have 
here a lost Book of our author, and Woépcke says that he was 
so struck by the gloss in the Ms. that he hoped he had dis- 
covered such a Book, but afterwards abandoned the idea for the 
reasons: (1) That the first twelve of the problems depend upon 
equations of the first or second degree which lead, with two 
exceptions, to irrational results, whereas such were not allowed 
by Diophantos. (2) The thirteen other problems which. are 
indeterminate problems of the second degree are, some of them, 
quite unlike Diophantos; others have remarks upon methods 
employed, and references to the author’s commentaries, which 
we should not expect to find if the problems were taken from 
Diophantos. 

It does not seem possible, then, to identify any part of 


1 The book which I have made use of on this subject is: ‘Extrait du Fakhri, 
traité d’ Algtbre par Abou Bekr Mohammed ben Alhacan Alkarkhi (manuscrit 
952, supplément arabe de la bibliothtque Impériale) précédé d’un mémoire sur 
l’Algébre indéterminée chez les Arabes, par F. Woepcke, Paris, 1853.” 

2 Wopcke’s translation of this gloss is: ‘‘J’ai vu en cet endroit une glose de 
l’écriture d’Ibn Alsirfidj en ces termes: Je dis, les problémes de cette section et 
une partie de ceux de la section précédente, sont pris dans les livres de Dio- 
phante, suivant lordre. Ceci fut écrit par Ahmed Ben Abi Beqr Ben Ali Ben 
Alsiradj Alkelineci,” 
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the Fakhri as having formed a part of Diophantos’ work now 
lost. Thus it seems probable to suppose that the form in which 
Alkarkhi found and studied Diophantos was not different from 
the present. This view is very strongly supported by the follow- 
ing evidence. Bachet has already noticed that the solution 
of Dioph. 11. 19 is really only another solution of 11. 18, and 
does not agree with its own enunciation. Now in the Fukhri 
we have a problem (Iv. 40) with the same enunciation as 
Dioph. t1. 19, but a solution which is not in Diophantos’ manner. 
It is remarkable to find this followed by a problem (ty. 41) 
which is the same as Dioph. 11. 20 (choice of constants always 
excepted). It is then sufficiently probable that 11. 19 and 
20 followed each other in the redaction of Diophantos known 
to Alkarkhi; and the fact that he gives a non-Diophantine 
solution of 11 19 would show that he had observed that the 
enunciation and solution did not correspond, and therefore set 
himself to work out a solution of his own. In view of this 
evidence we may probably assume that Diophantos’ work had 
already taken its present mutilated form when it came into 
the hands of the author of the Fakhrz. This work was written 
by Abu Bekr Mohammed ibn Alhasan Alkarkhi near the 
beginning of the 11th century of our era; so that the cor- 
ruption of the text of Diophantos must have taken place before 
the 11th century. 

There is yet another Arabic work even earlier than this 
last, apparently lost, the discovery of which would be of the 
greatest historical interest and importance. It is a work upon 
Diophantos, consisting of a translation or a commentary by Mo- 
hammed Abu’l-Wafa, already mentioned incidentally. But it 
is doubtful whether the discovery of his work entire would 
enable us to restore any of the lost parts of Diophantos. There 
is no evidence to lead us to suppose so, but there is a piece 
of evidence noted by Wopcke* which may possibly lead to 
an opposite conclusion. Abu’l-Wafa does not satisfactorily deal 
with the possible division of any number whatever into four 
squares. Now the theorem of the possibility of such division 


1 Journal Asiatique. Cinquiéme série, Tome y. p. 234, 
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is assumed by Diophantos in several places, notably in Iv. 31. 
We have then two alternatives. Either (1) the theorem was 
not distinctly enunciated by Diophantos at all, or (2) It was 
enunciated in a proposition of a lost Book. In either case 
Abu’l-Wafa cannot have seen the statement of the theorem in 
Diophantos, and, if the latter alternative is right, we have an 


argument in favour of the view that the work had already been. 


mutilated before it reached the hands of Abu’l-Wafa. Now 
Abu’l-Wafa’s date is 328—388 of the Hegira, or 940—988 of 
our Era. 

It would seem, therefore, clear that the parts of Diophantos’ 
Arithmetics which are lost were lost at an early date, and 
that the present lacunae and imperfections in the text had 
their origin in all probability before the 10th century. 

It may be said also with the same amount of probability 
that the Porisms were lost before the 10th century A.D. We 
have perhaps an indication of this in the title of another work 
of Abu’l-Wafa, of which Wopcke’s translation is “ Démonstra- 
tions des théorémes employés par Diophante dans son ouvrage, 
et de ceux employés par (Aboul-Wafa) lui-méme dans son com- 
mentaire.” It is not possible to conclude with certainty from 
the title of this work what its contents may have been. Are 
the “theorems ” those which Diophantos assumes, referring for 
_ proofs of them to his Porisms? This seems a not unlikely sup- 
position ; and, if it is correct, it would follow that the proofs 
of these propositions, which Diophantos must have himself 
given, in fact, the Porisms, were no longer in existence in 
the time of Abu’l-Wafa, or at least were for him as good as lost. 
It must be admitted then that we have no historical evidence 
of the existence at any time subsequent to Diophantos himself 
of the Porisms. 

Of the treatise on Polygonal Numbers we possess only a 
fragment. It breaks off in the middle of the 8th proposition. 
It is not however probable that much is wanting; practically 
the treatise seems to be nearly complete. 

§ 2. The next question which naturally suggests itself is: 
As we have apparently six books only of the Arithmetics out of 
thirteen, where may we suppose the lost matter to have been 
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placed in the treatise? Was it at the beginning, middle, or 
end? This question can only be decided when we have come 
to a conclusion about the probable contents of the lost portion. 
It has, however, been dogmatically asserted by many who have 
written upon Diophantos—often without reading him at all, or 
reading him enough to enable them to form a judgment on the 
subject—-that the Books, which we have, are the first six and 
that the loss has been at the end; and such have accordingly 
wondered what could have been the subject to which Diophantos 
afterwards proceeded. To this view, which has no ground save 
in the bare assertions of incompetent or negligent writers, 
Nesselmann opposes himself very strongly. He maintains on 
the contrary, with much reason, that in the sixth Book 
Diophantos’ resources are at an end. If one reads carefully 
the last four Books, from the third to the sixth, the conclusion 
forces itself upon one that Diophantos moves in a rigidly defined 
and limited circle of methods and artifices, that any attempts 
which he makes to free himself are futile. But this fact can 
only be adequately appreciated after a perusal of his entire 
work. It may, however, be further added that the sixth Book 
forms a natural conclusion to the whole, in that it is made up 
of exemplifications of methods explained and used in the pre- 
ceding Books. The subject is the finding of right-angled 
triangles in rational numbers, such that the sides satisfy given 
conditions, Arithmetic being applied to Geometry in the geo- 
metrical notion of the right-angled triangle. As was said 
above, we have now to consider what the contents of the lost 
Books of the Arithmetics may have been, Clearly we must 
first inquire what is actually wanting which we should have 
expected to find there, either as promised by the author 
himself in his own work, or as necessary for the elucidation or 
completion of the whole. We must therefore briefly indicate 
the general contents of the work as we have it. 

The first book contains problems leading to determinate 
equations of the first degree’; the remainder of the work being 

1 As a specimen of the rash way in which even good writers speak of Dio- 


phantos, I may instance here a remark of Vincenzo Riccati, who says: “De 
problematibus determinatis quae resolutis aequationibus dignoscuntur, nihil 
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a collection of problems which, with scarcely an exception, lead 
to indeterminate equations of the second degree, beginning with 
simpler cases and advancing step by step to more complicated 
questions. These indeterminate or semideterminate problems 
form the main feature of the collection. Now it is a great step 
from determinate equations of the first degree to semideter- 
minate and indeterminate problems of the second; and we must 
recognise that there is here an enormous gap in the exposition. 
We ought surely to find here (1) determinate equations of the 
second degree and (2) indeterminate equations of the first. 
With regard to (2), it is quite true that we have no definite 
statement in the work itself that’ they formed part of the 
writer’s plan; but that they were discussed here is an extremely 
probable supposition. With regard to (1) or determinate 
quadratic equations, on the other hand, we have certain 
evidence from the writer’s own words, that the solution of the 
adfected or complete quadratic was given in the treatise as it 
originally stood; for, in the first place, Diophantos promises a 
discussion of them in the introductory definitions (def. 11) 
where he gives rules for the reduction of equations of the 
second degree to their simplest forms; secondly, he uses his 
method for their solution in the later Books, in some cases 
simply giving the result of the solution without working it out, 
in others giving the irrational part of the root in order to find 
an approximate value in integers, without writing down the 
actual root’. We find examples of pure quadratic equations 


omnino Diophantus (!); agit duntaxat de eo problematum semideterminatorum 
genere, quae respiciunt quadrata, aut cubos numerorum, quae problemata ut 
resolvantur, quantitates radicales de industria sunt vitandae.’’ Pref. to ana- 
litiche istituzioni. 

1 These being the indications in the work itself, what are we to think of a 
recent writer of a History of Mathematics, who says: ‘‘Hieraus und aus dem 
Umstand, dass Diophant nirgends die von ihm yersprochene Theorie der 
Auflésung der quadratischen Gleichungen gibt, schloss man, er habe dieselbe 
nicht gekannt, und hat desshalb den Arabern stets den Ruhm dieser Erfindung 
zugetheilt,” and goes on to say that ‘‘nevertheless Nesselmann after a thorough 
study of the work is convinced that D. knew the solution of the quadratic”? 
It is almost impossible to imagine that these remarks are serious. The writer 
is Dr Heinrich Suter, Geschichte d. Mathematischen Wissenschaften. Zweite 
Auflage. Ziirich, 1873, 
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even in the first Book: a fact which shows that Diophantos 
regarded them as in reality simple equations, taking, as he does, 
the positive value of the root only. Indeed it would seem that 
Diophantos adopted as his ground for the classification of these 
equations, not the index of the highest power of the unknown 
quantity contained in it, but the number of terms left in it 
when it is reduced to its simplest form. His words are': “If 
the same powers of the unknown occur on both sides but with 
different coefficients we must take like from like until we have 
one single expression equal to another. If there are on both 
sides, or on either side, terms with negative coefticients, the 
defects must be added on: both sides, until there are the same 
powers on both sides with positive coefficients, when we must 
take like from like as before. We must contrive always, if 
possible, to reduce our equations so that they may contain one 
single term equated to one other. But afterwards we will 
explain to you also how, when two terms are left equal to a 


2 Diophantos’ actual words (which I have translated freely) are: Mera 6é 
Taira édy amd mpoBAnuaros Tivos yévnrar vrapits eldest Tols avrois mux duorhnOh 
6é dd éxarépwv Trav pwepGv, denoe apatpely Ta Opora ard Tay duolwy, Ews dy évds(!) 
eldos évi elder toov yévnra’ édv Sé mws év ororépw evuTapxy(?), 7 év dudorépus 
éveMely (?) twa eldn, Senoer mpocbeivac Ta Aelrovra elin ev audorépas Tos 
pépeow, Ews dv éxarépw T&v pepav Ta eldn evuTapxovtTa yévnra. Kal mary ade- 
Rey Ta Omota ard T&v duolwv, éws dv éExarépw Tov pepdv év eldos xaraecpOy. 
mepirorexvncdw dé TovTo év Tals Urocrdcect THY mpoTdcewr, éay évdéynrat, ews 
ay év eldos évi elder toov karadapOR. wvorepov dé cor SelEouerv Ka) ras dUo Elday lowy 
évl karaherpOévrwy To ToLovTov NUeTaL. 

I give Bachet’s text exactly, marking those places where it seems obviously 
wrong. x«atade.pO7 should of course be caraderpA7. 

It is worth observing that L. Rodet, in Journal Asiatique, Janvier, 1878, on 
“T’Algébre d’Al-Kharizmi et les méthodes indienne et grecque,” quotes this 
passage, not from Bachet’s text, but from the MS. which Bachet used, His 
readings show the following variations: 


Bachet. ) L. Rodet. 
yévnrac | yevnoerac [?? How about the construc- 
tion with éay?] 
Urapéts | Twa toa 
évds eldos év eldos 
évedely év Nelwer. 


[I doubt the latter word very much, 
compounded as the verb is with the 
prep. év twice repeated. ] 
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third, such a question is solved.” That is to say, “reduce when 
possible the quadratic to one of the forms «=a, or #=b. I 
will give later a method of solution of the complete equation 
x +ax=+b.” Now this promised solution of the complete 
quadratic equation is nowhere to be found in the Arithmetics 
as we have them, though in the second and following Books 
there are obvious cases of its employment. We have to decide, 
then, where it might naturally have come; and the answer is 
that the suitable place is between the first and second Books. 

But besides the entire loss of an essential portion of Dio- 
phantos’ work there is much confusion in the text even of that 
portion which remains. Thus clearly problems 6, 7, 18, 19 of 
the second Book, which contain determinate problems of the 
first degree, belong in reality to Book 1. Again, as already re- 
marked above, the problem enunciated in 11. 19 is not solved at 
all, but the solution attached to it is a mere “dAAws” of I. 18. 
Moreover, problems 1—5 of Book 11. recall problems already 
solved in 1. Thus 1. 1=1. 34: 1. 2=1 37: U1. 3 is similar 
to I. 33: I. 4=1, 35: 1.5=1. 36. The problem I. 29 seems 
also out of place in its present position. In the second Book a 
new type of problem is taken up at 11. 20, and examples of it 
are continued through the third Book. There is no sign of a 
marked division between Books 11. and 1. In fact, expressed 
in modern notation, the last two problems of I and the first 
of I11. are the solutions of the eiing sets of equations : 


I. 35. e+ (e+ytz2)= 
yt+(etytz2z)= ? 
ae +(e+y+2z) =e 

I. 36. —(e@+y+z2)=a° 
y ater y ts 2) = 5? 

—(@+yt+z)=c 

8 A (e+y+z2)—-“=a" 
(e+y+2)-y’ =)? 
ieee Z=¢? 


These follow perfectly naturally upon each other; and 
therefore it is quite likely that our division between the two 


| 
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Books was not the original one. In fact the frequent occur- 
rence of more definite divisions in the middle of the Books, 
coupled with the variation in the Vatican Ms. which divides our 
six Books into seven, seems to show that the work may have 
been divided into even a larger number of Books originally. 
Besides the displacements of problems which have probably taken 
place there are many single problems which have been much 
corrupted, notably the fifth Book, which has, as Nesselmann 
expresses it’, been “treated by Mother Time in a very step- 
motherly fashion”. It is probable, for instance, that between 
v. 21 and 22 three problems have been lost. In several other 
eases the solutions are confused or incomplete. How the im- 
perfections of the text were introduced into it we can only con- 
jecture. Nesselmann thinks they cannot be due merely to the 
carelessness of a copyist, but are rather due, at least in part, to 
the ignorance and inexpertness of one who wished to improve 
upon the original. The view, which was put forward by 
Bachet, that our six Books are a redaction or selection made 
from the complete thirteen by a later hand, seems certainly 
untenable. 

The treatise on Polygonal Numbers is in its subject related 
to the Arithmetics, but the mode of treatment is completely 
different. It is not an analytical work, but a synthetic one; 
the author enunciates propositions and then gives their proofs ; 
in fact the treatise is quite in the manner of Books vi1—x. of 
Euclid’s elements, the method of representing numbers by 
geometrical lines being used, which Cossali has called linear 
Arithmetic. This method of representation is only once used in 
the Arithmetics proper, namely in the proposition v. 13, where 
it is used to prove that if <+y=1, and «# and y have to be so 
determined that 2 +2, y+ 6 are both squares, we have to divide 
the number 9 into two squares of which one must be > 2 and 
<3. From the use of this linear method in this one case in the 
Arithmetics, and commonly in the treatise on Polygonal Numbers, 
we see that even in the time of Diophantos the geometrical 
representation of numbers was thought to have the advantage 


1 ‘*Namentlich ist in dieser Hinsicht das fiinfte Buch stiefmiitterlich von der 
Mutter Zeit behandelt worden.’ p. 268. 
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of greater clearness. It need scarcely be remarked how opposed 
this Greek method is to our modern ones, our tendency being 
the reverse, viz., to the representation of lines by numbers. The 
treatise on Polygonal Numbers is often, and probably rightly, 
held to be one of the thirteen original Books of the Arithmetics. 
There is absolutely no reason to doubt its genuineness; which 
remark would have been unnecessary but for a statement by 
Bossut to the effect: “Il avoit écrit treize livres d’ arithmétiques, 
les six premiers (?) sont arrivés jusqu’é nous: tous les autres 
sont perdus, si, néanmoins, un septiéme, qu’on trouve dans 
quelques (!) éditions de Diophante, n’est pas de lui”; upon which 
Reimer has made a note: “This Book on Polygonal Numbers is 
an independent work and cannot possibly belong to the Collection 
of Diophantos’ Arithmetics’.’ This statement is totally un- 
founded. With respect to Bossut’s own remark, we have seen - 
that it is almost certain that the Books we possess are not the 
Jirst six Books; again, the treatise on Polygonal Numbers does 
not only occur in some, but in all of the editions of Diophantos 
from Xylander to Schulz; and, lastly, Bossut is the only person 
who has ever questioned its genuineness. 

We mentioned above the Porisms of Diophantos. Our 
knowledge of them is derived from his own words; in three 
places in the Arithmetics he refers to them in the words éyouev 
év Tois Topicuacw: the places are Vv. 3,5, 19. The references 
made to them are for proofs of propositions in the Theory of 
Numbers, which he assumes in these problems as known. It is 
probable therefore that the Porisms were a collection of propo- 
sitions concerning the properties of certain numbers, their 
divisibility into a certain number of squares, and so on; and it 
is reasonable to suppose that from them he takes also the many 
other propositions which he assumes, either explicitly enunciating 
them, or implicitly taking them for granted. May we not then 
reasonably suppose the Porisms to have formed an introduction 
to the indeterminate and semi-determinate analysis of the 
second degree which forms the main subject of the Arithmetics? 
And may we not assume this introduction to have formed an 


1 “Dieses Buch de numeris multangulis ist eine fiir sich bestehende Schrift 
und gehért keinesweges in die Sammlung der Arithmeticorum Diophant’s.” 
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integral part, now lost, of the original thirteen books? If this 
supposition is correct the Porisms also must have intervened be- 
tween Books I. and 11, where we have already said that probably 
Diophantos treated of indeterminate problems of the first 
degree and of the solution of the complete quadratic. The 
method of the Porisms was probably synthetic, like the Poly- 
gonal Numbers, not (like the six Books of the Arithmetics) 
analytical; this however forms no suflicient reason for refusing 
to include all three treatises under the single title of thirteen 
Books of Arithmetics. These suppositions would account easily 
for the contents of the lost Books; they would also, with the 
additional evidence of the division of our text of the Arithmetics 
into seven books by the Vatican Ms., show that the lost portion 
probably does not bear such a large proportion to the whole as 
‘might be imagined. This view is adopted by Colebrooke’, and 
after him by Nesselmann, who, in support of his hypothesis 
that the Arithmetics, the Porisms and the treatise on Polygonal 
Numbers formed only one complete work under the general 
title of apiOunrixa, points out the very significant fact that we 
never find mention of more than one work of Diophantos, and 
that the very use of the Plural Neuter term, apiOuntixa, would 
seem to imply that it was a collection of different treatises on 
arithmetical subjects and of different content. Nesselmann, how- 
ever, does not seem to have noticed an objection previously urged 


l Algebra of the Hindus, Note M. p. uxt. 

“In truth the division of manuscript books is very uncertain: and it is by 
no means improbable that the remains of Diophantus, as we possess them, may 
be less incomplete and constitute a larger portion of the thirteen books an- 
nounced by him (Def. 11) than is commonly reckoned. His treatise on polygon 
numbers, which is surmised to be one (and that the last of the thirteen), follows, 
as it seems, the six (or seven) books in the exemplars of the work, as if the 
preceding portion were complete. It is itself imperfect: but the manner is 
essentially different from that of the foregoing books: and the solution of 
problems by equations is no longer the object, but rather the demonstration 
of propositions. There appears no ground, beyond bare surmise, to presume, 
that the author, in the rest of the tracts relative to numbers which fulfilled 
his promise of thirteen books, resumed the Algebraic manner: or in short, 
that the Algebraic part of his performance is at all mutilated in the copies 
extant, which are considered to be all transcripts of a single imperfect 
exemplar.” 


H. D. 3 
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against the theory that the three treatises formed only one work, 
by Schulz, to the effect that Diophantos expressly says that his 
work treats of arithmetical problems’. This statement itself 
does not seem to me to be quite accurate, and I cannot think 
that it is at all a valid objection to Nesselmann’s view. The 
passage to which Schulz refers must evidently be the opening 
words of the dedication by the author to Dionysios. Diophantos 
begins thus: “Knowing that you are anxious to become ac- 
quainted with the solution [or ‘discovery, evpeous] of problems 
in numbers, I set myself to systematise the method, beginning 
from the foundations on which the science is built, the pre- 
liminary determination of the nature and properties in numbers’.” 
Now these “foundations” may surely well mean more than is 
given in the eleven definitions with which the treatise begins, 
and why should not the “properties of numbers” refer to the 
Porisms and the treatise on Polygonal Numbers? But there is 
another passage which might seem to countenance Schulz’s 
objection, where (Def. 11) Diophantos says “let us now proceed 
to the propositions®...which we will deal with in thirteen Books*.” 
The word used here is not problem (mpo8Xnua) but proposition 
(rporacrs), although Bachet translates both words by the same 
Latin word “quaestio,” inaccurately. Now the word mporacis 
does not only apply to the analytical solution of a problem: it 
applies equally to the synthetic method. Thus the use of the 
word here might very well imply that the work was to contain 


1 Schulz remarks on the Porisms (pref. xxi.): ‘‘Es ist daher nicht unwahr- 
scheinlich dass diese Porismen eine eigene Schrift unseres Diophantus waren, 
welche vorziiglich die Zusammensetzung der Zahlen aus gewissen Bestand- 
theilen zu ihrem Gegenstande hatte. Kénnte man diese Schrift gar als eine 
Bestandtheil des grossen in dreizehn Biichern abgefassten arithmetischen 
Werkes ansehen, so wiire es sehr erklirbar, dass gerade dieser Theil, der den 
blossen Liebhaber weniger anzog, verloren ging. Da indess Diophantus aus- 
driickiich sagt, sein Werk behandele arithmetische Probleme, so hat wenigstens 
die letztere Annahme nur einen geringen Grad von Wahrscheinlichkeit.”’ 

2 Diophantos’ own words are: Ty etperw ra&v év Tois apiOuots mpoBAnudrwr, 
Tymbraré wor Acovicre, ywwdoxwy oe crovdalws éxovra wabeiv, dpyavGoa rHv wéBodov 
éreipabnv, dpiduevos ad’ wv ouvésrnke Ta mpdyuara OeweNiwv, Vrosrhoa THv év Tois 
dpipots piow re kal divayw. 

3 viv de éml Tas mpordces Ywpnowper, K.T.X. 

4 rhs mpayuarelas abruv ev rptoxal5exa BiBNlows yeyevnucvys. 


——— 
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not only problems, but propositions on numbers, ic. might 
include the Porisms and Polygonal Numbers as a part of the 
complete Arithmetics. These objections which I have made 
to Schulz’s argument are, I think, enough to show that his 
objection to the view adopted by Nesselmann has no weight. 
Schulz’s own view as to the contents of the missing Books of 
Diophantos is that they contained new methods of solution in 
addition to those used in Books I. to vI., and that accordingly 
the lost portion came at the end of the existing six Books. In 
particular he thinks that Diophantos extended in the lost Books 
the method of solution by means of what he calls a double- 
equation (Si7rdH tcorns or in one word di7Aoicorns). By means 
of this double-equation Diophantos shows how to find a value 
of the unknown, which will make two expressions containing it 
(linear or quadratic) simultaneously squares. Schulz accordingly 
thinks that he went on in the lost Books to show how to make 
three such expressions simultaneously squares, i.e. advanced to a 
triple-equation. This view, however, seems to have nothing to 
recommend it, inasmuch as, in the first place, we nowhere find 
the slightest hint in the extant Books of anything different or 
more advanced which is to come; and, secondly, Diophantos’ 
system and ideas seem so self-contained, and his methods to 
move always in the same well-defined circle that it seems 
certain that we come in our six Books to the limits of his art. 
There is yet another view of the probable contents of the 
lost Books, which must be mentioned, though we cannot believe 
that it is the right one. It is that of Bombelli, given by Cossali, 
to the effect that in the lost Books Diophantos went on to solve 
determinate equations of the third and fourth degree; Bombelli’s 
reason for supposing this is that Diophantos gives so many 
problems the object of which is to make the sum of a square 
and any other number to be again a square number by finding 
a suitable value of the first square; these methods, argues 
Bombelli, of Diophantos must have been given for the reason 
that the author intended to use them for the solution of the 
equation a*+px=q'. Now Bombelli had occupied himself 
1 Cossali’s words are (p. 75, 76):...‘non tralascierd di notare 1’ opinione, di 
cui fu tentato Bombelli, che nelli sei libri cio? dal tempo, di tutto distruggitore, 
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much, almost during his whole life, with the then new methods 
of solution of equations of the third and fourth degree ; and, for 
the solution of the latter, the usual method of his time led to 
the making an expression of the form Axv’+ Br+C a square, 
where the coefficients involved a second unknown quantity. 
Nesselmann accordingly thinks it is no matter for surprise that 
in Diophantos’ entirely independent investigations Bombelli 
should have seen, or fancied he saw, his own favourite idea. 
This solution of the equation of the fourth degree presupposes 
that of the cubic with the second term wanting; hence Bombelli 
would naturally, in accordance with his view, imagine Diophantos 
to have given the solution of this cubic. It is possible also that 
he may have been influenced by the actual occurrence in the 
extant Books [vr. 19] of a cubic equation, namely the equation 
a +a=42?+ 4, of which Diophantos at once writes down the 
solution a=4, without explanation. It is obvious, however, 
that no conclusion can be drawn from this, which is a very 
easy particular case, and which Diophantos probably solved’ by 
simply dividing out by the factor 2*+1. There are strong 
objections to Bombelli’s view. (1) Diophantos himself states 
(Def. x1.) that the solution of the problems is the object in itself 
of the work. (2) If he used the method to lead up to the 
solution of equations of higher degrees, he certainly has not gone 
to work the shortest way. In support of the view it has been 
asked “ What, on any other assumption, is the object of defining 
in Def. 11. all powers of the unknown quantity up to the sixth ? 


rapitici, si avanzasse egli a sciogliere l’ equazione #4+pa=q, parendogli, che 
nei libri rimastici, con proporsi di trovar via via numeri quadrati, cammini una 
strada a quell’ intento. Egli é di fatto procedendo su queste tracce di Diofanto, 
che Vieta deprime I’ esposta equazione di grado quarto ad una di secondo, 
Siccome perd cid non si effettua che mediante una cubica mancante di secondo 
termine; cosi il pensiero sorto in animo a Bombelli importerebbe, che Diofanto 
nei libri perduti costituito avesse la regola di sciogliere questa sorta di equa- 
zione cubiche prima q@’ innoltrarsi allo scioglimento di quella equazione di quarto 
grado.” 

1 This is certainly a simpler explanation than Bachet’s, who derives the 
solution from the proportion 2° : #7=a: 1. 
Therefore e+e; 2+1=2:1, 
Therefore +a: 4e°4+4=27: 4, 

But the equation being «* + .2=42?+4, it follows that «=4. 


ae ae s 
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Surely Diophantos must have meant to use them.” The answer 
to which is that he has occasion to use them in the work, but 
reduces all the equations which contain these higher powers by 
his regular and uniform method of analysis. 

In conclusion, I may repeat that the most probable view is 
that adopted by Nesselmann, that the works which we know 
under the three titles formed part of one arithmetical work, 
which was, according to the author’s own words, to consist of 
thirteen Books. The proportion of the lost parts to the whole 
is probably less than it might be supposed to be. The Porisms 
form the part, the loss of which is most to be regretted, for 
from the references to them it is clear that they contained 
propositions in the Theory of Numbers most wonderful for the 
time. 


CHAPTER III. 
THE WRITERS UPON DIOPHANTOS. 


§ 1. In this chapter I purpose to give a sketch of what has 
been done directly, and (where it is of sufficient importance) 
indirectly, for Diophantos, enumerating and describing briefly 
(so far as possible) the works which have been written on the 
subject. We turn first, naturally, to Diophantos’ own country- 
men; and we find that, if we except the doubtful “commentary 
of Hypatia,” spoken of above, there is only one Greek, who has 
written anything at all on Diophantos, namely the monk Maxi- 
mus Planudes, to whom are attributed the scholia attached to 
Books I. and IL. in some MSS., which are printed in Latin in 
Xylander’s translation of Diophantos. The date of these scholia 
is the first half of the 14th century, and they represent all that 
we know to have been done for Diophantos by his own country- 
‘men. How different his fate would have been, had he lived a 
little earlier, when the scientific spirit of the Greeks was still 
active, what an enormous impression his work would then have 
created, we may judge by comparing the effect which it had 
with that of a far less important work, that of Nikomachos. 
Considering then that up to the time of Maximus Planudes 
nothing was written about Diophantos (beyond a single quota- 
tion by Theon of Alexandria, before mentioned, and an occa- 
sional mention of the name) by any Greek, one is simply 
astounded at finding in Bossut’s history a remark like the 
following : “L’auteur a eu parmi les anciens wne foule d’inter- 
pretes (!), dont les ouvrages sont la plupart (!) perdus. Nous 
regrettons, dans ce nombre, le commentaire de la célébre 
Hipathia (sic).” Comment is unnecessary. With respect to 
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the work of Maximus Planudes itself, he has only commented 
upon the first two Books, the least important and most elemen- 
tary, nor can his scholia be said to have any importance. 
Bachet speaks contemptuously of them’, and even the modest 
Xylander has but a low opinion of their value’. 

§ 2. I have, in first mentioning Maximus Planudes, de- 
parted a little from chronological order, for the greater con- 
venience of giving first the Greek writers upon Diophantos, 
But long before the time of Maximus Planudes, the work of 
Diophantos had found its way to Arabia, and there met with 
the respect it deserved. Unfortunately the actual works writ- 
ten in Arabia directly upon Diophantos are all lost, or at least 
- have not been discovered up to the present time. So far there- 
fore as these are concerned we have to be contented with the 
notices on the subject by Arabian historians or bibliographers. 
It is therefore necessary to collect from the earliest and best 
sources possible the scattered remarks about Diophantos and 
his works. The earliest and therefore presumably the best and 
most trustworthy authority on the subject of Diophantos in 
Arabia is the Kitab Aljihrist of al-Nadim’®, the date of which 
is as early as circa 990 A.D. The passages in this work which 
refer to Diophantos are : 

(a) p. 269, “ Diophantos [the last vowel, however, being 
i=7 in one codex, in the rest undetermined] the Greek of 


1 Bachet says: ‘Porro Graeci Scholiastae in duos priores libros adnota- 
tiones edi non curauimus, vt quae nullius sint momenti, easque proinde 
Guilielmus Xilander(!) censura sua meritd perstrinxerit, si cui tamen oleum 
operamque perdere aded leue est, vt miras Graeculi huius ineptias peruidere 
cupiat, adeat Xilandrum.” 

2 Xylander says the Scholia are attributed to Maximus Planudes, and com- 
bats the view that they might be Hypatia’s thus: ‘‘Sed profecto si ea tanta 
fuit, quantam Suidas et alij perhibent, istae annotationes eam autorem non 
agnoscunt, de quibus quid senserim, meo more liber? dixi suis locis."” Hpistola 
Nuncupatoria. 

8 This work has been edited by Fliigel, 1871. The author himself dates 
it 987, and Wépcke (Journal Asiatique, Février-Mars, 1855, p. 256) states that 
it was finished at that date. This is, however, not correct, for in his preface 
Fliigel shows that the work contains references to events which are certainly 
later than 987, so that it seems best to say simply that the date is circa 
990 A.D, 
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Alexandria. He wrote Kitab Sini‘at al-jabr,” i.e. “the book of 
the art of algebra.” 

(6) p. 283, Among the works of Abu’l-Wafa is mentioned 
“ An interpretation’ (tafsir) of the book of Diophantos about 
algebra.” 

(c) On the same page the title of another work of Abu'l- 
Wafa is given as “ Demonstrations of the theorems employed 
by Diophantos in his work, and of those employed by (Abu’l- 
Wafa) himself in his commentary” (the word is as before 
tafsir). 

(d) p. 295, On Kosta ibn Lika of Ba‘lbek it is mentioned 
that one of his books is tafsir on three-and-a-half divisions 
(Makalat) of the book of Diophantos on “ questions of numbers.” 

We have thus in the /ihrist mentions of three separate 
works upon Diophantos, which must accordingly have been 
written previously to the year 990 of our era. Concerning 
Abu’l-Wafa the evidence of his having studied and commented 
upon Diophantos is conclusive, not only because his other works 
which have survived show unmistakeable signs of the influence 
of Diophantos, but because the proximity of date of the Fihrist 
to that of Abu’l-Wafa makes all mistake impossible. As I have 
said the Fihrist was written circa 990 A.D. and the date of 
Abu’l-Wafa is 328—388 A.H. or 940—998 A.D. He was a 
native of Biizjan, a small town between Herat and Nishapir in 
Khorasan, and was evidently, from what is known of his works 
one of the most celebrated astronomers and geometers of his 
time®. Of later notices on this subject we may mention those 


1 There is a little doubt as to the exact meaning of tafsir—whether it means 
a translation or a commentary. The word is usually applied to the literal exe- 
gesis of the Koran; how much it means in the present case may perhaps be 
ascertainable from the fact that Abu’l-Wafa also wrote a tafsir of the Algebra of 
Mohammed ibn Misa al-Kharizm{. It certainly, according to the usual sense, 
means a commentary not a mere translation—e.g. at p. 249 al-Nadim clearly 
distinguishes translators of Aristotle from the mufassirin or makers of tafsir, i.e. 
commentators. 

For this information I am indebted to the kindness of Professor Robertson 
Smith. 

2 Wopcke, Journal Asiatique, Février-Mars, 1855, p. 244 foll. 

Abu’l-Wafa’s full name is Mohammed ibn Mohammed ibn Yahya ibn Ismail 
ibn Al’abbas Abu’l-Wafa Al-Buzjani, 
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in the Ta’rikh Hokoma (Hajji-Khalifa, No. 2204), by the Imam 
Mohammed ibn. ‘Abd al-Karim al-Shahrastani who died AH, 548 
or A.D. 1153". Of course this work is not so trustworthy an 
authority as the Fihrist, which is about 160 years earlier, and 
the author of the Tarikh Hokoma stands to the Fihrist in the 
relation of a compiler to the original source. In the Tw’rikh 
Hokoma we are told (a) that Abu’l-Wafa “wrote a commen- 
tary on the work of Diophantos concerning Algebra,” (b) that 
“Diophantos, the Greek of Alexandria, conspicuous, perfect, 
famous in his time, wrote a famous work on the art of 
Algebra, which has gone over into Arabic,” i.e. been trans- 
lated. We must obviously connect these two notices, Lastly 
the same work mentions (c) another work of Abu’l-Wafa, 
namely “Proofs for the propositions given in his book by 
Diophantos.” 

A later writer still, the author of the History of the Dynas- 
ties, Abu’lfaraj, mentions, among celebrated men who lived in 
the time of Julian, Diophantos, with the addition that “His 
book*...on Algebra is celebrated,” and again in another place 
he says upon Abu’l-Wafa, “He commented upon the work of 
Diophantos on Algebra.” 

The notices from al-Shahrastani and Abu 'lfaraj are, as I have 


1 The work Bibliotheca arabico-hispana Escurialensis op, et studio Mich. 
Casiri, Matriti, 1760, gives many important notices about mathematicians 
from the Ta’rikh Hokoma, which Casiri denotes by the title Bibliotheca philo- 
sophorum., 

Cossali mentions the Ta’rikh Hokoma as having been written about a.p. 1198 
by an anonymous person: ‘‘Il libro pit antico, che ci fornisca tratti relativi 
all’ origine dell’ analisi tra gli arabi é la Biblioteca arabica de’ filosofi, scritta 
circa 1’ anno 1198 da anonimo egiziano”’ (Cossali, 1. p. 174). There is however 
now apparently no doubt that the author was al-Shahrastani, as I have said in 
the text. 

2 After the word ‘‘book”’ in the text comes a word Ab-kismet which is un- 
intelligible. Pococke, the Latin translator, simply puts A. B. for it: ‘‘cuius liber 
A. B. quem Algebram vocat, celebris est.” The word or words are apparently 
a corruption of something; Nesselmann conjectures that the original word was 
an Arabic translation of the Greek title, Arithmetics—a supposition which, if 
true, would give admirable sense. The passage would then mark the Arabian 
perception of the discrepancy (according to the accepted meaning of terms) 
between the title and the subject, which is obviously rather algebra than arith- 
metic in the strict sense, 
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said, for obvious reasons not so trustworthy as those in the 
Fihrist. They are, however, interesting as showing that Dio- 
phantos continued to be known and recognised for a consider- 
able period after his work found its way to Arabia, and was 
commented upon, though they add nothing to our information 
as to what was done for Diophantos in Arabia. It is clear that 
the work of Abw]-Wafa was the most considerable that was 
written in Arabia upon Diophantos directly ; about the obliga- 
tions to Diophantos of other Arabian writers, as indirectly 
shown by similarity of matter or method, without direct refer- 
ence, I shall have to speak later. 

§ 3. I now pass to the writers on Diophantos in Europe. 
From the time of Maximus Planudes to a period as late as 
about 1570 Diophantos remained practically a sealed book, and 
had to be rediscovered even after attention had been invited to 
it by Regiomontanus, who, as was said above, was the first 
European to mention it as extant. We have seen (pp. 21, 22) 
that Regiomontanus referred to Diophantos in the Oration at 
Padua, about 1462, and how in a very interesting letter to 
Joannes de Blanchinis he speaks of finding a Ms. of Diophantos at 
Venice, of the pleasure he would have in translating it if he could 
only find a copy containing the whole of the thirteen books, and 
his readiness to translate even the incomplete work in six books, 
in case it were desired. But it does not appear that he ever 
began the work ; it seems, however, very extraordinary that the 
interest which Regiomontanus took in Diophantos and tried to 
arouse in others should not have incited some of his German 
countrymen to follow his leading, at least as early as 1537, 
when we know that his Oration at Padua was published. Hard 
to account for as the fact may appear, it was left for an Italian, 
Bombelli, to rediscover Diophantos about 1570; though the 
mentions by Regiomontanus may be said at last to have borne 
their fruit, in that about the same time Xylander was en- 
couraged by them to persevere in his intention of investigating 
Diophantos. Nevertheless between the time of Regiomontanus 
and that of Rafael Bombelli Diophantos was once more for- 
gotten, or rather unknown, for in the interval we find two 
mentions of the name, (a) by Joachim Camerarius in a letter 


——s 
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published 1556’, in which he mentions that there is a Ms. of 
Diophantos in the Vatican, which he is anxious to see, (b) by 
James Peletarius? who merely mentions the name. Of the 
important mathematicians who preceded Bombelli, Fra Luca 
Pacioli towards the end of the 15th century, Cardan and Tar- 
taglia in the 16th, not one so much as mentions Diophantos’. 
The first Italian to whom Diophantos seems to have been 
known, and who was the first to discover a MS. in the Vatican 
Library, and to conceive the idea of publishing the work, was 
Rafael Bombelli. Bachet falls into an anachronism when he 
says that Bombelli began his work upon Diophantos after the 
appearance of Xylander’s translation*, which was published in 
1575. The Algebra of Bombelli appeared in 1572, and in the 


1 De Graecis Latinisque numerorum notis et praeterea Saracenis seu Indicis, 
etc. etc., studio Joachimi Camerarii, Papeberg, 1556. 

In a letter to Zasius: ‘‘ Venit mihi in mentem eorum quae et de hac et aliis 
liberalibus artibus dicta fuere, in eo convivio cujus in tuis aedibus me et Peuce- 
rum nostrum participes esse, suavissima tua invitatio voluit. Cum autem de 
autoribus Logistices verba fierent, et a me Diophantus Graecus nominaretur, qui 
extaret in Bibliotheca Vaticana, ostendebatur tum spes quedam, posse nobis 
copiam libri illius. Ibi ego cupiditate videndi incensus, fortasse audacius non 
tamen infeliciter, te quasi procuratorem constitui negotii gerendi, mandato 
voluntario, cum quidem et tu libenter susciperes quod imponebatur, et fides 
solenni festivitate firmaretur, de illo tuo et poculo elegante et vino optimo. 
Neque tu igitur oblivisceris ejus rei, cujus explicationem tua benignitas tibi 
commisit, neque ego non meminisse potero, non modo excellentis virtutis et 
sapientiae, sed singularis comitatis et incredibilis suavitatis tuae.” 

2 Arithmeticae practicae methodus facilis, per Gemmam Frisium, etc. Hue 
accedunt Jacobi Peletarii annotationes, Coloniae, 1571. (But pref. of Peletarius 
bears date 1558.) P. 72, Nota Peletarii: ‘‘Algebra autem dicta videtur a Gebro 
Arabe ut vox ipsa sonat; hujus artis si non inventore, saltem excultore. Alii 
tribuunt Diophanto cuidam Graeco.” 

3 Cossali 1. p. 59, ‘Cosa pero, che reca la somma maraviglia si é, che largo 
in Italia non si spandesse la cognizione del codice di Diofanto: che in fiore 
essendovi lo studio della greca lingua, non venisse da qualche dotto a comun 
vantaggio tradotta; che per l’ opposto niuna menzione ne faccia Fra Luca verso 
il fine del secolo xv, e niuna Cardano, e Tartaglia intorno la meta del secolo 
xv1; che nelle biblioteche rimanesse sepolto, ed andasse dimenticato per modo, 
che poco prima degli anni 70 del secolo xvi si riguardasse per una scoperta 
V averlo rinvenuto nella Vaticana Biblioteca.” 

4 “Non longo post Xilandrum interuallo Raphaél Bombellius Bononiensis, 
Graecum e Vaticana Bibliotheca Diophanti codicem nactus, omnes priorum 
quattuor librorum quaestiones, et @ libro quinto nonnullas, problematibus suis 
inseruit, in Algebra sua quam Italico sermone conscripsit.” 
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preface to this work ‘the author tells us that he had recently 
discovered a Greek book on Algebra in the Vatican Library, 
written by a certain Diofantes, an Alexandrine Greek author 
who lived in the time of Antoninus Pius; that, thinking highly 
of the contents of this work, he and Antonio Maria Pazzi de- 
termined to translate it; that they actually translated five 
books out of the seven into which the Ms. was divided; but 
that, before the whole was finished, they were called away from 
it by other labours. The date of these occurrences must be a 
few years before 1572. Though Bombelli did not carry out his 
plan of publishing Diophantos in a translation, he has neverthe- 
less taken all the problems of Diophantos’ first four Books and 
some of those of the fifth, and embodied them in his Algebra, 
interspersing them with his own problems. Though he has 
taken no pains to distinguish Diophantos’ problems from his 
own, he has in the case of Diophantos’ work adhered pretty 
closely to the original, so that Bachet admits his obligations to 
Bombelli, whose reproduction of the problems of Diophantos he 
maintains that he found in many points better than Xylander’s 
translation’. It may be interesting to mention a few points of 


1 This book Nesselmann tells us that he has never seen, but takes his infor- 
mation about it from Cossali. I was fortunate enough to find a copy of it 
published in 1579 (not the original edition) in the British Museum, the title 
being L’ Algebra, opera di Rafael Bombelli da Bologna diuisa in tre Libri...... In 
Bologna, Per Giovanni Rossi. MDLXXIX. I have thus been able to verify the 
quotations from the preface. The whole passage is: 

“‘Questi anni passati, essendosi ritrouato una opera greca di questa disciplina 
nella libraria di Nostro Signore in Vaticano, composta da un certo Diofante 
Alessandrino Autor Greco, il quale fii 4 tempo di Antonin Pio, e havendo mela 
fatta vedere Messer Antonio Maria Pazzi Reggiano publico lettore delle Matema- 
tiche in Roma, e giu dicatolo con lui Autore assai intelligente de numeri (an- 
corche non tratti de numeri irrationali, ma solo in lui si vede vn perfetto ordine 
di operare) egli, ed io, per arrichire il mondo di cosi fatta opera, ci dessimo a 
tradurlo, e cinque libri (delli sette che sono) tradutti ne habbiamo ; lo restante 
non hauendo potuto finire per gli trauagli auenuti all’ uno,e all’ altro, e in detta 
opera habbiamo ritrouato, ch’ egli assai volte cita gli Autori Indiani, col che mi 
ha fatto conoscere, che questa disciplina appo gl’ indiani prima fu, che a gli Arabi.” 

The parts of this quotation which refer to the personality of Diophantos, the 
form Diofante, &c., have already been commented upon; the last clauses we 
shall have occasion to mention again. 

2 Continuation of quotation in note 4, p. 43: 

‘‘Sed suas Diophanteis quaestionibus ita immiscuit, ut has ab illis distin- 
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notation in this work of Bombelli. At beginning of Book m1. he 
explains that he uses the word “tanto” to denote the unknown 
quantity, not “cosa” like his predecessors; and his symbol for 
it is L, the square of the unknown (z”) is 2, the cube 3; and so on. 
For plus and minus (pit, and meno) he uses the initial letters p. 
and m. ‘Thus corresponding to «+6 we should find in Bom- 
belli 12 p. 6, and for a +5a— 4,12 p.5L m. 4. This notation 
shows, as will be seen later, some advance upon that of Dio- 
phantos in one important respect. 

The next writer upon Diophantos was Wilhelm Holzmann 
who published, under the Graecised form of his name Xylander 
by which he is generally known, a work bearing the title: 
Diophanti Alexandrint Rerum Arithmeticarum Libri sex, quo- 
rum primi duo adiecta habent Scholia Maximi (ut coniectura 
est) Planudis. Item Liber de Numeris Polygonis seu Multan- 
gulis. Opus incomparabile, uerae Arithmeticae Logisticae per- 
fectionem continens, paucis adhuc wisum. A Guil. Xylandro 
Augustano incredibili labore Latiné redditum, et Commentariis 
explanatum, inque lucem editum ad Illustriss. Principem Ludo- 
vicum Vuirtembergensem Basileae per Eusebium Episcopium, et 
Nicolai Fr. haeredes. MDLXXV. Xylander was according to his 
own statement a “ public teacher of Aristotelian philosophy in 
the school at Heidelberg’.” He was a man of almost universal 
culture *, and was so thoroughly imbued with the classical litera- 
ture, that the extraordinary aptness of his quotations and his 
wealth of expression give exceptional charm to his writing 
whenever he is free from the shackles of mathematical formulae 
and technicalities. The Lpistola Nuncupatoria is addressed 
to the Prince Ludwig, and Xylander neatly introduces it by 
the line “Offerimus numeros, numeri sunt principe digni.” This 
preface is very quaint and interesting. He tells us how he 
first saw the name of Diophantos mentioned in Suidas, and 
guere non sit in promptu, neque vero se fidum satis interpretem praebuit, cum 
passim verba Diophanti immutet, hisque pleraque addat, pleraque pro arbitrio 
detrahat. In multis nihilominus interpretationem Bombellii, Xilandriana prae- 
stare, et ad hanc emendandam me adjuvisse ingenue fateor.’’ Ad lectorem. 


1 “ Publicus philosophiae Aristoteleae in schola Heidelbergensi doctor.” 
2 Even Bachet, who, as we shall see, was no favourable critic, calls him “ Vir 


omnibus disciplinis excultus.” 
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then found that mention had been made of his work by Regio- 
montanus as being extant in an Italian Library and having 
been seen by him. But, as the book had not been edited, he 
tried to reconcile himself to the want of it by making himself 
acquainted with the works on Arithmetic which were actually 
known and in use, and he apologises for what he considers to 
have been a disgrace to him’. With the help of books only he 
studied the subject of Algebra, so far as was possible from what 
men like Cardan had written and by his own reflection, with 
such success that not only did he fall into what Herakleitos 
called oinow, iepav voor, or the conceit of “ being somebody ” in 
the field of Arithmetic and “ Logistic,” but others too who were 
themselves learned men thought him (as he modestly tells us) 
an arithmetician of exceptional merit. But when he first 
became acquainted with the problems of Diophantos (he con- 
tinues) his pride had a fall so sudden and so humiliating that he 
might reasonably doubt whether he ought previously to have 


1 J cannot refrain from quoting the whole of this passage : 

‘*Sed ciim ederet nemo : cepi desiderium hoc paulatim in animo consopire, et 
eorum quos consequi poteram Arithmeticorum librorum cognitione, et medita- 
tionibus nostris sepelire. Veritatis porrd apud me est autoritas, ut ei con- 
iunctum etiam cum dedecore meo testimonium lubentissimé perhibeam. Quod 
Cossica seu Algebrica (cum his enim reliqua comparata, id sunt quod umbrae 
Homeric? in Necya ad animam Tiresiae) ea ergo quod non assequebar modo, 
quanquam mutis duntaxat usus preceptoribus caetera avrodldaxros, sed et augere, 
uariare, adeoque corrigere in loco didicissem, quae summi et fidelissimi in 
docendo uiri Christifer Rodolphus Silesius, Micaelus, Stifelius, Cardanus, No- 
nius, aliique litteris mandauerant: incidi in olncw, iepav vocov, ut scite appel- 
lauit Heraclitus sapientior multis aliis philosophis, hoe est, in Arithmetica, et 
uera Logistica, putaui me esse aliquid: itaque de me passim etiam a mulftis, 
iisque doctis uiris iudicatum fuit, me non de grege Arithmeticum esse. Verum 
ubi primiim in Diophantea incidi: ita me recta ratio circumegit, ut flendisne 
mihi ipsi anted, an uerd ridendus fuissem, haud iniuria dubitauerim. Operae 
precium est hoc loco et meam inscitiam inuulgare, et Diophantei operis, 
quod mihi nebulosam istam caliginem ab oculis detersit, immd eos in coenum 
barbaricum defossos eleuauit et repurgauit, gustum aliquem exhibere. Surdorum 
ego numerorum tractationem ita tenebam, ut etiam addere aliorum inuentis 
aliquid non poenitendum auderem, atque id quidem in rebus arithmeticis mag- 
num habetur, et difficultas istaram rerum multos a mathematibus deterret. 
Quanto autem hoc est praeclarius, in iis problematis, quae surdis etiam numeris 
uix posse uidentur explicari, rem eo deducere, ut quasi solum arithmeticum 
uertere iussi obsurdescant illi plané, et ne mentio quidem eorum in tractatione 
ingeniosissimarum quaestionum admittatur.”’ 
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bewailed, or laughed at himself. He considers it therefore 
worth while to confess publicly in how disgraceful a condition 
of ignorance he had previously been content to live, and to do 
something to make known the work of Diophantos, which had 
so opened his eyes. Before this critical time he was so familiar 
with methods of dealing with surds that he actually had ventured 
to add something to the discoveries of others relating to them ; 
these were considered to be of great importance in questions 
of Arithmetic, and their difficulty was of itself sufficient to 
deter many from the study of Mathematics. “ But how much 
more splendid” (says Xylander) ‘the methods which reduce 
the problems which seem to be hardly capable of solution even 
with the help of surds in such a way that, while the surds, when 
bidden (so to speak) to plough the arithmetic soil, become true 
to their name and deaf to entreaty, they are not so much as 
mentioned in these most ingenious solutions!” He then de- 
scribes the enormous difficulties which beset his work owing 
to the corruptions in his text. In dealing, however, with the 
mistakes and carelessness of copyists he was, as he says, no 
novice; for proof of which he appeals to his editions of Plutarch, 
Stephanus and Strabo. This passage, which is delightful read- 
ing, but too long to reproduce here, I give in full in the note’. 


1 “Td uerd mihi accidit durum et uix superabile incommodum, quod mirificd 
deprauata omnia inueni, cim neque problematum expositio interdum integra 
esset, ac passim numeri (in quibus sita omnia esse in hoc argumento, quis 
ignorat?) tam problematum quim solutionum siue explicationum corruptissimi. 
Non pudebit me ingenué fateri, qualem me heiec gesserim, Audacter, et summo 
cum feruore potius quam alacritate animi opus ipsum initio sum aggressus, 
laborque mihi omnis uoluptati fuit, tantus est meus rerum arithmeticarum amor. 
quin et gratiam magnam me apud omnes liberalium scientiarum amatores ac 
patronos initurum, et praeclare de rep. litteraria meriturum intelligebam, 
eamque rem mihi laudi (quam 4 bonis profectam nemo prudens aspernatur) 
gloriaeque fortasse etiam emolumento fore sperabam. Progressus aliquantulum, 
in salebras incidi: quae tantum abest ut alacritatem meam retuderint, ut etiam 
animos mihi addiderint, neque enim mihi novum aut insolens est aduersus 
librariorum incuriam certamen, et hac in re militaui, (ut Horatii nostri uerbis 
utar) non sine gloria. quod me non arroganter dicere, Dio, Plutarchus, Strabo, 
Stephanusque nostri testantur. Sed cum mox in ipsum pelagus monstris seatens 
me cursus abripuit: non despondi equidem animum, neque manus dedi, sed 
tamen saepius ad oram unde soluissem respexi, quim portum in quem esset 
euadendum cogitando prospicerem, depraehendique non minus ueré quam ele- 
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Next Xylander tells us how he came to get possession of a manu- 
script of Diophantos. In October of the year 1571 he made 
a journey to Wittenberg; while there he had conversations on 
mathematical subjects with two professors, Sebastian Theodoric 
and Wolfgang Schuler by name, who showed him a few pages 
of a Greek manuscript of Diophantos and informed him that 
it belonged to Andreas Dudicius whom Xylander describes as 
“ Andreas Dudicius Sbardellatus, hoc tempore Imperatoris Ro- 
manorum apud Polonos orator.” On his departure from Witten- 
berg Xylander wrote out and took with him the solution of 
a single problem of Diophantos, to amuse himself with on his 
journey. This he showed at Leipzig to Simon Simonius Lucen- 
sis, a professor at that place, who wrote to Dudicius on his 
behalf. A few months afterwards Dudicius sent the MSs. to 
Xylander and encouraged him to persevere in his undertaking 
to translate the Arithmetics into Latin. Accordingly Xylander 
insists that the glory of the whole achievement belongs in 
no less but rather in a greater degree to Dudicius than to 
himself. Finally he commends the work to the favour of the 
Prince Ludwig, extolling the pursuit of arithmetical and alge- 
braical science and dwelling in enthusiastic anticipation on the 
influence which the Prince’s patronage would have in help- 
ing and advancing the study of Arithmetic’. This Epistola 


ganter ea cecinisse Aleaeum, quae (si possum) Latiné in hac quasi uotiua mea 


tabula scribam. 
Qui uela uentis uult dare, dum licet, 


Cautus futuri praeuideat modum 
Cursus. mare ingressus, marino 
Nauiget arbitrio necesse est. 


Sané quod de Echeneide pisce fertur, eum nauim cui se adplicet remorari, poené 
credibile fecit mihi mea cymba tot mendorum remoris retardata. Expediui 
tamen me ita, ut facilé omnes mediocri de his rebus iudicio praediti, intellecturi 
sint incredibilem me laborem et aerumnas difficilimas superasse : pudore etiam 
stimulatum oneris quod ultro mihi imposuissem, non perferendi. Paucula quae- 
dam non plané explicata, studio et certis de causis in alium locum reiecimus. 
Opus quidem ipsum ita absoluimus ut neque eius nos pudere debeat, et Arith- 
meticae Logisticesque studiosi nobis se plurimum debere sint haud dubie 
professuri.”’ 

1 “Hoe non modd tibi Princeps Illustrissime, honorificum erit, atque glori- 
osum; sed te labores nostros approbante, arithmeticae studium cim alibi, tum 
in tua Academia et Gymnasiis, excitabitur, confirmabitur, prouehetur, et ad 
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Nuneupatoria bears the date 14th August, 1574". Xylander 
died on the 10th of February in the year following that of the 
publication, 1576. Some have stated that Xylander published 
the Greek text of Diophantos as well as the Latin translation. 
There appears to be no foundation for the statement, which 
probably rests on a misunderstanding of certain passages in 
which Xylander refers to the Greek text. It is possible that 
he intended to publish the Greek original but was prevented 
by his death which so soon followed the appearance of his trans- 
lation. It is a sufficient proof, however, that if such was his 
purpose it was never carried out, that Bachet asserts that he 
himself had never seen or found any one who had ever seen 
such an edition of the Greek text’. 

Concerning the merits of Xylander and his translation of 
-Diophantos much has been written, and chiefly by authors who 
were not well acquainted with the subject, but whose very 
ignorance seems to have been their chief incitement to startling 
statements. Indeed very few persons at all seem to have 
studied the book itself: a fact which may be partly accounted 
for by its rarity. Nesselmann, whose book appeared in 1842, 
tells us honestly that he has never been able to find a copy, 
but has been obliged to take all information on the subject 
at second hand from Cossali and Bachet *. Even Cossali, so far 
as he gives any opinion at all upon the merits of the book, 
seems to do no more than reproduce what Bachet had said 
before him. Nor does Schulz seem to have studied Xylander’s 
work : at least all his statements about it are vague and may 
very well have been gathered at second hand. Both he and 
perfectam eius scientiam multi tuis auspiciis, nostro labore perducti, magnam 
hac re tuis in remp. beneficiis accessionem factam esse gratissima commemora- 
tione praedicabunt.” 

1 “Heidelberga, postrid. Hidus Sextiles c10 19 Lxxtvy.” 

2 **An vero et Graecé a Xilandro editus sit Diophantus, nondum certé com- 
perire potui. Videtur sant in multis suorum Commentariorum locis, de Graeco 
Diophanto tanquam a se edito, vel mox edendo, verba facere. Sed hance editi- 
onem, neque mihi vidisse, neque aliquem qui viderit hactenus audivisse contigit.” 
Bachet, Epist. ad Lect. 

8 There is not, I believe, a copy even in the British Museum, but I had 


- the rare good fortune to find the book in the Library of Trinity College, 
Cambridge. 


H. D. + 
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Nesselmann confine themselves to saying that it was not so 
worthless as many writers had stated it to be (Nesselmann on 
his part confessing his inability to form an opinion for the 
reason that he had never seen the book), and that it was 
well received among savants of the period, while its effect on 
the growth of the study of Algebra was remarkable*. On 
the other hand, the great majority of writers on the subject 
may be said to shout in chorus a very different cry. One 
instance will suffice to show the quality of the statements that 
have been generally made: to enumerate more would be waste 
of space. Dr Heinrich Suter in a History of Mathematical 
Sciences (Ziirich 1873) says” “This translation is very poor, 
as Xylander was very little versed in Mathematics.” If Dr Hein- 
rich Suter had taken the trouble to read a few words of 
Xylander’s preface, he could hardly have made so astounding 
a statement as that contained in the second clause of this 
sentence. This is only a specimen of the kind of statements 
which have been made about Xylander’s book; indeed I have 
been able to find no one who seems to have adequately studied 
Xylander except Bachet; and Bachet’s statements about the 
work of his predecessor and his own obligations to the same 
have been unhesitatingly accepted by the great majority of 
later writers. The result has been that Bachet has been uni- 
versally considered the only writer who has done anything 
considerable for Diophantos, while the labours of his prede- 
cessor have been ignored or despised. This view of the relative 
merits of the two authors is, in my view, completely erroneous. 
From a careful study and comparison of the two editions I 
have come to the conclusion that honour has not been paid 
where honour was due. It would be tedious to give here in 


1 Schulz. ‘Wie unvollkommen Xylanders Arbeit auch ausfiel, wie oft er 
auch den rechten Sinn verfehlte, und wie oft auch seine Anmerkungen den 
Leser, der sich Rathes erholen will, im Stiche lassen, so gut war doch die 
Aufnahme, welche sein Buch bei den Gelehrten damaliger Zeit fand; denn in 
der That ging den Mathematikern durch die Erscheinung dieses Werkes ein 
neues Licht auf, und es ist mir sehr wahrscheinlich, dass er viel dazu beigetragen 
hat, die allgemeine Arithmetik zu ihrer nachmaligen Hohe zu erheben.” 

2 «Diese Uebersetzung aber ist sear schwach, da Xylander in Mathematik 
sehr wenig bewandert war.” 


0 a ee 
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detail the particular facts which led me to this conclusion. I 
will only say in this place that my suspicions were first aroused 
by reading Bachet’s work alone, before I had seen the earlier 
one. From perusing Bachet I received the impression that his 
repeated emphatic and almost violent repudiation of obligation 
to Xylander, and his disparagement of that author suggested 
the very thing which he disclaimed, that he was under too 
great obligation to his predecessor to acknowledge it duly. 

I must now pass to Bachet’s work itself. It was the first 
edition published which contained the Greek text, and appeared 
in 1621 bearing the title: Diophanti Alexandrini Arithmetico- 
rum libri sex, et de numeris multangulis liber unus. Nune 
primum Graece et Latiné editi, atque absolutissimis Commentariis 
illustrati. Auctore Claudio Gaspare Bacheto Meziriaco Sebusiano, 
V.C. Lutetiae Parisiorum, Sumptibus Hieronymi Drovart’, via 
Jacobaea, sub Scuto Solari. MDCXXI. (I should perhaps 
mention that we have a statement®* that in Carl von Montchall’s 
Library there was a translation of Diophantos which the mathe- 
matician “Joseph Auria of Neapolis” made, but did not ap- 
parently publish, and which was entitled “Diophanti libri sex, 
cum scholiis graecis Maximi Planudae, atque liber de numeris 
polygonis, collati cum Vaticanis codicibus, et latine versi a 
Josepho Auria.” Of this work we know nothing; neither 
Bachet nor Cossali mentions it. The date would presumably 
be about the same as that of Xylander’s translation, or a little 
later.) Bachet’s Greek text is based, as he tells us, upon a MS. 
which he calls “codex Regius”, now in the Bibliotheque Na- 
tionale at Paris; this Ms. is his sole authority, except that 
Jacobus Sirmondus had part of a Vatican Ms. transcribed for 
him. He professes to have produced a good Greek text, having 
spent incalculable labour upon its emendation, to have inserted 


1 For “‘sumptibus Hieronymi Drovart” Nesselmann has ‘‘sumptibus Sebas- 
tiani Cramoisy, 1621” which is found in some copies. The former (as given 
above) is taken from the title-page of the copy which I have used (from the 
Library of Trinity College, Cambridge). 

2 Schulz, Vorr. xxi.: “Noch erwiihnen die Litteratoren, dass sich in der 
Bibliothek eines Carl von Montchall eine Bearbeitung des Diophantus von dem 
berithmten Joseph Auria von Neapel (vermuthlich doch nur handschriftlich) 
befunden habe, welche den Titel fiihrte u. s. w.’’ (see Text). 
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in brackets all additions which he made to it and to have 
given notice of all corrections, except those of an obvious or 
trifling nature; a few passages he has left asterisked, in cases 
where correction could not be safely ventured upon. In spite 
however of Bachet’s assurance I cannot help doubting the 
quality of his text in many places, though I have not seen 
the ms. which he used. He is careful to tell us what pre- 
vious works relating to the subject he had been able to con- 
sult. First he mentions Xylander (whom he invariably quotes 
as Xilander), who had translated the whole of Diophantos, and 
commented upon him throughout, “except that he scarcely 
touched a considerable part of the fifth book, the whole of the 
sixth and the treatise on multangular numbers, and even the 
rest of his work was not very successful, as he himself admits 
that he did not thoroughly understand a number of points.” 
Then he speaks of Bombelli (already mentioned) and the 
Zetetica of Vieta (in which the author treats in his own way a 
large number of Diophantos’ problems: Bachet thinks that he 
so treated them because he despaired of restoring the book 
completely). Neither Bombelli nor Vieta (says Bachet) made 
any attempt to demonstrate the difficult porisms and abstruse 
theorems in numbers which Diophantos assumes as known in 
many places, or sufficiently explained the causes of his opera- 
tions and artifices. All these omissions on the part of his 
predecessors he thinks he has supplied in his notes to the 
various problems and in the three Books of “Porisms” which he 
prefixed to the work’. As regards his Latin translation, he 
says that he gives us Diophantos in Latin from the version of 
Xylander most carefully corrected, in which he would have us 
know that he has done two things in particular, first, corrected 


1 On the nature of some of Bachet’s proofs Nicholas Saunderson (formerly 
Lucasian Professor) remarks in Elements of Algebra, 1740, apropos of Dioph. 
mr.17. ‘‘M. Bachet indeed in the 16th and 17th props. of his second book of 
Porisms has given us demonstrations, such as they are, of the theorems in the 
problem: but in the first place he demonstrates but one single case of those 
theorems, and in the next place the demonstrations he gives are only synthetical, 
and so abominably perplexed withal, that in each demonstration he makes use 
of all the letters in the alphabet except I and O, singly to represent the quantities 
he has there occasion for,” — 
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what was wrong and supplied the numerous lacunae, secondly, 
explained more clearly what Xylander had given in obscure or 
ambiguous language: “I confess however”, he says “that this 
made so much change necessary, that it is almost more fair 
to attribute the translation to me than to Xilander. But if 
anyone prefers to consider it as his, because I have held fast, 
tooth and nail, to his words when they do not misrepresent 
Diophantus, I do not care”’. Such sentences as these, which 
are no rarity in Bachet’s book, are certainly not calculated to 
increase our respect for the author. According to Montucla’, 
“the historian of the French Academy tells us” that Bachet 
worked at this edition during the course of a quartan fever, and 
that he himself said that, disheartened as he was by the diffi- 
culty of the work, he would never have completed it, had it 
not been for the stubbornness which his malady generated in 
him. 

As the first and only edition of the Greek text of Dio- 
phantos, this work, in spite of any imperfections we may find in 
it, does its author all honour. 

The same edition was reprinted and published with the 
addition of Fermat’s notes in 1670. Diophanti Alexandrini 
Arithmeticorum libri sex, et de numeris multangulis liber unus. 
Cum commentartis C. G. Bacheti V. C. et obseruationibus D. P. 
de Fermat Senatoris Tolosant. Accessit Doctrinae Analyticae 
inuentum nouum, collectum ex variis eiusdem D, de Fermat 
Epistolis. Tolosae, Excudebat Bernardus Bosc, ¢ Regione Collegit 
Societatis Jesu. MDCLXX. This edition was not published 
by Fermat himself, as certain writers imply*, but by his son 

“«Deinde Latinum damus tibi Diophantum ex Xilandri versione accura- 
tissimé castigata, in qua duo potissimum nos praestitisse scias velim, nam 
et deprauata correximus, hiantesque passim lacunas repleuimus: et quae sub- 
obscuré, vel ambigué fuerat interpretatus Xilander, dilucidius exposuimus; fateor 
tamen, inde tantam inductam esse mutationem, vt propemodum aequius sit ver- 
sionem istam nobis quim Xilandro tribuere. Si quis autem potius ad eum per- 
tinere contendat, qudd eius verba, quatenus Diophanto fraudi non erant, mordicus 
retinuimus, per me licet.” 

2 1, 323. 

3 So Dr Heinrich Suter: ‘‘ Diese Ausgabe wurde 1670 durch Fermat erneuert, 


der sie mit seinen eigenen algebraischen Untersuchungen und Erfindungen 
ausstattete,” 
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after his death. S. Fermat tells us in the preface that this 
publication of Fermat's notes to Diophantos was part of an 
attempt to collect together from his letters and elsewhere his 
contributions to mathematics. The “Doctrinae Analyticae In- 
uentum nouum” is a collection made by Jacobus de Billy from 
various letters which Fermat sent to him at different times. 
The notes upon Diophantos’ problems, which his son hopes will 
prove of value very much more than commensurate with their 
bulk, were (he says) collected from the margin of his copy of 
Diophantos. From their brevity they were obviously intended 
for the benefit of experts’, or even perhaps solely for Fermat’s 
own, he being a man who preferred the pleasure which he had 
in the work itself to all considerations of the fame which might 
follow therefrom. Fermat never cared to publish his investiga- 
tions, but was always perfectly ready, as we see from his letters, 
to acquaint his friends and contemporaries with his results. Of 
the notes themselves this is not the place to speak in detail. 
This edition of Diophantos is rendered valuable only by the 
additions in it due to Fermat; for the rest it is a mere reprint 
of that of 1621. So far as the Greek text is concerned it is 
very much inferior to the first edition. There is a far greater 
number of misprints, omissions of words, confusions of numerals; 
and, most serious of all, the brackets which Bachet inserted in 
the edition of 1621 to mark the insertion of words in the text 
are in this later edition altogether omitted. These imperfec- 
tions have been already noticed by Nesselmann*®. Thus the 
reprinted edition of 1670 is untrustworthy as regards the text. 


1 Lectori Beneuolo, p. ili.: ‘Doctis quibus tantum pauca sufficiunt, harum 
obseruationum auctor scribebat, vel potius ipse sibi scribens, his studiis exerceri 
malebat quam gloriari; adeo autem ille ab omni ostentatione alienus erat, vt nec 
lucubrationes suas typis mandari curauerit, et suorum quandoque responsorum 
autographa nullo seruato exemplari petentibus vitro miserit; norunt scilicet ple- 
rique celeberrimorum huius saeculo Geometrarum, quam libenter ille et quanta 
humanitate, sua iis inuenta patefecerit.” 

2 «Was dieser Abdruck an iiusserer Eleganz gewonnen hat (denn die Ba- 
chet’sche Ausgebe ist mit fusserst unangenehmen, namentlich Griechischen 
Lettern gedruckt), das hat sie an innerm Werthe in Bezug auf den Text ver- 
loren, Sie ist nicht bloss voller Druckfehler in einzelnen Worten und Zeichen 
(z. B. durchgehends 7m statt >, 900) sondern auch ganze Zeilen sind ausgelassen 
oder doppelt gedruckt, (z, B, 11, 12 eine Zeile doppelt, 1v, 25 eine doppelt und 
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I omit here all mention of works which are not directly 
upon Diophantos (e.g. the so called “Translation” by Stevin and 
Alb, Girard). We have accordingly to pass from 1670 to 1810 
before we find another extant work directly upon Diophantos. 
In 1810 was published an excellent translation (with additions) 
of the fragment upon Polygonal Numbers by Poselger: Dio- 
phantus von Alexandrien iiber die Polygonal-Zahlen. Uebersetzt 
mit Zusdtzen von F. Th. Poselger. Leipzig, 1810. 

Lastly, in 1822 Otto Schulz, professor in Berlin, published a 
very meritorious German translation with notes: Diophantus 
von Alexandria arithmetische Aufgaben nebst dessen Schrift iiber 
die Polygon-Zahlen. Aus dem Griechischen iibersetzt und mit 
Anmerkungen begleitet von Otto Schulz, Professor am Berlinisch- 
Célnischen Gymnasium zum grauen Kloster. Berlin, 1822. In 
der Schlesingerschen Buch- und Musikhandlung. The former 
work of Poselger is with the consent of its author incorporated 
in Schulz’s edition along with his own translation and notes 
upon the larger treatise, the Arithmetics. According to Nessel- 
mann Schulz was not a mathematician by profession: he pro- 
duced, however, a most excellent and painstaking edition, with 
notes chiefly upon the matter of Diophantos and not on the 
text (with the exception of a very few emendations): notes 
which, almost invariably correct, help much to understand the 
author, Schulz’s translation is based upon the edition of 
Bachet’s text published in 1670; so that nothing has been done 
for the Greek text since the original edition of Bachet (1621). 


I have now mentioned all the extant books which have been 
written directly upon Diophantos. Of books here omitted 
which are concerned with Diophantos indirectly, i.e. those 
which reproduce the substance of his solutions or solve his 


gleich hinterher eine ausgelassen, tv. 52 eine doppelt, v. 11 eine ausgelassen, 
desgleichen vy. 14, 25, 33, v1. 8, 13 und so weiter), die Zahlen verstiimmelt, was 
aber das Aergste ist, die Bachet’schen kritischen Zeichen sind fast tiberall, die 
Klammer durehgiingig weggefallen, so dass diese Ausgabe als Text des Diophant 
vollig unbrauchbar geworden ist,” p. 283. 

Accordingly Cantor errs when he says ‘Die beste Textausgabe ist die von 
Bachet de Meziriac mit Anmerkungen von Fermat, Toulouse, 1670,"’ (Geseh, 
p- 396.) 
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problems or the like of them by different methods a list has 
been given at the outset. As I have already mentioned a 
statement that Joseph Auria of Naples wrote circa 1580 a 
translation of Diophantos which was found (presumably in Ms. 
form) in the library of one Carl von Montchall, it is necessary 
here to give the indications we have of lost works upon Dio- 
phantos. First, we find it asserted by Vossius (as some have 
understood him) that the Englishman John Pell wrote an un- 
published Commentary upon Diophantos. John Pell was at 
one time a professor of mathematics at Amsterdam and gave 
lectures there on Diophantos, but what Vossius says about his 
commentary may well be only a recommendation to undertake 
a commentary, rather than a historical assertion of its comple- 
tion. Secondly, Schulz states in his preface that he had lately 
found a note in Schmeisser’s Orthodidaktik der Mathematik that 
Hofrath Kausler by command of the Russian Academy pre- 
pared an edition of Diophantos’. Of this nothing whatever is 
known; if ever written, this edition must have been only for 
private use at St Petersburg. 

I find a statement in the New American Cyclopaedia (New 
York, D. Appleton and Company), vol. vi. that “a complete 
translation of his (Diophantos’) works into English was made 
by the late Miss Abigail Lousada, but has not been published.” 


1 The whole passage of Schmeisser is: ‘‘ Die mechanische, geistlose Behand- 
lung der Algebra ist ins besondere von Herrn Hofrath Kausler stark geriigt 
worden. In der Vorrede zu seiner Ausgabe des Ujflakerschen Exempelbuchs 
beginnt er so: ‘Seit mehreren Jahren arbeitete ich fiir die Russisch-Kaiserliche 
Akademie der Wissenschaften Diophants unsterbliches Werk iiber die Arithmetik 
aus, und fand darin einen solehen Schatz von den feinsten, scharfsinnigsten 
algebraischen Auflésungen, dass mir die mechanische, geistlose Methode der 
neuen Algebra mit jedem Tage mehr ekelte u. s. w.’” (p. 33.) 








CHAPTER IV. 


NOTATION AND DEFINITIONS OF DIOPHANTOS. 


§1. As it is my intention, for the sake of brevity and 
perspicuity, to make use of the modern algebraical notation 
in giving my account of Diophantos’ problems and general 
methods, it will be necessary to describe once for all the 
machinery which our author uses for working out the solutions 
of his problems, or the notation by which he expresses the 
relations which would be represented in our time by algebraical 
equations, the extent to which he is able to manipulate unknown 
quantities, and so on. Apart, however, from the necessity of 
such a description for the proper and adequate comprehension 
of Diophantos, the general question of the historical develop- 
ment of algebraical notation possesses great intrinsic interest. 
Into the general history of this subject I cannot enter in this 
essay, my object being the elucidation of Diophantos; I shall 
accordingly in general confine myself to an account of his 
notation solely, except in so far as it is interesting to compare it 
with the corresponding notation of his editors and (in certain 
cases) that of other writers, as for example certain of the early 
Arabian algebraists. 

§ 2. First, as to the representation of an unknown quantity. 
The unknown quantity, which Diophantos calls 7700s povadav 
aXoryov i.e. “a number of units of which no account is given, 
or undefined” is denoted throughout (def. 2) by what is uni- 
versally printed in the editions as the Greek letter s with an 
accent, thus s’, or in the form s%. This symbol in verbal 
description he calls 6 dpuOyos, “the number” i.e. by impli- 


58 DIOPHANTOS OF ALEXANDRIA, 


cation, the number par excellence of the problem in question. 
In the cases where the symbol is used to denote inflected 
forms, e.g. accusative singular or dative plural, the terminations 
which would have been added to the stem of the full word 
dp.Ods are printed above the symbol s in the manner of an 
exponent, thus 5 (for dpsOuov, as tT” for rox), 5%, the symbol 
being in addition doubled in the plural cases, thus ss°, 9°", ss®” 
ss for dpuOuol x.7.’. When the symbol is used in practice, the 
coefficient is expressed by putting the required Greek numeral 
immediately after it, thus ss% 7a corresponds to Ila, s‘a@ to « 
and so on. 

Respecting the symbol s as printed in the editions it is 
clear that, if s’ represents dpcOuds, this sign must be different 
in kind from all the others described in the same definition, for 
they are clearly mere contractions of the corresponding names’. 
The opinion which seems to have been universally held as to 
the nature of the symbol of the text by the best writers 
on Diophantos is that of Nesselmann and Cantor*. Both 
authors tell us that the final sigma is used to denote the 
unknown quantity representing dpiOu0s, the complete word for 
it; and they imply in the passages referred to that this final 
sigma corresponds exactly to the # of modern equations, and 
that we have here the beginning of algebraical notation in the 
strict sense of the term, notation, that is, which is purely 
conventional and shows in itself no necessary/ connection be- 
tween the symbol and the thing denoted by it. I must observe, 
however, that Nesselmann has in another place® corrected the 
impression which the reader might have got from the first 
passage referred to, that he regarded the use of the sign for 
dpiOucs as a step towards genuine algebraical notation. He 
makes the acute observation that, as the symbol occurs in 
many places where it represents dpcOuos used in the ordinary 
untechnical sense, and is therefore not exclusively used to 
designate the unknown quantity, the technical apiOpos, it 
must after all be more of the nature of an abbreviation than 

1 Vide infra 3°, KY, 38”, &e. contractions for d¥vauis, xiBos, Suvapodivaymis, &e, 


2 Nesselmann, pp. 290, 291. Cantor, p. 400, 
3 pp. 800, 301, 


— 


—.* 


NOTATION AND DEFINITIONS OF DIOPHANTOS, 59 


an algebraical symbol. This view is, I think, undoubtedly 
correct; but the question now arises: how can the final sigma 
of the Greek alphabet be an abbreviation for dpiOuds? The 
difficulty of answering this question suggests a doubt which, 
so far as I am aware, has been expressed by no writer upon 
Diophantos up to the present time. Is the sign, which Bachet’s 
text gives as a final sigma, really the final sigma at all ? 
Nesselmann and Cantor seem never to have doubted it, for 
they both assign a reason why the final s was appropriated for the 
designation of the unknown quantity, namely that it was the 
only letter of the Greek alphabet which was not already in 
use as a numeral. The question was suggested to me princi- 
pally by the doubt whether the final sigma, s, was developed 
as distinct from the form o as early as the date of the Ms. of 
Diophantos which Bachet used, or rather as early as the first 
copy of Diophantos, for the explanation of the sign is given 
by the author himself in the text of the second definition. | 
This being extremely doubtful, if not absolutely impossible, 
in what way is its representation as a final sigma in Bachet’s 
text to be accounted for? The ms. from which Bachet edited 
his Greek text is in the Bibliotheque Nationale, Paris, and I 
have not yet been able to consult it: but, fortunately, in a paper 
by M. Rodet in the Journal Asiatique (Janvier 1878), I found 
certain passages quoted by the author from Diophantos for 
the purpose of comparison with the algebra of Mohammed 
ibn Masa Al-Kharizmi. These passages M. Rodet tells us that 
he copied accurately from the identical Ms. which Bachet used. 
On examination of these passages I found that in all but two 
cases of the occurrence of the sign for dpiOuds it was given 
as the tinal sigma. In one of the other cases he writes for 
6 dptOpos (in this instance untechnical) the abbreviation 6 4, 
and in the other case we find qy" for dps@uoi. In this last place 
Bachet reads ss*. But the same symbol yy* which M. Rodet 
gives is actually found in three places in Bachet’s own edition. 
(1) In his note to Iv. 3 he gives a reading from his Ms. which 
he has corrected in his own text and in which the signs y@ and 
yyy occur. They must here necessarily signify api@uds @ and 
dpiOuoi 7 respectively because, although the sense requires 
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the notation corresponding to = - not z, 82, we know, not 


only from Bachet’s direct statement but also from the trans- 
lation of certain passages by Xylander, that the sign for dapibus 
is in the Mss, very often carelessly written for dpsQwoordy and 
its sign. (2) In the text of Iv. 14 there is a sentence (marked 
by Bachet as interpolated) which has the expression yy where 
again the context shows that yy is for apu9uol. (8) At the 
beginning of v. 12 there is a difficulty in the text ; and Bachet 
notes that his MS. has 6 ds7Aacliwy avtod y...where a Vatican 
Ms. reads 6 durAaclwv avtod apiOuov... Xylander also notes 
that his Ms. had pyre 6 durAaciwy avtod ap.... It is thus clear 
that the Ms. which Bachet used sometimes has the sign for 
dpiOuos in a form which is at Jeast sufficiently like y to 
be taken for it. This last very remarkable variation as com- 
pared with ss% seemed at first sight inexplicable ; but on refe- 
rence to Gardthausen, Griechische Palaeographie, I found under 
the head “ hieroglyphisch-conventionell” an abbreviation ¢, G% 
for dpiOuos, aptOwol, which the author gives as occurring in 
the Bodleian ms. of Euclid’. The same statement is made 
by Lehmann’ (Die tachygraphischen Abkiirzungen der grie- 
chischen Handschriften, 1880) who names as a sign for dpiOyos, 
found in the Oxford ms. of Euclid, a curved line similar to 
that used as an abbreviation for «ai. He adds that the ending 
is placed above it, and the simple sign is doubled for the 
plural. Lehmann’s facsimile of the sign is like the form given 
by Gardthausen, except that the angle in the latter is a little 
more rounded by Lehmann. The form yy* above mentioned 
as given by M. Rodet and Bachet is also given by Lehmann 
with a remark that it seems to be only a modification of the 
other. If we take the form as given by Gardthausen, the change 
necessary is the very slightest possible. Thus by assuming 
this conventional abbreviation for aps@uds it is easy to see 


1 P’Orville mss. x. 1 inf, 2, 30. 

2 p. 107: “Von Sigeln, welchen ich auch anderwirts begegnet bin, sind zu 
nennen dpOués, das in der Oxforder Euclidhandschrift mit einer der Note 
xal iibhnlichen Schlangenlinie bezeichnet wird. Die Endung wird dariiber 
gesetzt, zur Bezeichnung des Plurals wird das einfache Zeichen yerdoppelt,”’ 
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how it was thought by Bachet to be a final sigma and how 
also it might be taken for the isolated form given by M. Rodet. 

As I have already implied, I cannot think that the symbol 
used by Diophantos is really a final sigma, 5. That the con- 
ventional abbreviation in the Euclid ms. and the sign in 
Diophantos are identical is, I think, certain; and that neither 
of the two is a final sigma must be clear if it can be proved 
that one of them is not. Having consulted the ms. of the first 
ten problems of Diophantos in the Bodleian Library, I conclude 
that the symbol in this work cannot be a final sigma for the 
following reasons. (1) The sign in the Bodleian Ms. is written 
thus, °° for dpvOwos; and though the final sigma is used uni- 
versally in this MS. at the end of words there is, besides 
a slight difference in shape between the two, a very distinct 
difference in size, the sign for aps@u0s being always very much 
larger. There are some cases in which the two come close 
together, e.g. in the expression eis °° xe, and the difference is 
very strongly marked. (2) As I have shown, the breathing is 
prefixed before the sign. This, I think, shows clearly that the 
symbol was regarded as an abbreviation of certain letters be- 
ginning with a the first letter of apsOuos. It is interesting also 
to observe that in the Bodleian Ms. there are certain cases in 
which apcOuos in its untechnical, and apiOuos in its technical 
sense follow each other as in éra€a 70 Tod Sevtépov "SS apiO pod 
évds, where (contrary to what might be expected) the sign is 
used for the untechnical dpiOues and the other is written in 
full. This is a very remarkable piece of evidence to show that 
the sign is an abbreviation and in no sense an algebraical 
symbol. More remarkable still as evidence of this view is the 
fact that in the same Ms. the word dpiOuds in the definition 
6 8€ pnddv TovTwY THY iSiwpatwy KTHodpeEVOS...exov Oé... 
aptOuos Kadeirar is itself denoted by the symbol, so that in 
the Ms. there is absolutely no difference between the full name 
and the symbol. 

My conclusion therefore being (1) that the sign given as ¢ 
in Bachet’s text of Diophantos is not really the final sigma, 
(2) that it is an abbreviation of some kind for ap:@ucs, the 
question arises, How was this abbreviation arrived at? If it is 
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not a hieroglyph (and I have not yet found any evidence of its 
hieroglyphic origin), I would suggest that 7 might very well 
be a corruption, after combination, of the two first letters of the 
word, Alpha and Rho. 

Before I go on to state when and how I conceive this 
contraction may have come about, I may observe that, given 
its possibility, my supposition has, it seems to me, every- 
thing in its favour. (1) It would explain, and is countenanced 
by, the solitary occurrence in M. Rodet’s transcription of the 
contraction a. (2) It would also explain the remarkable 
variation in the few words quoted from Xylander’s note on 
v. 12, pynte 6 SitrAaciwy adtod ap mo a... These words are 
important because in no other sentence which he quotes in 
the Greek does any abbreviation of apuOu0s occur. As his 
work is a Latin translation he rarely quotes the original Greek 
at all: hence we might have doubted whether the sign for 
apvOuos occurred in his MS. in the same form as in Bachet’s. 
That it did occur in the same form is, however, clear from the 
note to 11.12". That is to say, both ap and © are used in one 
and the same MS, to signify dpvOucs. This circumstance is easily 
explained on my hypothesis; and I do not see how it can be 
explained on any other. , But (3) the most important advantage 
that my theory would have is that it would establish uniformity 
between the different abbreviations used by Diophantos. It 
would show him to have proceeded on one invariable principle 
in fixing those abbreviations which we should naturally have 
expected to be parallel. Diophantos, in fact, appears to have 
proceeded thus. He took in all cases the first letter of the 
corresponding words 7.e. a, 6, x, #. Then, as these could not be 
used alone for the reason that they all represented numbers, he 
added another letter to each. Now, as it happened, the second 
letter in each of the four words named occurred later in the 


1 In this problem it evidently occurred wrongly instead of the sign for the 
fraction apiOuoordy (as was commonly the case in the mss.), for after stating 
that the context showed the reading dp:Ouds to be wrong Xylander says: ‘Est 
sane in Graeco nota senarii ¢. Sed locum habere non potest.” Now s and = 
are so much alike that what was taken for one might easily be taken for the 
other. 
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alphabet than the respective first letters. Thus a with p added, 
§ with v added, « with v added, and w with o added gave abbre- 
viations which could not be confounded with particular numbers. 
No doubt, if the two letters in each case were not written in the 
same line by Diophantos, but the second raised above the other, 
the signs might, unless they or the separate letters were dis- 
tinguished by some special marks, have been confused with 
numerical fractions. There would however be little danger of 
this; such confusion would be very unlikely to arise, for (a) the 
context would nearly always render it impossible, as also would 
(b) the constant recurrence of the same sign for a constantly 
recurring term, coupled with the fact that, if on any particular 
occasion it denoted a numerical fraction, it could and would 
naturally be expressed in lower terms. Thus, if 6”, x’, u® were 
numerical fractions, they would be as unlikely to be written thus 
as we should be unlikely to write 74,;, 2%, #9. Indeed the 
only sign of the four which, written with the second letter 
placed as an exponent to the second, could reasonably be supposed 
to represent a numerical fraction is a’, which might mean +45. 
But, by a curious coincidence, confusion is avoided in this case ; 
and the contraction, which I suppose to have taken place, might 
very well be an expedient adopted for the purpose: thus we 
may have here an explanation why only one of the four sigus 
ap, dv, Ku, Mo is contracted. (4) Again, if we assume © to be a 
contraction of ap, we can explain the addition of terminations to 
mark cases and number in the place where the second letter of 
the other abbreviations is written. The sign © having no 
letter superposed originally, this addition of terminations was 
rendered practicable without resulting in any confusion, On 
its convenience it is unnecessary to enlarge, because it is clear 
that the symbol could then be used instead of the full word far 
more frequently than the others. ‘Thus oblique cases of dvvapus 
are written in full where oblique cases of apsAuds would be 
abbreviated. For 6°, «*, w® did not admit of the addition of 
terminations without possible confusion and certain clumsiness. 
A few words will suffice to explain my views concerning the 
evolution of the sign for dp:Ouds. ‘There are two alternatives 
possible. (1) Diophantos may not himself have made the con- 
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traction at all; he may have written the two letters in full. In 
that case I suppose the sign to be a cursive contraction used by 
scribes. I conceive it would then have come about through a 
tolerably obvious intermediate form, Sp. The change from this 
to either of the two forms of the symbol used in ss. for dpsOu0s 
is very slight, in one case being the loss of a stroke, in the 
other the loss of the loop of the p. (2) Diophantos may have 
used a sign approximately, if not exactly, like the form which 
we now find in the mss.) Now Gardthausen divides cursive 
writing into two kinds, which he calls “ Majuskelcursive ” and 
“ Minuskeleursive.” One or other of these terms would be 
applied to a type of writing according as the uncial or cursive 
element predominates. That in which the uncial element pre- 
dominates is the “ Majuskelcursive,” which is intermediate be- 
tween the uncial and the cursive as commonly understood. 
Gardthausen gives examples of Mss. which show the gradations 
through which writing passed from one to the other. Among 
the specimens of the “ Majuskelcursive” writing he mentions 
a Greek papyrus, the date of which is 154 A.D., ¢.e. earlier than 
the time of Diophantos. From this Ms. he quotes a contraction 
for the two letters a and p, namely yp. This may very well be 
the way in which Diophantos wrote the symbol; and, after 
being copied by a number of scribes successively, it might very 
easily come into the ss. which we know in the slightly simplified 
form in which we find it’, 


1 Much of what I have written above concerning the symbol for apiOuds 
appeared in an article ‘‘On a point of notation in the Arithmetics of Dio- 
phantos,” which I contributed to the Journal of Philology (Vol. xm. No. 25, 
pp. 107—113). Since that was written I have considered the subject more 
thoroughly, and I have been able to profit by a short criticism of my theory, 
as propounded in the article alluded to, by Mr James Gow in his recent History 
of Greek Mathematics (Camb. Univ. Press, 1884). In the Addenda thereto 
Mr Gow states that he does not think my suggestion that the supposed final 
sigma is a contraction of the first two letters of apc0uds is true, for three reasons, 
It is right that I should answer these objections in this place. I will take them 
in order, 

1. Mr Gow argues:—‘ The contraction must be supposed to be as old as 
the time of Diophantus, for he describes the symbol as 16 s instead of td or 
ro ap. Yet Diophantus can hardly (as Mr Heath admits) have used cursive 
characters.”” Upon this objection I will remark that I do not think the descrip- 
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In the following pages, as it is impossible to say for certain 
what this sign really is, I shall not hesitate, where it is neces- 


tion of the symbol as ro s proves that the supposed contraction must be as old 
as the time of Diophantos himself. I see no reason, even, why Diophantos 
himself should not have written cal torw ai’rod onueiov td dp. For (a) it seems 
to me most natural that the article should be in the same number as enucior. 
Mr Gow might, I think, argue with equal force that the Greek should run, xe? 
totw abrov onucta ra ap. And yet onuetov is not disputed. Supposing, then, 
that we have assumed on other grounds that Diophantos used the first two 
letters, contracted or uncontracted, of dpcOuds as his symbol for it, I do not see 
that the use of the article in the singular constitutes any objection to our 
assumption. () Besides the censideration that to dp is perfectly possible 
grammatically, we have yet other evidence for its possibility in expressions 
which we actually find in the text. The symbol for the fifth power of the 
unknown, or for dvvaudxu8os, is described thus: kal ésrw abrov onuctov 7d Ek 


érionuov éxovra v, 6x’. In this case much more than in the supposed case of 
dp should we have expected the plural article with 5x instead of the singular; but 


6k éricnuov €xovra v is in apposition with 6x” and is looked upon as a single 
expression, and therefore preceded by the singular article té. If we give full 
weight to these considerations, it must, I think, be admitted that Mr Gow’'s 
conclusion that the contraction must be as old as the time of Diophantos, 
whether true or not, is certainly not established by his argument from the 
description of the symbol as 7d s. Hence, as one link in the reasoning em- 
bodied in Mr Gow’s first objection fails, the objection itself breaks down. 
Mr Gow appears to have misunderstood me when he attributes to me the 
inconsistency of supposing Diophantos to have used cursive characters, while 
in another place I had disclaimed such a supposition. It will be sufficiently 
clear from the explanation which I have given of the origin of the contraction 
that I am very far from assuming that Diophantos used cursive characters such 
as we now use in writing Greek. At the same time it is possible that Mr Gow's 
apparent mistake as to my meaning may be due to my own inadvertence in 
saying (in the article above-mentioned) “If it [the symbol] is not a hiero- 
glyph (and I have not found any evidence of its hieroglyphic origin), I would 
suggest that it might very well be a corruption of the two letters dp” (printed 
thus), where, however, I did not mean the cursive letters any more than 
uncials. 

2. I now pass to Mr Gow’s second objection to my theory. 

“The abbreviation s° for dps@uds in its ordinary sense is very rare indeed, 
It is not found in the mss. of Nicomachus or Pappus, where it might most 
readily be expected. It may therefore be due only to a scribe who had some 
reminiscence of Diophantus.” The meaning of this last sentence does not seem 
quite clear. I presume Mr Gow to mean “‘In the rare cases where it does occur, 


it may be due, &c.” I do not know that I am concerned to prove that ~° for 
dp.Ouss is of very frequent occurrence in mss. other than those of Diophantos. 
Still the form ¢, which I have no hesitation in stating to be the same as ~, 
oceurs often enough in the Oxford ms. of Euclid to make Gardthausen and 
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sary to designate it, to call it the final sigma for convenience’ 


Lehmann notice it. And, even if its use in that ms. is due to a scribe who had 
some reminiscence of Diophantos, I do not see that this consideration affects 
my theory in the least. In fact, it is not essential for my theory that this sign 
should occur in a single instance elsewhere than in Diophantos. It is really 


quite sufficient for my purpose that &° occurs in Diophantos for dpiOuds in its 
ordinary sense, which I hold that I have proved. 
3. Mr Gow’s third objection is stated thus: ‘‘If s is for dp, then, by 


analogy, the full symbol should be s‘ (like 6”, x”) and not s°.” (a) I must 
first remark that I consider that arguments from analogy are inapplicable in 
this case. The fact is that there are some points in which all the five signs of 
which I have been speaking are undoubtedly analogous, and others in which 
some are not; therefore to argue from analogy here is futile, because it would 
be equally easy to establish by that means either of two opposite conclusions, 
I might, with the same justice as Mr Gow, argue backwards that, since there 


is undoubtedly one point in which s° and 6” are not analogous, namely the 
superposition in one case of terminations, in the other case of the second letter 
of the word, therefore the signs must be differently explained: a result which, 
so far as it goes, would favour my view. (b) Besides, even if we admit the 


force of Mr Gow’s argument by analogy, is it true that st (on the supposition 


that s is for dp) is analogous to 6” at all? I think not; for s does not corres- 
pond to 6, but (on my supposition) to dv, and ¢ only partially corresponds to ¥, 
inasmuch as ¢ is the third letter of the complete word in one case, in the other 
v is the second letter. (c) As a matter of fact, however, I maintain that my 
suggestion does satisfy analogy in one, and (I think) the most important respect, 
namely that (as I have above explained) Diophantos proceeded on one and the 
same system in making his abbreviations, taking in each case the two first letters 
of the word, the only difference being that in one case only are the two letters 
contracted into one sign. 

Let us now enquire whether my theory will remove the difficulties stated by 
Mr Gow on p. 108 of his work. As reasons for doubting whether the symbol for 
dp.Ou0s is really a final sigma, he states the following. ‘‘It must be remembered : 
(1) that it is only cursive Greek which has a final sigma, and that the cursive 
form did not come into use till the 8th or 9th century: (2) that inflexions are 


appended to Diophantus’ symbol s' (e.g. 5°”, ss, ete.), and that his other symbols 
(except 7) are initial letters or syllables. The objection (1) might be disposed 
of by the fact that the Greeks had two uncial sigmas C and &, one of which 
might have been used by Diophantus, but I do not see my way to dismissing 
objection (2)."’ First, with regard to objection (1) Mr Gow rightly says that, 
supposing the sign were really s, it would be possible to dismiss this objection. 
On my theory, however, it is not necessary even to dismiss it: it does not exist. 
Secondly, my theory will dismiss objection (2). ‘‘Diophantus’ other symbols 
(except m) are initial letters or syllables.” I answer ‘‘So isc."’ “ Inflexions 
are appended to Diophantus’ symbol s’.”” I answer ‘‘True; but the nature of 
the sign itself made this convenient,” as I have above explained. 
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sake, subject to the remarks which I have here made on the 
subject. 

§ 3. Next, as regards the notation which Diophantos used 
to express the different powers of the unknown quantity, ice. 
corresponding to a”, #* and so on. The square of the unknown 
is called by Diophantos dvvauis and denoted by the abbrevia- 
tion’ 6. Now the word dvvamis (“power”) is commonly used in 
Greek to express a square number. The first occurrence of the 
word in its technical sense is probably as early as the second 
half of the fifth century B.c. Eudemos uses it in quoting from 
Hippokrates (no doubt word for word) who lived about that 
time. The difference in use between the words Svvauis and 
TeTpaywvos corresponds, in Cantor’s view’, to the difference 
between our terms “second power” and “square” respectively, 
the first having an arithmetical signification as referring to a 
number, the second a geometrical reference to a plane surface- 
area. The difference which Diophantos makes in their use is, 
however, not of this kind, and dvvayis in a geometrical sense, 
is not at all uncommon; hence the correctness of Cantor's 
suggestion is not at all certain. Both terms are used by 
Diophantos, but in very different senses. dvvayus, as we have 
said, or the contraction 8 stands for the second power of the 
unknown quantity. It is the square of the unknown, apiOyos 
or ’©°, only and is never used to express the square of any other, 
i.e. any known number. For the square of any known number 
Diophantos uses tetpaywvos. The higher powers of the un- 
known quantity which Diophantos makes use of he calls «vBos, 
duvapodvvapis, SuvapwoxuBos, KuSoxuBos, corresponding respec- 
tively to 2°, a*, «*, 2°. Beyond the sixth power he does not go, 
having no occasion for higher powers in the solutions of his 

1 I should observe with respect to the mark over the v that it is given in the 
Greek text of Bachet as a circumflex accent printed in the form ~. By writers 
on Diophantos later than Bachet the sign has been variously printed as 8”, 8” or 


8”. I have generally denoted it by 8’, except in a few special cases, when 
quoting or referring to writers who use either of the other forms. The same 
remark applies to p®, the abbreviation for povdées, as well as to the circumflex 
written above the denominators of Greek numerical fractions given in this 
chapter as examples from the text of Diophantos. 

2 Geschichte der Mathematik, p. 178. 
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problems. For these powers he uses the abbreviations x’, 58°, 
8x”, xx® respectively. There is a difference between Diophantos' 
use of the complete words for the third and higher powers and 
that of duvapis, namely that they are not always restricted like 
sivas to powers of the unknown, but may denote powers of 
ordinary known numbers as well. This is probably owing to 
the fact that, while there are two words divayuis and Ttetpaywvos 
which both signify “square”, there is only one word for a third 
power, namely «Bos. It is important, however, to observe that 
the abbreviations x«°, 88°, dx”, «x® are, like ddvayus and 8, only 
used to denote powers of the unknown. It is therefore ob- 
viously inaccurate to say that Diophantos “denotes the square 
of a number (Svvapus) by 8, the cube by «*, and so on”, the 
only number of which this could be said being the s’ (aps0u0s) 
of the particular problem. The coefficients which the different 
powers of the unknown have are expressed by the addition of 
the Greek letters denoting numerals (as in the case of apiOuos 
itself), thus S«® = corresponds to 262°, Thus in Diophantos’ 
system of notation the signs 6° and the rest represent not merely 
the exponent of a power like the 2 in a”, but the whole ex- 
pression, «*. There is no obvious connection between the symbol 
5° and the symbol s’ of which it is the square, as there is be- 
tween «” and a, and in this lies the great inconvenience of the 
notation. But upon this notation no advance was made by 
Xylander, or even by Bachet and Fermat. They wrote N 
(abbreviation of Numerus) for s’ of Diophantos, Q (Quadratus) 
for 8°, C for «® (cubus) so that we find, for example, 1Q+5N=24, 
corresponding to 2° + 52=24, Thus these writers do in fact no 
more than copy Diophantos. We do, however, find other symbols 
used even before the publication of Xylander’s Diophantos, e g. 
in 1572, the date of Bombelli’s Algebra. Bombelli denotes the 
unknown and its powers by the symbols 1, 2, 3, and so on. 
But it is certain that up to this time the common symbols had 
been & (Radix or Res), Z (Zensus i.e. square), C (Cubus). 
Apparently the first important step towards 2°, a &c. was 
taken by Vieta, who wrote Aq, Ac, Agqq, &e. (abbreviated for 
A quadratus and so on) for the powers of A. This system, 
besides showing in itself the connection between the different 
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powers, has the infinite advantage that by means of it we can 
use in one and the same solution any number of unknown 
quantities. This is absolutely impossible with the notation 
used by Diophantos and the earlier algebraists. Diophantos 
does in fact never use more than one unknown quantity in the 
solution of a problem, namely the adpiOyos or gs’, 

§ 4. Diophantos has no symbol for the operation of multi- 
plication: it is rendered unnecessary by the fact that his 
coefficients are all definite numerals, and the results are simply 
put down without any preliminary step which would make a 
symbol essential. On the ground that Diophantos uses only 
numerical expressions for coefficients instead of general symbols, 
it would occur to a superficial observer that there must be a 
great want of generality in his methods, and consequently that 
these, being (as might appear) only applicable to the particular 
numbers which the author uses, are necessarily interesting only 
as clever puzzles, but not general enough to be valuable to the 
serious student. To this objection I reply that, in the first 
place, it was absolutely impossible that Diopbantos should have 
used any other than numerical coefficients for the reason that 
the available symbols of notation were already employed, the 
letters of the Greek alphabet always doing duty as numerals, 
with the exception of the final s, which Diophantos was supposed 
to have used to represent the unknown quantity. In the second 
place I do not admit that the use of numerical coeflicients only 
makes his‘solutions any the less general. This will be clearly 
seen when I come to give an account of his problems and 
methods. Next as to Diophantos’ symbols for the operations 
of Addition and Subtraction. For the former no symbol at all is 
used; it is expressed by mere juxta-position, thus «’ a@ 6° iy 3 é 
corresponds to z*+13z°+ 5. In this expression, however, there 
is no absolute term, and the addition of a simple numeral, as 
for instance P, directly after é, the coefficient of 55, would cause 
confusion. This ‘act makes it necessary to have some term to 
indicate an absolute term in contradistinction to the variable 
terms. For this purpose Diophantos uses the word povades, or 
units, and denotes them after his usual manner by the abbre- 
viation u®. The number of monads is expressed as a coefficient. 
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Thus corresponding to the above expression a* + 132*+ 5a + 2 
we should find in Diophantos «* a8 7 3sép*® 8. As Bachet 
uses the sign + for addition, he has no occasion for a distinct 
symbol to mark an absolute term. He would accordingly write 
10+13Q+5N+2. It is worth observing, however, that the 
Italians do use a symbol in this case, namely V (Numero), the 
first power of the unknown being with them R (Radice). 
Cossali* makes an interesting comparison between the terms 
used by Diophantos for the successive powers of the unknown 
and those employed by the Italians after their instructors, the 
Arabians. He observes that Fra Luca, Tartaglia, and Cardan 
begin their scale of powers from the power 0, not from the 
power 1, as does Diophantos, and compares the scales thus: 


Scala Diofantea. Scala Araba, 
Deeniin mewn teehee 1. Numero...il Noto. 
x 1. Numero...l’Ignoto. 2. Cosa, Radice, Lato. 
av? 2. Podesta. 3. Censo. 
z8 3. Cubo. 4. Cubo. 
wt 4, Podesta-Podesta. 5. Censo di Censo. 
x 5, Podesta-Cubo. 6. Relato 1°, 
z® 6. Cubo-Cubo. 7. Censo di Cubo, o Cubo di Censo. 
v8 WL rhe ANG dition Betas tee Hh 8. Relato 2°. 
PO PIT Asie oun Moves 9. Censo di Censo di Censo. 
ee Sn et Tar A oe tel Be 10. Cubo di Cudo. 


and so on. So far, however, as this is meant to be a comparison 
between Diophantos and the early Arabian algebraists them- 
selves (as the title Scala Araba would seem to imply), there 
appears to be no reason why Cossali should not have placed 
some term to express Diophantos’ wovades in the same line 
with Numero in the other scale, and moved the numbers 
1, 2, 3, &c. one place upwards in the first scale, or downwards 


1 Upon Wallis’ comparison of the Diophantine with the Arabian scale 
Cossali remarks: ‘‘ma egli non ha riflettuto a due altre differenze tra le scale 
medesime. La prima si é, che laddove Diofanto denomina con singolarita 
Numero il numero ignoto, denominando Monade il numero dato di compara- 
zione: gli antichi italiani degli arabi seguaci denominano questo il Numero; 
e Radice, o Lato, o Cosa il numero sconosciuto. La seconda é, che Diofanto 
comincia la scala dal numero ignoto; e Fra Luca, Tartaglia, Cardano la in- 
cominciano dal numero noto. Ecco le due scale di rincontro, onde meglio 
risaltino all’ occhio le differenze loro.”’ 1. p. 19d. 
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in the second. As Diophantos does not go beyond the sixth 
power, the last three places in the first scale are left blank. 
An examination of these two scales will show also that the 
generation of the successive powers differs in the two systems. 
The Diophantine terms for them are based on the addition of 
exponents, the Arabic on their multiplication’. Thus the “cube- 
cube” means in Diophantos 2°, in the Italian and Arabic system 
x’. The first method of generation may (says Cossali) be 
described as the method by which each power is represented 
by the product of the two lesser powers which are nearest 
to it, the method of multiplication; the second the method of 
elevation, i.e. the method which forms by raising to the second 
or third power all powers which can be so formed, or the 4th, 
6th, 8th, 9th, &. The intermediate powers which cannot be 
so formed are called in Italian Relati. Thus the fifth power is 
Relato 1°, zis Relato 2°, zis Censo di Relato 1°, 2" is Relato 3°, 
and so on. Wallis calls these powers supersolida, reproduced by 
Montuela as swrsolides. 

For Subtraction Diophantos uses a symbol. His full term 
for Negation is Xet.s, corresponding to tap£is, which denotes 
the opposite. Thus Nee (i.e. with the want of) stands for 
minus, and the symbol used to denote it in the Mss. is an 
inverted Ww or yp (Def. 9 Kai THs Aelrews onpetov Yr €AALTES 
KatTw vevov 4s) with the top shortened. As Diophantos uses 
no distinct sign for +, it is clearly necessary, to avoid confusion, 
that all the negative terms in an expression should be placed 
together after all the positive terms. And so in fact he 
does place them®. Thus corresponding to a — 52° + 8x —1, 


1 This statement of Cossali’s needs qualification however. There is at least 
one Arabian algebraist, Alkarkhi, the author of the Fakhri referred to above 
(pp. 24, 25), who uses the Diophantine system of powers of the unknown de- 
pending on the addition of exponents. Alkarkhi, namely, expresses all powers 
of the unknown above the third by means of mal, his term for the square, and 
ka‘b, his term for the cube of the unknown, as follows. The fourth power is 
with him mal mal, the fifth mal ka‘b, the sixth ka‘b ka‘b, the seventh mal mal 
ka‘b, the eighth mal ka‘b ka‘b, the ninth ka‘b ka‘b ka‘b, and so on. 

2 Dr Heinrich Suter however has the erroneous statement that Diophantos 
would express x3 - 524°+8x-1 by wapdes.ah u° a, which is exactly what he 
would not do. 
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Diophantos would write «*® a s* 7 pp & = p® a. With respect 
to this curious sign, given in the Mss. as yp and described as an 
inverted truncated y, I must here observe that I do not believe 
it to be what it is represented as being. I do not believe that 
Diophantos used so fantastic a sign for minus as an inverted 
truncated vy. In the first place, an inverted yw seems too 
curious a sign, and too far-fetched. To one who was looking 
for a symbol to express minus many others more natural 
and less fantastic than ys must have suggested themselves. 
Secondly, given that Diophantos used an inverted wv, why 
should he truncate it? Surely that must have been unneces- 
sary; we could hardly have expected it unless, without it, 
confusion was likely to arise; but yp could hardly have been 
confused with anything. It seems to me that this very trunca- 
tion throws doubt on the symbol as we find it in the Ms. 
Hence I believe that the conception of this symbol as an 
inverted truncated y is a mistake, and that the description of 
it as such is not Diophantos’ description ; it appears to me to be 
an explanation by a scribe of a symbol which he did not under- 
stand’. It seems to me probable that the true explanation is 
the following: Diophantos proceeded in this case as in the others 
which we have discussed (the signs for dpiPuos, Suvapus, etc.). 
As in those cases he took for his abbreviation the first letter of 
the word with such an addition as would make confusion with 
numbers impossible (namely the second letter of the word, 
which in all happens to come later in the alphabet than the 
corresponding first letter), so, in seeking an abbreviation for 
Aetis and cognate inflected forms developed from de, he 
first took the initial letter of the word. The uncial* form is 
A. Clearly A by itself would not serve his purpose, since it 
denotes a number, Therefore an addition is necessary. ‘The 
second letter is E, but AE is equally a number. The second 


1 I am not even sure that the description can be made to mean all that it is 
intended to mean. éA)urés scarcely seems to be sufficiently precise. Might it 
not be applied to A with any part cut off, and not only shortened at the top? 

2 I adhere to the uncial form above for clearness’ sake. If Diophantos used 
the ‘‘Majuskelcursive’’ form, the explanation will equally apply, the difference 
of form being for our purpose negligible. 
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letter of the stem dum is |, but Al is open to objection when 
so written. Hence Diophantos placed the | inside the A, thus, 
A. Of the possibility of this I entertain no doubt, because 
there are indubitable cases of combination, even in uncial 
writing, of two letters into one sign. I would refer in par- 
ticular to X, which is an uncial abbreviation for TAAANTON, 
Now this sign, A, is an inverted and truncated w (written in 
the uncial form, Y); and we can, on this assumption, easily 
account for the explanation of the sign for minus which is given 
in the text. 

For Division it often happens that no symbol is necessary, 
ive. in the cases where one number is to be divided by another 
which will divide it without a remainder. In other cases the 
division has to be expressed by a fraction, whether the divisor 
be an absolute number or contain the variable. Thus the case 
of Division comes under that of Fractions. To express nume- 
rical fractions Diophantos adopts a uniform system, which is 
also seen in other writers. The numerator he writes in the 
ordinary ‘line like a number; then he places the denominator 
above the line to the right of the numerator, in the same place 
as we should write an exponent, usually placing a circumflex 
arcent over the eud of it. Thus 13 is represented by if, zis 
is a, APR is (v.12) ernf*#%, 89828 is (IV. 17) 7. oyeae¥ 
Diophantos, however, often expresses fractions by simply putting 
€v opie or wopiov between the numerator and the denominator, 
i.e. one number divided by another. Cf. Iv, 29 pv. € A7é popiov 
xs. Apo, Le. 4897984 and v.25 B.ex év popiw pxP.,aKé, i.e. 
7359999;. There is a peculiarity in the way in which Diophan- 

16) 
ee? Tt will be 
best understood by giving a typical case. This particular 


tos expresses such complex fractions as 


fraction Diophantos writes thus, aw6**.a*, that is, it is as if 

he had written with our notation 18% 4. Instances of this 

3894 

152 © 

Bachet reproduces Diophantos’ notation by writing in these 
183 389 tively 

cases 1854 4 and 723 3 respectively. 


notation occur passim, cf. V. 2 t76??.a* is equivalent to 
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But there is another kind of fraction, besides the purely 
numerical one, which is continually occurring in the Arith- 
metics, such fractions namely as involve the unknown quantity 
in some form or other in their denominators. The simplest 
case is that in which the denominator is simply a power of the 
unknown, s. Concerning fractions of this kind Diophantos 
says (Def. 3) “As fractions named after numbers have similar 
names to those of the numbers themselves (thus a third is 
named from three, a fourth from four), so the fractions ho- 
monymous with what are called dpiOyoi, or unknowns, are 
called after them, thus from aps@uos we name the fraction To 


, . 1 , 
apiOuooTov [1.e. = from «], TO duvvawooroy from Sdvvapuis, TO 


kuBoorov from KUBos, TO Suvapoduvapoctor from duvapodvva- 
pus, TO SuvapoxvBoarov from SduvauoxvBos, and to KuBoxv- 
Boorov from xvBoxvBos. And every such fraction shall have 
its symbol after the homonymous number with a line to indi- 
cate the species” (i.e. the order or power)". Thus we find, for 


a: ; 8 ; oe 
example, Iv. 3, 7% corresponding to 7 with the genitive 
' 


Mant 2 —_.- 35 ae 
termination of api@uooTod, e.g., IV. 16, Xe7”* or 7 Cer 


~ 


or a Side by side with the employment of the symbols to 
x 


; ; | 
express fractions corresponding to —, , &c., we find the terms 
2 2 


apiOpooriv, Svvawooroy x.7.r. used in full: this is regularly 
the case when the numerator of the fraction itself contains a 
numerical fraction. Thus in v. 31 dpi@uoctod a a corre- 


1} oe... GE 
sponds to —* and dvvapoordy = a’ to —>. 
x au 


Diophantos extends his use of fractions still further to more 
complicated cases in which the numerator and denominator 


1 The meaning of the last sentence is not quite clear. I am inclined to 
think there is something wrong with the text, which stands in Bachet as follows: 
éter b¢ Exacrov avraev emi Tov omwrimov dpiOuod onuciov ypauunv Exov diacréXoveay 
rd eléos. This he translates, ‘‘Habebit autem quaelibet pars A sibi cognomine 
numero notam et literam superscriptam quae speciem A specie distinguat.” 
Here apparently literam corresponds to ypauunv. 
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may be compound expressions themselves, involving the un- 
. , - 2 ws ~ Ao eet - 

known quantity. Thus, Iv. 37, we have p? 0 ps” a4 je. 

9-2 : 

—. When, however, the denominator is a compound ex- 


4 


pression Diophantos uses the expedient which he adopts in the 

case of large numbers occurring as numerator or denominator, 

namely, the insertion between the expressions denoting the 

numerator and denominator of the term €y popl or popiov. 

Thus in VI. 13 we find, 8° &.n° Bde €v popia 8°S" & uw? A Never 
60a" + 2520 


ie aa TT 9 v Un . 59% 
& & Le. z+ 900 — 60a” and in VI. 21 «® @. 8 8 yw? a. év 





popto & ass 8 p® a& corresponding to 24 = tS i : 

To connect the two sides of an equation Diophantos uses 
words iaos or ioos éott, or the oblique cases of icos when they 
are made necessary by grammatical construction. It would 
appear, at least from Bachet’s edition of Diophantos, that the 
equations were put down in the ordinary course of writing, 
and that they were not placed in separate lines for each step 
in the process of simplification, being in fact written in the 
same way as the propositions of Eucld. We have, however, 
signs of a system by which the steps were tabulated in a 
manner very similar to that of modern algebraical work, so 
that by means of a sort of skeleton of the procedure we get a 
kind of bird’s-eye view of its course, in the manuscript of Dio- 
phantos which Bachet himself used. We have it on the 
authority of M. Rodet, who inan article in the Journal Asia- 
tique’ has occasion to quote certain passages from the text of 
Diophantos, that to certain problems is attached a tabular 
view of the whole process, which Bachet has not in his edition 
reproduced at all. M. Rodet gives from the Ms. several in- 
stances. In these we have equations set down in a form very 


like the modern, the two members being connected by the 
letter 7 (abbreviated for icor) as the sign of equality*. Besides 


1 Janvier, 1878. 

2 Here again the abbreviation is explicable on the same principle as those 
which I have previously discussed. « by itself means 10, but a distingwishing 
mark is ready to hand in the breathing placed over it. 
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the equations written in this form there are on the left 
side words signifying the nature of the operation in passing 
from one particular step to the next. To illustrate this I will 
give the table after Rodet for the very simple problem I. 32. 
“To find two numbers whose sum, and the difference of whose 
squares are given.” (The sum is supposed to be 20, the dif- 
ference of squares is 80.) Diophantos assumes the difference 
of the two numbers themselves to be two apOuot. I will put 
the Greek table on the left side, and on the right the modern 
equivalent. The operations will be easily understood. 


ExOeors si wor : potmsady Put for the numbers x +10, 10-2. 
rerpdywvos d¥dssotkue.p : d°a.uepmsse | Squaring we have «2+ 20x +100, 

: x? +100 — 20z. 
tmepoxyn ss uh l wo.7 The diff., 402 =80. 
pepiouds sa i po.8 Dividing, «z=2. 
bropiis «= W OB eA 0.7 Result, greater is 12, less is 8. 


The comparison of these two forms under which the same 
operations appear is most interesting. It is indeed obvious 
that if we take the skeletons of work given in the Ms, the 
similarity is most striking. It is true that the Greek notation 
for the equations is very much inferior to the modern, but on 
the other hand the words indicating the operations make the 
whole very little less concise than the modern work. The 
omission of these tabular skeletons supplied in the Ms. is a 
very grave defect in Bachet’s edition, and thanks are due to 
M. Rodet for his interesting quotations from the original 
source. The same writer quotes two other such tables, which, 
however, for brevity’s sake, we omit here. Though in the Ms. 
the sign ¢ is used to denote equality, Bachet makes no use of 
any symbol for the purpose in his Latin translation. He uses 
throughout the full Latin word. It is interesting however to 
observe that in his earlier translation (1575) Xylander does 
use a symbol to denote equality, namely ||, two short vertical 
parallel lines, in his notes to Diophantos. Thus we find, for 
example (p. 76) 1Q + 12 || 1Q@+6N +9, which we should ex- 
press by «+12 =a" + 62+ 9. 

§ 5. Now that we have described in detail Diopbantos’ 
method of expressing algebraical quantities and relations, we 


/~ 
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77 
may remark on the general system which he uses that it is 
essentially different in its character from the modern notation. 
While in modern times signs and symbols have been developed 
which have no intrinsic relationship to the things which they 
symbolise, but depend for their use upon convention, the case is 
quite different with Diophantos, where algebraic notation takes 
the form of mere abbreviation of words which are considered as 
pronounced or implied. This is partly proved by the symbols 
themselves, which in general consist of the first letter or letters 
of words (so written as to avoid confusion), the only possible 
exception being the supposed final sigma, s, for apc@uds or the 
unknown quantity. Partly also it is proved by the fact that 
Diophantos uses the symbol and the complete word very often 
quite indifferently. Thus we find often in the same sentence 
s or ss and dpiOyos, apiOuol, &” and dvvayis, # and reiyrer, and 
soon. The strongest proof, however, that Diophantos’ algebraic 
notation was mere abbreviation is found in the fact that the 
abbreviations, which are his algebraical symbols, are used for 
the corresponding words even when those words have a quite 
different signification. So in particular the symbol ¢ is used as 
an abbreviation for apu@u0s, when the word is used, not in its 
technical Diophantine sense for the unknown, but in its ordinary 
meaning of a number, especially in enunciations where apiOuds 
in its ordinary sense naturally occurs oftenest. Similarly is 
not used only for Xe/rer but also for other inflexional forms of 
the stem of this word, e.g. for Xuov or NeiWas in IIL. 3: Evpeiv 
Tpels apiOmovs OTwS 6 ATO TOD GUYKELpéVOU EK THY TpL@V IV 
éxaoTov Ton TeTpaywvov. Other indications are (1) the sepa- 
ration of the symbols and coefficients by particles [cf. 1. 43 
ss* dpa it]; (2) the addition of terminations to the symbol to 
represent the different cases. Nesselmann gives a good instance 
in which many of these peculiarities are combined, ss* dpa 
i pw? X ico cio ss Ta povdor we. 1. ad fin. 

Tn order to determine in what place, in respect of systems 
of algebraic notation, Diophantos stands, Nesselmann observes 
that we can, as regards the form of exposition of algebraic 
operations and equations, distinguish three historical stages of 
development, well marked and easily discernible. 1. The first 
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stage Nesselmann represents by the name Rhetoric Algebra, 
or “reckoning by complete words.” The characteristic of this 
stage is the absolute want of all symbols, the whole of the 
calculation being carried on by means of complete words, and 
forming in fact continuous prose. As representatives of this 
first stage Nesselmann mentions Iamblichos (of whose algebrai- 
cal work he quotes a specimen in his fifth chapter) “and all 
Arabian and Persian algebraists who are at present known.” 
In their works we find no vestige of algebraic symbols; the 
same may be said of the o!dest Italian algebraists and their 
followers, and among them Regiomontanus. 2. The second 
stage Nesselmann proposes to call the Syncopated Algebra. 
This stage is essentially rhetorical and therein like the first in 
its treatment of questions, but we now find for often-recurring 
operations and quantities certain abbreviational symbols, To 
this stage belongs Diophantos and after him all the later 
Europeans until about the middle of the seventeenth century 
(with the exception of the isolated case of Vieta, who, as we 
have seen, initiated certain changes which anticipated later 
notation to some extent; we must make an exception too, 
though Nesselmann does not mention these cases, in favour of 
certain symbols used by Xylander and Bachet, || being used by 
the former to express equality, + and — by both, as also the 
ordinary way of representing a fraction by placing the numera- 
tor above the denominator separated by a line drawn horizon- 
tally’). 3. To the third stage Nesselmann gives the name 
Symbolic Algebra, which uses a complete system of notation 
by signs having no visible connection with the words or things 
which they represent, a complete language of symbols, which 
supplants entirely the rhetorical system, it being possible to 
work out a solution without using a single word of the ordinary 
written language, with the exception (for clearness’ sake) of 

1 These are only a few scattered instances. Nesselmann, though he does 
not mention Xylander’s and Bachet’s symbols, gives other instances of isolated 
or common uses of signs, as showing that the division between the different 
stages is not sharply marked. He instances the use of one operational algebraic 
symbol by Diophantos, namely ~, for which Lucas de Burgo uses m (and p for 


plus), Targalia g. Vieta has + and -, also = for ~. Oughtred uses x, and 
Harriot expresses multiplication by juxtaposition. 
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NOTATION AND DEFINITIONS OF DIOPHANTOS. 79 


a conjunction here and there, and so on. Neither is it the 
Europeans posterior to the middle of the seventeenth century 
who were the first to use Symbolic forms of Algebra. In this 
they were anticipated many centuries by tbe Indians, 

As examples of these three stages Nesselmann gives three 
instances quoting word for word the solution of a quadratic 
equation by Mohammed ibn Misa as an example of the first 
stage, and the solution of a problem from Diophantos to illus- 
trate the second. Thus: 

First Stage. Example from Mohammed ibn Misa (ed. 
Rosen, p. 5). “A square and ten of its roots are equal to nine 
and thirty dirhems, that is, if you add ten roots to one square, 
the sum is equal to nine and thirty. The solution is as follows: 
halve the number of roots, that is in this case five; then 
multiply this by itself, and the result is five and twenty. Add 
this to the nine and thirty, which gives sixty-four; take the 
square root, or eight, and subtract from it half the number 
of roots, namely five, and there remain three: this is the root 
of the square which was required and the square itself is 
nine’.” 

Here we observe that not even are symbols used for num- 
bers, so that this example is even more “rhetorical” than the 
work of Jamblichos who does use the Greek symbols for his 
numbers. 

Second stage. As an example of Diophantos I give a trans- 
lation word for word’ of If 8. So as to make the symbols 
correspond exactly I use S (Square) for 6° (dvvauis), N (Num- 
ber) for ¢, U for Units (wovades). 

“To divide the proposed square into two squares. Let it be 
proposed then to divide 16 into two squares. And let the first 


1 Thus Mohammed ibn Misa states in words the solution 
xz? +10xr=39, 
22+ 10x +25=64, 
therefore z+5=8, 
ana 
2 I have used the full words whenever Diophantos does so, and to avoid con- 


fusion have written Square and Number in the technical sense with a capital 
letter, and italicised them. 


x 
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be supposed to be One Square. Thus 16 minus One Square 
must be equal to a square. I form the square from any number 
of N’s minus as many U’s as there are in the side of 16 U’s. 
Suppose this to be 2 V’s minus 4 U’s. Thus the square itself 
will be 4 Squares, 16 U. minus 16 N.’s. These are equal to 
16 Units minus One Square. Add to each the negative term 
(Actus, deficiency) and take equals from equals. Thus 
5 Squares are equal to 16 Numbers; and the Number is 
16 fifths. One [square] will be 256 twenty-fifths, and the other 
144 twenty-fifths, and the sum of the two makes up 400 
twenty-fifths, or 16 Units, and each [of the two found] is a 
square. 

Of the third stage any exemplification is unnecessary. 

§ 6. To the form of Diophantos’ notation is due the fact 
that he is unable to introduce into his questions more than one 
unknown quantity. This limitation has made his procedure 
often very different from our modern work. In the first place 
he performs eliminations, which we should leave to be done in 
the course of the work, before he prepares to work out the 
problem, by expressing everything which occurs in such a way 
as to contain only one unknown. This is the case in the great 
majority of questions of the first Book, which are cases of the 
solution of determinate simultaneous equations of the first order 
with two, three, or four variables; all these Diophantos ex- 
presses in terms of one unknown, and then proceeds to find it 
from a simple equation. In cases where the relations between 
these variables are complicated, Diophantos shows extraordinary 
acuteness in the selection of an unknown quantity. Secondly, 
however, this limitation affects much of Diophantos’ work in- 
juriously, for while he handles problems which are by nature 
indeterminate and would lead with our notation to an inde- 
terminate equation containing two or three unknowns, he is 
compelled by limitation of notation to assign to one or other of 
these arbitrarily-chosen numbers which have the effect of 
making the problem a determinate one. However it is but 
fair to say that Diophantos in assigning an arbitrary value to 
a quantity is careful to tell us so, saying “for such and such 
a quantity we put any number whatever, say such and such 
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a one.” Thus it can hardly be said that there is (in general) 
any loss of universality. We may say, then, that in general 
Diophantos is obliged to express all his unknowns in terms, 
or as functions, of one variable. There is something excessively 
interesting in the clever devices by which he contrives so to 
express them in terms of his single unknown, s, as that by that 
very expression of them all conditions of the problem are 
satisfied except one, which serves to complete the solution by 
determining the value of 5. Another consequence of Diophan- 
tos’ want of other symbols besides ¢ to express more variables 
than one is that, when (as often happens) it is necessary in the 
course of a problem to work out a subsidiary problem in order 
to obtain the coefficients &c. of the functions of 5 which express 
the quantities to be found, in this case the required unknown 
which is used for the solution of the new subsidiary problem is 
denoted by the same symbol 5; hence we have often in the 
same problem the same variable s used with two different 
meanings. This is an obvious inconvenience and might lead to 
confusion in the mind of a careless reader. Again we find two 
cases, II. 29 and 30, where for the proper working-out of the 
problem two unknowns are imperatively necessary. We should 
of course use 2 and y; but Diophantos calls the first ¢ as usual ; 
the second, for want of a term, he agrees to call “one unit,” 
i.e. 1. Then, later, having completed the part of the solution 
necessary to find s he substitutes its value, and uses ¢ over 
again to denote what he had originally called “1”—the second 
variable—and so finds it. This is the most curious case I have 
met with, and the way in which Diophantos after having 
worked with this “1” along with other numerals is yet able to 
pounce upon the particular place where it has passed to, so as to 
substitute s for it, is very remarkable. This could only be pos- 
sible in particular cases such as those which I have mentioned : 
but, even here, it seems scarcely possible now to work out the 
problem using x and 1 for the variables as originally taken by 
Diophantos without falling into confusion. Perhaps, however; it 
may not be impossible that Diophantos in working out the 
problems before writing them down as we have them may have 
given the “1” which stood for a variable some mark by which 
H. D. Gj 
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he could recognise it and distinguish it from other numbers. 
For the problems themselves see Appendix. 

It may be in some measure due to the defects of notation in 
his time that Diophantos will have in his solutions no numbers 
' whatever except rational numbers, in which, in addition to 
surds and imaginary quantities, he includes negative quantities. 
Of a negative quantity per se, i.e. without some positive quan- 
tity to subtract it from, Diophantos had apparently no con- 
ception. Such equations then as lead to surd, imaginary, or 
negative roots he regards as useless for his purpose: the solu- 
tion is in these cases advvatos, impossible. So we find him 
describing the equation 4= 42+ 20 as atomos because it would 
give e=—4, Diophantos makes it throughout his object to 
obtain solutions in rational numbers, and we find him fre- 
quently giving, as a preliminary, conditions which must be 
satisfied, which are the conditions of a result rational in Dio- 
phantos’ sense. In the great majority of cases when Diophan- 
tus arrives in the course of a solution at an equation which 
would give an irrational result he retraces his steps and finds 
out how his equation has arisen, and how he may by altering 
the previous work substitute for it another which shall give 
a rational result. This gives rise, in general, to a subsidiary 
problem the solution of which ensures a rational result for the 
problem itself. Though, however, Diophantos has no notation 
for a surd, and does not admit surd results, it is scarcely true to 
say that he makes no use of quadratic equations which lead to 
such results. Thus, for example, in v. 33 he solves such an 
equation so far as to be able to see to what integers the 
solution would approximate most nearly. 


a 


CHAPTER V. 


DIOPHANTOS’ METHODS OF SOLUTION. 


§ 1. Before I give an account in detail of the different 
methods which Diophantos employs for the solution of his pro- 
blems, so far.as they can be classified, I must take exception to 
some remarks which Hankel has made in his account of Dio- 
phantos (Zur Geschichte der Mathematik in Alterthum und 
Mittelalter, Leipzig, 1874, pp. 164—5). This account does 
not only possess literary merit: it is the work of a man who 
has read Diophantos. His remarks therefore possess excep- 
tional value as those of a man particularly well qualified to 
speak on matters relating to the history of mathematics, and 
also from the contrast to the mass of writers who have thought 
themselves capable of pronouncing upon Diophantos and his 
merits, while they show unmistakeably that they have not 
studied his work. Hankel, who has read Diophantos with ap- 
preciation, says in the place referred to,‘‘The reader will now 
be desirous to become acquainted with the classes of inde- 
terminate problems which Diophantos treats of, and his methods 
of solution. As regards the first point, we must observe that 
in the 130 (or so) indeterminate questions, of which Diophantos 
treats in his great work, there are over 50 different classes of 
questions, which are arranged one after the other without any 
recognisable classification, except that the solution of earlier 
questions facilitates that of the later. The first Book only con- 
tains determinate algebraic equations; Books II. to V. contain 
for the most part indeterminate questions, in which expressions 
which involve in the first or second degree two or more variables 
are to be made squares or cubes. Lastly, Book v1. is concerned 


. 
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with right-angled triangles regarded purely arithmetically, in 
which some one linear or quadratic function of the sides is to 
be made a square or a cube. That is all that we can pronounce 
about this elegant series of questions without exhibiting singly 
each of the fiJty classes. Almost more different in kind than 
the questions are their solutions, and we are completely unable 
to give an even tolerably exhaustive review of the different 
varieties in his procedure. Of more general comprehensive 
methods there is in our author no trace discoverable ; every ques- 
tion requires an entirely different method, which often, even in 
the problems most nearly related to the former, refuses its ard. 
It is on that account difficult for a more modern mathematician 
even after studying 100 Diophantine solutions to solve the 101st 
question ; and if we have made the attempt and after some vain 
endeavours read Diophantos’ own solution, we shall be astonished 
to see how suddenly Diophantos leaves the broad high-road, 
dashes into a side-path and with a quiet turn reaches the 
goal: often enough a goal with reaching which we should not 
be content; we expected to have to climb a difficult path, but 
to be rewarded at the end by an extensive view; instead of 
which our guide leads by narrow, strange, but smooth ways to 
a small eminence; he has finished! He lacks the calm and 
concentrated energy for a deep plunge into a single important 
problem: and in this way the reader also hurries with inward 
unrest from problem to problem, as in a succession of riddles, 
without being able to enjoy the individual one. Diophantus 
dazzles more than he delights. He is in a wonderful measure 
wise, clever, quick-sighted, indefatigable, but does not penetrate 
thoroughly or deeply into the root of the matter, As his ques- 
tions seem framed in obedience to no obvious scientific necessity, 
often only for the sake of the solution, the solution itself also lacks 
perfection and deeper signification. He is a brilliant performer 
in the art of indeterminate analysis invented by him, but the 
science has nevertheless been indebted, at least directly, to this 
brilliant genius for few methods, because he was deficient in 
speculative thought which sees in the True more than the 
Correct. That is the general impression, which I have gained 
from a thorough and repeated study of Diophantos’ arithmetic.” 
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Now it will be at once obvious that, if Hankel’s representa- 
tion is correct, any hope of giving a general account of Dio- 
phantos’ methods such as I have shown in the heading of this 
chapter would be perfectly illusory. Hankel clearly asserts 
that there are no general methods distinguishable in the Arith- 
metics. On the other hand we find Nesselmann saying (pp. 
308—9) that the use of determinate numerals in Diophantos’ 
problems constitutes no loss of generality, for throughout he 
is continually showing how other numerals than those which 
he takes will satisfy the conditions of the problem, showing 
“that his whole attention is directed to the explanation of the 
method, for which purpose numerical examples only serve as 
means”; this is proved by his frequently stopping short, when 
the method has been made sufficiently clear, and the remainder 
of the work is mere straightforward calculation. Cf. v. 14, 18, 
19, 20 &. It is true that this remark may only apply to the 
isolated “method” employed in one particular problem and in 
no other; but Nesselmann goes on to observe that, though the 
Greeks and Arabians used only numerical examples, yet they 
had general rules and methods for the solution of equations, as 
we have, only expressed in words. “So also Diophantos, whose 
methods have, it is true, in the great majority of cases no such 
universal character, gives us a perfectly general rule for solving 
what he calls a double-equation.” These remarks Nesselmann 
makes in the 7th chapter of his book; the 8th chapter he 
entitles “ Diophantos’ treatment of equations',” in which he 
gives an account of Diophantos’ solutions of (1) Determinate, 
(2) Indeterminate equations, classified according to their kind. 
Chapter 9 of his book Nesselmann calls “ Diophantos’ methods 
of solution®.” These “methods” he gives as follows®: (1) “ The 
adroit assumption of unknowns.” (2) “ Method of reckoning 


1 “Diophant’s Behandlung der Gleichungen.” 

2 «PDiophant’s Auflésungsmethoden.” 

3 (1) “Die geschickte Annahme der Unbekannten.” (2) ‘*Methode der 
Zuriickrechnung und Nebenaufgabe.” (3) ‘“Gebrauch des Symbols fiir die 
Unbekannte in verschiedenen Bedeutungen.’’ (4) ‘‘Methode der Grenzen,” 
(5) ‘‘Auflésung durch blosse Reflexion.” (6) ‘Auflésung in allgemeinen 
Ausdriicken.” (7) ‘ Willkiihrliche Bestimmungen und Annahmen.” (8) “Ge: 
brauch des rechtwinkligen Dreiecks.” 
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backwards and auxiliary questions.” (3) “Use of the symbol 
for the unknown in different significations.” (4) “ Method 
of Limits.” (5) “Solution by mere reflection.” (6) “Solution 
in general expressions.” (7) “Arbitrary determinations and 
assumptions.” (8) “Use of the right-angled triangle.” 

At the end of chapter 8 Nesselmann observes that it is not 
the solution of equations that we have to wonder at, but the per- 
fect art which enabled Diophantos to avoid such equations as he 
could not technically solve. We look (says Nesselmann) with 
astonishment at his operations, when he reduces the most 
difficult questions by some surprising turn to a simple equation. 
‘Then, when in the 9th chapter Nesselmann passes to the 
“methods,” he prefaces it by saying: “To represent perfectly 
Diophantos’ methods in all their completeness would mean 
nothing else than copying his book outright. The individual 
characteristics of almost every question give him occasion to 
try upon it a peculiar procedure or found upon it an artifice 
which cannot be applied to any other question....... Mean- 
while, though it may be impossible to exhibit all his methods in 
any short space, yet I will try to give some operations which 
occur more often or are by their elegance particularly notice- 
able, and (where possible) to make clear their scientific prin- 
ciple by a general exposition from common stand-points.” Now 
the question whether Diophantos’ methods can be exhibited 
briefly, and whether there can be said to be any methods in his 
work, must depend entirely upon the meaning we attach to the 
word “method.” Nesselmann’s arrangement seems to me to be 
faulty inasmuch as (1) he has treated Diophantos’ solution of 
equations—which certainly proceeded on fixed rules, and there- 
fore by “method” —separately from what he calls “methods of 
solution,” thereby making it appear as though he did not look 
upon the “treatment of equations” as “methods.” Now cer- 
tainly the “treatment of equations” should, if anything, have 
come under the head of “methods of solution” ; and obviously 
the very fact that Diophantos solved equations of various kinds 
by fixed rules itself disproves the assertion that no methods 
are discernible. (2) The classification under the head of 
“Methods of solution” seems unsatisfactory. In the first 
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place, some of the classes can hardly be said to be methods of 
solution at all; thus the third, “Use of the symbol for the 
unknown in different significations”, might be more justly 
described as a “hindrance to the solution”; it is an inconve- 
nience to which Diophantos was reduced owing to the want of 
notation. Secondly, on the assumption of the eight “methods” 
as Nesselmann describes them, it is really not surprising that 
“no complete account of them could be given without copying 
the whole book.” ‘To take the first, “the adroit assumption of 
unknowns.” Supposing that a number of distinct, different 
problems are proposed, the existence of such differences makes 
a different assumption of an unknown in each case absolutely 
necessary. That being so, how could it be possible to give a 
rule for all cases? The best that can be done is an enumera- 
tion of typical instances. The assumption that the methods 
of Diophantos cannot be tabulated, on the evidence of this 
fact, i.e., because no rule can be given for the “adroit assump- 
tion of unknowns” which Nesse]lmann classes as a “method,” is 
entirely unwarranted. Precisely the same may be said of 
“methods” (2), (5), (6), (7). For these, by the very nature of 
things, no rule can be given: they bear in their names so much 
of rule as can be assigned to them. The case of (4), “the 
Method of Limits”, is different; here we have the only class 
which exemplifies a “method” in the true sense of the term, 
i.e. as an instrument for solution. And accordingly in this case 
the method can be exhibited, as I hope to show later on: 
(8) also deserves to some extent the name of a “ method.” 

I think, therefore, that neither Nesselmann nor Hankel has 
treated satisfactorily the question of Diophantos’ methods, the 
former through a faulty system of classification, the latter by 
denying that general methods are anywhere discernible in 
Diophantos. It is true that we cannot find in Diophantos’ work 
statements of method put generally as book-work to be applied 
to examples, But it was not Diophantos’ object to write a text- 
book of Algebra. For this reason we do not find the separate 
rules and limitations for the solution of different kinds of equa- 
tions systematically arranged, but we have to seek them out 
laboriously from the whole of his work, gathering scattered 
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indications here and there, and so formulate them in the best 
way we can. Such being the case, I shall attempt in the follow- 
ing pages of this chapter to give a detailed account of what may 
be called general methods running through Diophantos. For 
the reasons which I have stated, my arrangement will be different 
from that of Nesselmann, who is the only author who has 
attempted to give a complete account of the methods. I shall 
not endeavour to describe as methods such classes of solutions as 
are some which are, by Nesselmann, called “methods of solution”: 


and, in accordance with his remark that these “methods” can . 


only be adequately described by a transcription of the entire 
work, I shall leave them to be gathered from a perusal of 
my reproduction of Diophantos’ book which is given in my 
Appendix. 


§ 2. I shall begin my account with 


DIOPHANTOS’ TREATMENT OF EQUATIONS. 


This subject falls naturally into two divisions: (A) Deter- 
minate equations of different degrees. (B) Indeterminate 
equations, 


(A.) Determinate equations. 


Dicphantos was able without difficulty to solve determinate 
equations of the first and second degree ; of a cubic equation we 
find in his Arithmetics only one example, and that is a very 
special case. The solution of simple equations we may pass 
over; hence we must separately consider Diophantos’ method 
of solution of (1) Pure equations, (2) Adfected, or mixed 
quadratics. 


(1) Pure determinate equations. 


By pure equations I mean those equations which contain 
only one power of the unknown, whatever the degree. The 
solution is effected in the same way whatever the exponent of 
the term in the unknown; and Diophantos regards pure equations 


of any degree as though they were simple equations of the first 
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degree’. He gives a general rule for this case without regard to 
the degree: “If we arrive at an equation containing on each 
side the same term but with different coefficients, we must take 
equals from equals, until we get one term equal to another 
term. But, if there are on one or on both sides negative terms, 
the deficiencies must be added on both sides until all the terms 
on both sides are positive. Then we must take equals from 
equals until one term is left on each side.” After these opera- 
tions have been performed, the equation is reduced to the form 
Az” =B and is considered solved. The cases which occur in 
Diophantos are cases in which the value of « is found to be 
a rational number, integral or fractional. Diophantos only 
recognise one value of x which satisfies this equation; thus if 
m is even, he gives only the positive value, a negative value per 
se being a thing of which he had no conception. In the same 
way, when an equation can be reduced in degree by dividing 
throughout by any power of 2, the possible values, «= 0, thus 
arising are not taken into account. Thus an equation of the 
form «= az, which is of common occurrence in the earlier part 
of the book, is taken to be merely equivalent to the simple 
equation 2 =a. 

It may be observed that the greater edn of the pro- 
blems in Book I. are such that more than one unknown quantity 
is sought. Now, when there are two unknowns and two condi- 
tions, both unknowns can be easily expressed in terms of one 
symbol. But when there are three or four quantities to be 
found this reduction is much more difficult, and Diophantos 
manifests peculiar adroitness in effecting it: the result being 
that it is only necessary to solve a simple equation with one 
unknown quantity. With regard to pure equations, some have 
asserted that pure quadratics were the only form of quadratic 


1 Def. 11: Mera 62 raira dav awd mpoBdrjpuards Twos yévnrat imapkis eldece 
Tos avrots uh suom\n0i 52 dwd éxarépwy Trav pepav, Serjoer apapery ra duoa ard 
Tav dpotwv, ews av évds (2) eldos évl elder toov yévnra. dav dé mws év orordpw évu- 
mdpxn(?) 4 év duorépos éveNely rid eldn, Senoer mpcoleivar Ta Nelwovra «ly 
év dudorépos Tots wepeciv, dws dv éxarépy Tov pepav Ta eldn evuTapxovra yernras. 
kal wddw ddedelv Ta Suoa amd Tuv dmolwy ews dy exarépy Tuy mepow ev clos 
xaraderpOy. Bachet’s text (1621), p. 10. 
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solved in Diophantos': a statement entirely without foundation. 
We prcceed to consider 


(2) Mixed quadratic equations, 


After the remarks in Def. 11 upon the reduction of pure 
equations until we have one term equal to another termn, 
Diophantos adds*: “But we will show you afterwards how, in 
the case also when two terms are left equal to a single term, 
such an equation can be solved.” That is to say, he promises to 
explain the solution of a mixed quadratic equation. In the 
Arithmetics, as we possess the book, this promise is not fulfilled. 
The first indications we have on the subject are a number of 
cases in which the equation is given, and the solution written 
down, or stated to be rational without any work being shown. 
Thus, Iv. 23, “wc? = 42 — 4, therefore 2 =2”: vi. 7, “842° —7a =7, 
hence «=1”: VI. 9, “ 6302" — 73a = 6, therefore «= £.”: and, VI. 
8, “6302 + 732 = 6, and « is rational.” These examples, though 
proving that somehow Diophantos had arrived at the result, 
are not a sufficient proof to satisfy us that he necessarily was 
acquainted with a regular method for the solution of quadratics ; 
these solutions might (though their variety makes it somewhat 
unlikely) have been obtained by mere trial. That, however, 
Diophantos’ solutions of mixed quadratics were not merely 
empirical, is shown by instances in v. 33. In this problem he 
shows pretty plainly that his method was scientific, in that he 
indicates that he could approximate to the root in cases where 
it is not rational. As this is an important point, I give the 
substance of the passage in question : “wz has to be so determined 

x a’ — 60 m—50 ; . 
that it must be cap and < ps Lee xu’ — 60> 52, and 
xv’ — 60 < 8x. 

Therefore #=5x2+ some number > 60, therefore # must. 
be not less than 11, and 2’ < 8x2 +60, therefore « must be not 
greater than 12.” 


1 Cf. Reimer, translation of Bossut’s Gesch. d. Math. 1. 55.  Kliigel’s 
Dictionary. Also Dr Heinrich Suter’s doubts in Gesch. d. Math, Ziirich, 1873. 
2 torepov bé cor Seiouev Kal mas So elduv town évi karaderpbévTwv Td ToLOUTOV 


Averat. 





; 
| 
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Now by examining the roots of these two equations we find 


py za "and  <4+./76, 


or x > 10°6394 and a2 < 12'7178. 


It is clear therefore that « may be < 11 or > 12, and there- 
fore Diophantos’ limits are not strictly accurate, As however 
it was doubtless his object to find integral limits, the limits 11 
and 12 are those which are obviously adapted for his purpose, 
and are a fortiori right. Later in the same problem he makes 
an auxiliary determination of 2, which must be such that 


x*+ 60> 22x, 27+ 60 < 24, 
which give a>11+./61, «<12+ /84. 


Here Diophantos says 2 must be > 19, <21, which again 
are clearly the nearest integral limits. 

The occurrence of these two examples which we have given 
of equations whose roots are irrational, and therefore could not 
be hit upon by trial, shows that in such cases Diophantos must 
have had a method by which he approximated to these roots. 
Thus it may be taken for granted that Diophantos had a definite 
rule for the solution of mixed quadratic equations. 

We are further able to make out the formula or rule by 
which Diophantos solved such equations, Take, for example, 
the equation az? + be +c=0. In our modern method of solution 
we divide by @ and write the result originally in the form 


Sane 

=} 4 —— It does not appear that Diophantos 
divided throughout by a. Rather he first multiplied by @ so as 
to bring the equation into the form a’x*+abre+ac=0; then 


solving he found aw=—4b+./}b*—ac, and regarded the 


result in the’ form pee tat al Whether the inter- 


mediate procedure was as we have described it is not certain; 
but it is certain that he used the result in the form given. One 
remark however must be made upon the form of the root. 


1 Nesselmann, p, 319. Also Rodet, Journal Asiatique, Janvier, 1878. 
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Diophantos takes no account of the existence of two roots, 


according to the sign taken before the radical. Diophantos | 


ignores always the negative sign, and takes the positive one as 
giving the value of the root. Though this perhaps might not 
surprise us in cases where one of the roots obtained is nega- 
tive, yet neither does Diophantos use both roots when both are 
positive in sign. In contrast to this Nesselmann points out 
that the Arabians (as typified by Mohammed ibn Misa) and 
the older Italians do in this latter case recognise both roots. 
M. Rodet, however, remarks upon this comparison between 
Diophantos and the Arabians, so unfavourable to the former, as 
follows. (a) Diophantos did not write a text-book on Algebra, 
and in the cases where the equation arrived at gives two 
positive solutions one of them is excluded a prior, as for ex- 
ample in the case quoted by him, v. 13. Here the inequality 
72a >172°+17 would give « <i or else a<-+. But the other 
inequality to be satisfied is 72.c<19x* + 19, which gives «> %% 
or «>-8. As however #,<,%, the limits x< >, are 
impossible, Hence the roots of the equations corresponding 
to the negative sign of the radical must necessarily be rejected. 
(b) Mohammed ibn Misa, although recognising in theory two 
roots of the equation «+c = ba, in practice only uses one of 
the two, and, curiously enough, always takes the value cor- 
responding to the negative sign before the radical, whereas 
Diophantos uses the positive sign. But see Chapter VII. 
From the rule given in Def. 11 for compensating by addition 
any negative terms on either side of an equation and taking 
equals from equals (operations called by the Arabs aljabr and 
almukabala) it is clear that as a preliminary to solution 
Diophantos so arranged his equation that all the terms were 
positive. Thus of the mixed quadratic equation we have three 
cases of which we may give instances: thus, 
—tp4+/4p*+mq 
eee 
according to Diophantos. An instance is afforded by vi. 6. 
Diophantos arrives namely at the equation 62*+ 3x2 =7, which, 
if it is to be of any service to his solution, should give a rational 
value of #; whereupon Diophantos says “the square of half the 





Case 1. Form ma*+ pa =q; the root is 
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coefficient* of # together with the product of the absolute term 
and the coefficient of z* must be a square number; but it is not,” 
i.e. }p* + mg, or in this case (3)? + 42, must be a square in order 
that tlie root may be rational, which in this case it is not. 


Case 2. Form ma* = pr +.qg.  Diophantos takes 
pes N ae img An ex 
m . 
Diophantos says: “To solve this take the square of half the co- 
efficient of x, i.e. 9, and the product of the absolute term and 
the coefficient of 2”, i.e. 36. Adding, we have 45, the square 
root® of which is not® <7. Add half the coefficient of # and 
divide by the coefficient of 2°; whence # <5.” Here the form 
of the root is given completely; and the whole operation by 

which Diophantos found it is revealed. 


ample is IV. 45, where 2° > 6x2 + 18. 


Case 3. Form mz? + q = pr: Diophantos’ root is 


= eS Cf. in v. 13 the equation already mentioned, 
1727 +17<72x. Diophantos says: “Multiply half the coeffi- 
cient of x into itself and we have 1296: subtract the product 
of the coefficient of a and the absolute term, or 289. The 
remainder is 1007, the square root of which is not* > 31. Add 
half the coefficient of #, and the result is not >67. Divide 
by the coefficient of x, and « is not > $4.” 


the complete solution given, 


Here again we have 


(8) Cubic equation. 


There is no ground for supposing that Diophantos was 
acquainted with the solution of a cubic equation. It is true 
there is one cubic equation which occurs in the Arithmetics, 
but it is only a very particular case. In vi. 19 the equation 
arises, 2° + 242+ 3=a°+32-—32*°—1, and Diophantos says 
simply, “ whence z is found to be 4.” All that can be said of 


1 For “coefficient” Diophantos uses simply 7\##os, number: thus “number 
of apOuol” = coeff. of x. 

2 Diophantos calls the ‘‘square root” m\evpa or side. 

3 7, though not accurate, is clearly the nearest integral limit which will serve 
the purpose. 

4 As before, the nearest integral limit. 
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this is that if we write the equation in true Diophantine fashion, 
so that all terms are positive, 
a +a = 40° + 4, 

This equation being clearly equivalent to x(a*+1) = 4(a2?+1), 
Diophantos probably detected the presence on both sides of the 
equation of a common factor. The result of dividing by it is 
x= 4, which is Diophantos’ solution, Of the two other roots 
a =+,/—1 no account is taken, for reasons stated above. 

From this single example we have no means of judging how 
far Diophantos was acquainted with the solutions of equations 
of a degree higher than the second. 

I pass now to the second general division of equations, 


(B.) Indeterminate equations. 


As has been already stated, Diophantos does not in his 
Arithmetics, as we possess them, treat of indeterminate equa- 
tions of the first degree. Those examples in the First Book 
which would lead to such equations are, by the arbitrary 
assumption of one of the required numbers as if known, con- 
verted into determinate equations. It is possible that the 
treatment of indeterminate equations belonged to the missing 
portion which (we have reason to believe) has been lost between 
Books I. and 11. But we cannot with certainty dispute the 
view that Diophantos never gave them at all. For (as Nessel- 
mann observes) as with indeterminate quadratic equations our 
object is to obtain a rational result, so in indeterminate simple 
equations we seek to find a result in whole numbers. But the 
exclusion of fractions as inadmissible results is entirely foreign 
to our author; indeed we do not find the slightest trace that he 
ever insisted on such a condition. We take therefore as our 
first division indeterminate equations of the second degree. 


I. Indeterminate equations of the second degree. 


The form in which these equations occur in Diophantos is 
universally this: one or two (and never more) functions of the 
unknown quantity of the form Aa*+ Bae+C are to be made 
rational square numbers by finding a suitable value for a. 
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Thus we have to deal with one or two equations of the form 
Aa’? + Ba + C=7’. 

(1) Single equation. 

The single equation of the form Az?+ Be+ C= y*® takes 
special forms when one or more of the coefficients vanish, or 
are subject to particular conditions. It will be well to give in 
order the different forms as they can be identified in Dio- 
phantos, and to premise that for “=y*” Diophantos simply 
uses the formula ico tetpayave. 


1. Equations which can always be solved rationally. This 
is the case when A or CU or both vanish. 


Form Be=y’. Diophantus puts y*=any arbitrary square 


2 
m b 
number = m’”, say therefore z= B Cf. 11.5: 22=y7', y¥ =16, 


x= 8. 

Form Br + C=y’*. Diophantos puts for y’ any value m’, 
—C 
“ats 
care that they are “rational,” i.e. rational and positive. Ex. 
Hi 7, 





m ; 
and a= He admits fractional values of x, only taking 


Form Aa’*+ Br=y’*. For y Diophantos puts any multiple 
2 
m ; ; 
of x, ne? whence Ax+ B= = x, the factor 2 disappearing 
. g 
and the root «=0 being neglected as usual. Therefore 


Bi? 
“eae 2, 34. 
lal SF Fe Exx. Il. 22, 34 


2. Equations whose rational solution is only possible under 
certain conditions. ‘The cases occurring in Diophantos are 
Form Az?+C=7?. This can be rationally solved accord- 
ing to Diophantos 
(a) When A is positive and a square, say a’. 
Thus a’a?+ C=y’. In this case 7’ is put = (ax +m)’; 
therefore aa + C= (ax +m)’, 
C—m?* 


r= ae >, 
ml 
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(m and the doubtful sign being always assumed so as to give 
x a positive value). 


(8) When C is positive and a square number, say c’. 


Thus A2*+c?=y*. Here Diophantos puts y = (max + ¢) ; 
y Pp puts 7 


therefore Ax’ + ¢ = (ma +c)’, 
2me 
BRO, pee eee 
~A—m* 


(y) When one solution is known, any number of other. 
solutions can be found. This is enunciated in vi. 16 thus, 
though only for the case in which C is negative: “when 
two numbers are given such that when one is multiplied 
by some square, and the other is subtracted from the product, 
the result is a square number; another square also can be 
found, greater than the first taken square, which will have the 
same effect.” It is curious that Diophantos does not give a 
general enunciation of this proposition, inasmuch as not only 
is it applicable to the cases + Aa + C?=y’, but to the general 
form Aa’? + Ba + C=7/’. 


In the Lemma at v1. 12 Diophantos does prove that the 
equation Az? + C=y7’ can be solved when A+C is a square, 
i.e. in the particular case when the value «=1 satisfies the 
equation. But he does not always bear this in mind, for in 
ur. 12 the equation 522*4+12= 7" is pronounced to be impos- 
sible of solution, although 52 + 12 = 64, a square, and a rational 
solution is therefore possible. So, m1. 13, 2662° —10 = 7’ is said 
to be impossible, though w# = 1 satisfies it. 





¥ It is clear that, if «=0 satisfies the equation, C is a 
square, and therefore this case (vy) includes the previous case (8). 


It is interesting to observe that in vi, 15 Diophantos 
states that a rational solution of the equation 


2 


Awv’—C=y 


is impossible unless A is the sum of two squares’. 


1 Nesselmann compares Legendre, Théorie des Nombres, p. 60. 
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Lastly, we must consider the 
Form Az’+Ba+ C=7’. 


This equation can be reduced by means of a change of 
variable to the previous form, wanting the second term. Thus 


if we put =z — is , the transformation gives 


4A C0— B 
Az? as roy aaa = y’. 
Diophantos, however, treats this form of the equation quite 
separately from the other and less fully. According to him the 
rational solution is only possible in the following cases, 


(a) When A is positive and a square, or the equation is 
wa + Be+ C=y’; and Diophantos puts y° = (az +m)’, whence 


Cm 


— Tn Exx. Ii. 20, 21 &e. 


(8) When C is positive and a square, or the equation is 
Az’ + Bu +c? = y’; and Diophantos writes y* = (mx + c)*, whence 


_ 2me _ B 


a ee Exx. Iv. 9, 10 &c. 





(y) When }5*- AC is positive and a square number. 
Diophantos never expressly enunciates the possibility of this 
case: but it occurs, as it were unawares, in IV. 33. In this 
problem 3x+ 18 — z’ is to be made a square, and the equation 
3z2+18—«2?=y' comes under the present form. 


To solve this Diophantos assumes 3x + 18 — 2* = 4a* which 
leads to the quadratic 37+ 18 —5a*=0, and “the equation is 
not rational”. Hence the assumption 42” will not do: “and we 
must seek a square [to replace 4] such that 15 times (this 
square + 1) + (3)* may be a sot Diophantos then solves 
this auxiliary equation 18 (z*+ 1) + %=7/’, finding a=158. Then 
he assumes 

3x +18 — 2’ = (18)*c", 
which gives 3252” — 3a — 18 = 0, whence w = fy. 
H. D. 7 
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It is interesting to observe that from this example of Dio- 
phantos we can obtain the reduction of this general case to the 
form Az’ + C?=y’, wanting the middle term. 


Thus, assume with Diophantos that Aa? + Ba+ C=mi'2’, 
therefore by solution we have 


Be ee 
= ig Z~AC+ Cm 


c= 
A—m 


? 


2 
and w is rational provided = 540 + Cm? is a square. This 


2 
condition can be fulfilled if = — AC be a square by a previous 


case. Even if that is not the case, we have to solve (putting, 
: : 
for brevity, D for = — AC) the equation 
D+ Cm*=y’. 


Hence the reduction is effected, by the aid of Diophantos alone. 


(2) Double-equation. 


By the name “ double-equation” Diophantos designates the 
problem of finding one value of the unknown quantity # which 
will make two functions of it simultaneously rational square 
numbers. The Greek term for the “double-equation” occurs 
variously as dumdvicdtns or didn icotyns. We have then to 
solve the equations 

ma’ + ar+a=u" 
Coie 


in rational numbers. The necessary preliminary condition is 
that each of the two expressions can severally be made squares. 
This is always possible when the first term (in 2”) is wanting. 
This is the simplest case, and we shall accordingly take it first. 


v 
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1. Double equation of the first degree. 


Diophantos has one distinct method of solving the equations 


az+a=uv 
Bat+b=w’*)’ 


taking slightly different forms according to the nature of the 
coefficients. 


(a) First method of solution of 


az+a=u 
Be+b=w")° 


This method depends upon the equation 


Baty ee ey 
(9 ) ( 2 ) =p4- 


If the difference between the two functions can be separated 
into two factors p, g, the functions themselves are equated to 





o+taq\ : ; ; : 
( 7 i Diophantos himself states his rule thus, in 1, 12: 


“Observing the difference between the two expressions, seek 
two numbers whose product is equal to this difference; then 
either equate the square of half the difference of the factors to 
the smaller of the expressions, or the square of half the sum to 
the greater.” We will take the general case, and investigate 
what particular cases the method is applicable to, from Dio- 
phantos’ point of view, remembering that his cases are such 
that the final quadratic equation for x arising reduces always to 
a simple one. 


Take the equations 
at+a=u’, 
Bat+b=w’, 
and subtracting we have (a — 8) «+ (a—b)=u*—w". 
Let a—B=56, a—b=e for brevity, then da+e=u'—w*. 
7—2 
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We have then to separate 6x + into two factors; let these . 


factors be p, . aS , and we accordingly write 


6a € 
utv=— = 
P FP 
UFU=Pp. 
oz € ; 
—+-+p 
Thus Pema (ar 29 





Oa 26x /e € : ‘ 
therefore 5 += (<4 )+ (E+ ) =4(axr+a). 
eo ey eee ( 


Now in order that this equation may reduce to a simple one, 
either 


(1) the coefficient of « must vanish or 6=0, therefore 
a=, or 


(2) the absolute term must vanish. 


2 
Therefore (= a r) = 4a, 
Wg 
or p* + ep’ + & = 4ap’, 
Le. p+ 2(a—b— 2a) p+ (a—b)’= 0. 
Therefore (p*—a+b)’= 4ab, 


whence ab must be a square number. 


Therefore either both a and b are squares, in which case we 
may substitute for them c’ and d’, p being then equal to ¢ + d, 
or the ratio a:b is the ratio of a square to a square. 


With respect to (1) we observe that on one condition it is 
not necessary that 6 should vanish, i.e. provided we can, before 
solving the equations, make the coefficients of a in both equal 
by multiplying either equation or both by a square number, an 
operation which does not affect the problem, for a square multi- 
plied by a square is still a square. 
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SG! in 
Thus if = mga OF an*= Bm, the condition =0 will be 


8 
satisfied by multiplying the equations respectively by n® and 
m*; and thus we can also solve the equations 
ama +a=u° 
ana +b=w* 
like the equations 
av +a= ‘af 
axv+b=w' 
in an infinite number of ways. 
Again the equations under (2), 
az+ c= u', 
Be+@=w', 
can be solved in two different ways, according as we write them 
in this form or in the form 
ada+cd*? =u" 
Bea + ed? =w")’ 
obtained by multiplying them respectively by d’, c* in order 
that the absolute terms may be equal. 


We now give those of the possible cases which are found 
solved in Diophantos’ own work. These are equations 


(1) of the form 
ama +a=u? 
ava +b=w')’ 
a case which includes the more common one, when the co- 
efficients of # in both are equal. 


(2) of the form 
ae+e=u? 
Ba+@=w")’ 


solved in two different ways according as they are thus written, 
or in the alternative form, 

ad?x + cd’ = “4 

Bea + Cd? =w")* 
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General solution of Form (1), or, 


am@a +a=u? 
an’at+b=w"*)* 


Multiplying respectively by n*, m*, we have to solve the 


equations, 
am’n?a + an? =u"? 
amn?a + bm? = w") * 


The difference = an® — bm’. 


two factors p, q. 


Suppose this separated into 


Put utw =p, 
w Fw =4, 
: a =) 2a (P54) 
whence i ( on? w 5) , 
\ 2 
therefore ama + an? = (PS) : 
Agere 
or am n?a + bm? = (P=) : 


Either equation will give the same value of 2, and 


p _ q° an® oe bm? 
A ee 
0 ee 
am'n 
since pg = an* — bmn’. 
Any factors p, gq may be chosen provided the value of « 
obtained is positive. 


Ex. from Diophantos. 
65-— 6¢= ot 


65 — 24a =w* 
260 — 24a = ee 
therefore 65 — Qe = wt 


‘ 


The difference = 195 =15. 13 say, 


15 — 13 
(> 





2 
éherefore ) =65—24, 240 = 64, or w=§. 
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General solution (first method) of Form (2), or, 
av +c = i 
Ba+0=w")’ 
In order to solve by this method, we multiply by d’, c* 
respectively and write 
ada + Cd? = uv? 
Be'w + cd? = w*) ’ 
u being the greater. 
The diff. = (ad’— Bc") «. Let the factors of this be pz, q, 


2 
therefore v= (ee ) ; 


Hence @ is found from the equation 
ada + ced? = (mea) 
3): 


This equation gives 
px’ + 2x (pg — 2ad’) + q? — 4c*d? = 0, 
or, since py = ad’ — Be’, 
pau® — 2a (ad’ + Be*) + g? — 4c'd’? = 0. 
In order that this may reduce to a simple equation, as 
Diophantos requires, the absolute term must vanish. 
Therefore ¢g —4cd’ = 0, 
whence q = 2cd. 
Thus our method in this case furnishes us with only one 


solution of the double-equation, g being restricted to the value 
2cd, and this solution is 


pa 2lad + Bet) _ 80d" (ad? + BC) 


Ex. from Diophantos. This method is only used in one 
particular case, Iv. 45, where c* = d* as the equations originally 
stand, namely 





8a+4=u? 
62+ 4=w")’ 
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the difference is 27 and q is necessarily taken = 2/4 = 4, and 
the factors are ~ 4, 


2 > 
2 
therefore 8a#+4= G ao 2) and #=112. 
General solution (second method) of Form (2), or 
an+ec=u 
Be+@=w 


Here the difference =(a2— 8) x +(c? — d’)=6x2+ € say, for 
brevity. 


Let the factors of dx + € be p, : + ; . Then, as before proved 
(p. 100), p must be equal to (¢ + d). 


Therefore the factors are 








‘sBetctdekd 
and we have finally 
ante = 1(2p8eretdtesd) 
=+{ a= Fatah , 
therefore (754) a + de GaP _al=o, 


which equation gives two possible values for 2 Thus in this 
case we can find by our method two values of , since one of the 
factors, p, may be c + d. 


Ex. from Diophantos, 11. 17: to solve the equations 
10¢+9= sf, 
5a+4=w" 
The difference is here 57+ 5, and Diophantos chooses as 
the factors 5, «+1. This case therefore corresponds to the 
value c+d of p. The solution is given by 


2 
(5 aa 3) =10xr+9, whence a = 28. 
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The other value c—d of p is in this case excluded, because 
it would lead to a negative value of z. 

The possibility of deriving any number of solutions of a 
double-equation when one solution is known does not seem 
to have been noticed by Diophantos, though he uses the prin- 
ciple in certain special cases of the single equation. Fermat 
was the first, apparently, to discover that this might always 
be done, if one value a of # were known, by substituting in 
the equations «+a for x. By this means it is possible to find 
a positive solution even if @ is negative, by successive appli- 
cations of the principle. 

But nevertheless Diophantos had certain peculiar artifices 
by which he could arrive at a second value. One of these 
artifices (which is made necessary in one case by the unsuit- 
ableness of the value found for x by the ordinary method), 
employed in Iv. 45, gives a different way of solving a double- 
equation from that which has been explained, used only in 
a special case. 


(8) Second method of solution of a double-equation of the 
first degree. 


Consider only the special case 
hz +n? =u’, 
(h+f)at+n?=w’. 


Take these expressions, and n”, and write them in order of 
magnitude, denoting them for convenience by 4, B, C. 


A=(h+f)zt+n, B=he+n’, C=n’, 


A-B f A-—B=fa 
therefore pracdh 6 and B-C= Z| 
Suppose now ha+n?=(y+ny’, 
therefore ha = y? + 2ny, 
therefore A-—B= £ (y? + 2ny), 
or A =(ytny+Fiyt 2ny), 


thus it is only necessary to make this expression a square. 
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Write therefore 
(1 +f) y+ 2n (7 + iy +0e= (py —n)’, 
whence any number of values for y, and therefore for #, can be 
found, by varying p. 

Ex. The only example in the Arithmetics is in Iv. 45. 
There is the additional condition in this case of a limit to the 
value of z. The double-equation 

82+4=? 
62+4=w" 
has to be solved in such a manner that a < 2. 


As 
Here 3 — Ci 





=i, and B is taken’ to be (y + 2)’, 


2 
therefore A-—-B= eee : 


2 
therefore A= Tt 4 4y +490 4 +a 


which must be made a square, or, multiplying by 4, 
By’ + 12y +9 =a square, 
where y must be < 2. 
Diophantos assumes 
By? + 12y + 9 =(my — 3)’, 
Ms a 
m*—3 ’ 


and the value of m is then determined so that y < 2. 


whence 


As we find only a special case in Diophantos solved by 
this method, it would be out of place to investigate the con- 


1 Of course Diophantos uses the same variable x where I have for clearness 
used y. 

Then, to express what I have called m later, he says: 

“JT form a square from 8 minus some number of x’s and x becomes some 
number multiplied by 6 together with 12 and divided by the difference by which 
the square of the number exceeds three,” 
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ditions under which more general cases might be solved in this 
manner’. 


2. Double equation of the second degree, 
or the general: form 
Av’? + Be+C=1', 
A'v’? + Bat C=". 
These equations are much less thoroughly treated in Diophan- 
tos than those of the first degree. Only such special instances 


occur as can be easily solved by the methods which we have 
described for those of the first degree. 


One separate case must be mentioned, which cannot be 
solved, from Diophantos’ standpoint, by the preceding method, 
but which sometimes occurs and is solved by a peculiar method. 


The form of double-equation being 





an + ax = Ai Weonahesesks ravenna (1), 
tae 4D | cc ve Vere vo cnn vce wat (2), 
Diophantos assumes = nor, 
whence from (1) 
irnt 
ma’ 


and by substitution in (2) 





2 
B ( ir ) + eihsoa must be a square, 
m—a/  m—a 


a’B + ba(m?—a) . 


or i — 2)" is a@ square. 


Therefore we have to solve the equation 
abm? + a (Ba —ab) = y’, 
and this form can or cannot be solved by processes already 
given according to the nature of the coefficients’. 


a , azr+b) 
' Bachet and after him Cossali proved the possibility of solving sod by 
this method under two conditions. 


2 Diophantos did not apparently observe that this form of equation could be 
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Il. Indeterminate equations of a degree higher than the second. 


(1) Single Hquations. 


These are properly divided by Nesselmann into two classes ; 
the first of which comprises those questions in which it is re- 
quired to make a function of w of a higher degree than the 
second a square; the second comprises those in which a rational 
value of # has to be found which will make any function of ‘2, 
not a square, but a higher power of some number. The first 
class of problems is the solution in rational numbers of 


Ast + Ba" + 2.2... + Kv+ L=y’, 
the second the solution of 
Ag? +- Bat +5) aries +Kae+L=y’, 


for Diophantos does not go beyond making a function of # a 
cube. Also in no instance of the first class does the index n 
exceed 6, nor in the second class (except in a special case or two) 
exceed 3. 


First class. Equation 
Ag? j- Ba A sesame + Kxn+ L=y’. 


We give now the forms found in Diophantos, 

1. Equation Aa’ + Ba?+Cx+@P=y/. 

Here we might (the absolute term being a square) put for 
y the expression ma# +d, and determine m so that the coefficient 
of x in the resulting equation vanishes, in which case 
c 
2d’ 
and we obtain in Diophantos’ manner a simple equation for 2, 
giving 


2md = C, m = 


pe OW AEB 
irae Sc ee 
reduced to one of the first degree by dividing by x? and putting y for es in 


which case it becomes 
a+ay=u" 
B+by=w")* 
This reduction was given by Lagrange. 
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Or we might put for y an expression m’z* + nz +d, and deter- 
mine m, n so that the coefficients of x, z* in the resulting 
equation both vanish, whence we should again have a simple 
equation for zx. Diophantos, in the only example of this form of 
equation which occurs, makes the first supposition. Thus in 
vi. 20 the equation occurs, 

x —32°4+3e4+1=y’, 


and Diophantos assumes y = $ «+1, whence w= 2, 


2, Equation Aa*+ Ba + C2? + De+ B=y. 


In order that this equation may be solved by Diophantos’ 
method, either A or # must be a square. If ‘A is a square and 


2 2 2B a 
equal to a® we may assume y = aa” + 9g 7 t™ determining n so 


that the term in a’ vanishes. If His a square (e*) we may write 
D nee 
y =m2 + wets determining m so that the term in 2” may 


vanish in the resulting equation. We shall then in either case 
obtain a simple equation for z, in Diophantos’ manner. 


The examples of this form in Diophantos are of the kind, 
aa! + Ba’ + Ca? + Da+e?=y’, 


where we can assume y = + aa’ +ka + e, determining & so that 
in the resulting equation (in addition to the coefticient of 2*, 
and the absolute term) the coefficient of a”, or that of 2, may 
vanish, after which we again have a simple equation. 


Ex. 1. 29: 9a* — 4a° + 62? -122+1=y"*. Here Diophantos 
assumes y = 3z° — 62 + 1, and the equation reduces to 

322° — 362° = 0 and # =. 

Diophantos is guided in his choice of signs in the ex- 
pression + az*+kx +e by the necessity for obtaining a “rational” 
result. 

But far more difficult to solve are those equations in which 


(the left expression being bi-quadratic) the odd powers of & are 
wanting, i.e. the equations Aw‘ + Ca* + LH =’, and Aa*+ H=y’, 
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even when A or £ is a square, or both are so. These cases 
Diophantos treats more imperfectly. 
3. Equation Ax + Cae’? + B=y’. 
Of this form we find only very special cases. The type is 
vat — Ca +e =y’, 
which is written 


ara — cP + ey: 
eo 


2 e Pages 
Here y is assumed to be aw or = and in either case we 


have a rational value of z. 


Exx. v. 30: 2547-9 + Ae =y*. This is assumed to be 
equal to 252”. 

¥. 31; a #254 24 = =y. y? assumed to be =5. 

4, Equation Att +H=y’. 


The case occurring in Diophantos is 2*+ 97 =y*. Diophantos 
tries one assumption, y=a*—10, and finds that this gives 
x =%, which leads to no rational result. Instead however 
of investigating in what cases this equation can be solved, he 
simply shirks the equation and seeks by altering his original 
assumptions to obtain an equation in the place of the one first 
found, which can be solved in rational numbers. The result is 
that by altering his assumptions and working out the question 
by their aid he replaces the refractory equation, «* +97 =y’, by 
the equation «*+337=y’, and is able to find a suitable sub- 
stitution for y, namely «*—25. This gives as the required 
solution «= 12. For this case of Diophantos’ characteristic 
artifice of retracing his steps '—“ back-reckoning,” as Nessel- 
mann calls it, see Appendix v. 32. 


5. Equation of sixth degree in the special form 
a — Ao’ + Baut+e?=y’. 


1 “Methode der Zuriickrechnung und Nebenaufgabe,”’ 
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It is only necessary to put y= 2*+c, whence — Aa* + B= 2cx" 
B ae 2 ; 
and re - This gives Diophantos a rational solution 


if pees is a square 
A + 2¢ : 

6. If however this last condition does not hold, as in the 
ease occurring Iv. 19, «°—16e*°+ 2+64=y*, Diophantos 
employs his usual artifice of “back-reckoning,” by which he is 
enabled to replace this equation by 2° — 128° + # + 4096 = /, 
which satisfies the condition, and (assuming y= «* +64) a is 
found to be +. 


Second Class. Equation of the form 
Ag? + Ba? + ...... + Ke+ L=y’. 


Except for such simple cases as Aa*=y’, Aa*=y’, where it is 
only necessary to assume y = mz, the only cases which occur in 
Diophantos are Az’ + Be + C= 7’, Av’ + Ba’ + Cr+ D=y7’. 


1. Equation Az’ + Be+ C=y’. 


There are of this form only two examples. First, in vi. 1 
a — 4a2+4 is to be made a cube, being at the same time already 
a square. Diophantos therefore naturally assumes «—-2=a 
cube number, say 8, whence «= 10. 


Secondly, in vi. 19 a peculiar case occurs. A cube is to be 
found which exceeds a square by 2. Diophantos assumes 
(a—1)° for the cube, and (x+1)*? for the square, obtaining 
x —32°+3x2—-1=2°?+ 2x+3, or the equation 

ve +a=4a’+ 4, 
previously mentioned (pp. 36, 93), which is satisfied by # = 4. 
The question here arises: Was it accidentally or not that this 
cubic took so special and easy a form? Were #—1,a#+1 
assumed with the knowledge and intention of finding such an 
equation? Since 27 and 25 are so near each other and are, as 
Fermat observes’, the only integral numbers which satisfy the 


1 Note to v1. 19. Fermatii Opera Math. p. 192. 
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conditions, it seems most likely that it was in view of these 
numbers that Diophantos hit upon:the assumptions «+1, #—1, 
and employed them to lead back to a known result with all the 
air of a general proof. Had this not been so, we should probably 
have found, as elsewhere in the work, Diophantos first leading 
us on a false tack and then showing us how we can in all cases 
correct our assumptions. The very fact that he takes the right 
assumptions to begin with makes us suspect that the solution is 
not based upon a general principle, but is empirical merely. 


2. The equation 
Aa + Ba? + Ca+D=y7. 
If A or D is a cube number this equation is easy of solution. 


For, first, if A =a* we have only to write y=aa+ and we 


B 
3a°’ 
arrive in Diophantos’ manner at a simple equation. 


Secondly, if D=d’, we put y= = 2+ d. 


If the equation is a°a® + Ba’ + Cx+ d’=y’, we can use either 
assumption, or put y=axz+d, obtaining as before a simple 
equation. 

Apparently Diophantos only used the last assumption ; for 
he rejects as impossible the equation y*=8z*—a*+8r-1 
because y=2x—1 gives a negative value «=—-%, whereas 


11? 
either of the other assumptions give rational values’, 


(2) Double-equation. 


There are a few examples in which of two functions of # one 
is to be made a square, the other a cube, by one and the same 
rational value of a. The cases are for the most part very 
simple, e.g. in VI. 21 we have to solve 

42 +-2=y/° 
24+1= A ; 
therefore y’ = 22’, and z is assumed to be 2. 


1 There is a special case in which C and D vanish, 4x*+Ba*=y. Here y 


is put =mz and «= Cf. tv. 6, 30. 


B 
m3 — A° 
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A rather more complicated case is vi. 23, where we have 
the double equation 
2a" + 2a = y? 
Be aan 2) 





; 2 
Diophantos assumes y = ma, whence «= —, 
m 


=F and we have 


to solve the single equation 
la Ys 2 
(a3) He =e) ae aa tae 


(m2) 


To make 2m* a cube, we need only make 2m a cube, or put 
m=4, This gives for # the value 4. 








or 


The general case 
Az’ + B+ Cr=2, 





ba* + ca =y’s 
would, of course, be much more difficult; for, putting y= ma, 
c 
fi = 
we find ee 


and we have to solve 


Bod? , 
A( 35) + Bl 3) sa O(— oo )=2 ; 
or Cem* + c (Be — 2bC) m? + be (bC — Be) + AP =’, 


of which equation the above corresponding one is a very parti- 
cular case. 





§ 3. Summary of the preceding investigation. 


We may sum wp briefly the results of our investigation of 
Diophantos’ methods of dealing with equations thus. 


1. Diophantos solves completely equations of the first 
degree, but takes pains beforehand to secure that the solution 
shall be positive. He shows remarkable address in reducing a 
number of simultaneous equations of the first degree to a single 
equation in one variable. 

H. D. 8 
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2. For determinate equations of the second degree Dio- 
phantos has a general method or rule of solution. He takes 
however in the Arithmetics no account of more than one root, 
even when both roots are positive rational numbers. But his 
object is always to secure a solution in rational numbers, and 
therefore we need not be surprised at his ignoring one root of a 
quadratic, even though he knew of its existence. 


3. No equations of a higher degree than the second are 
found in the book except a particular case of a cubic. 


4. Indeterminate equations of the first degree are not 
treated in the work as we have it, and indeterminate equations 
of the second degree, e.g. Az’ + Br + C=y’, are only fully treated 
in the case where A or C vanishes, in the more general cases 
more imperfectly. 

5. For “double-equations” of the second degree he has a 
definite method when the coefficient of x* in both expressions 
vanishes ; this however is not of quite general application, and is 
supplemented in one or two cases by another artifice of particular 
application. Of more complicated cases we have only a few 
examples under conditions favourable for solution by his 
method. 


6. Diophantos’ treatment of indeterminate equations of 
higher degrees than the second depends upon the particular 
conditions of the problems, and his methods lack generality. 


7. After all, more wonderful than his actual treatment of 
equations are the extraordinary artifices by which he contrives 
to avoid such equations as he cannot theoretically solve, e.g. by 
his device of “ Back-reckoning,”’ instances of which, however, 
would have been out of place in this chapter, and can only 
be studied in the problems themselves. 


§ 4. I shall, as I said before, not attempt to class as methods 
what Nesselmann has tried so to describe, e.g. “Solution by mere 
reflection,” “solution in general expressions,’ of which there 
are few instances definitely described as such by Diophantos, 
and “arbitrary determinations and assumptions.” It is clear that 
the most that can be done to formulate these “ methods” is the 
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enumeration of a few instances. This is what Nesselmann 
has done, and he himself regrets at the end of his chapter on 
“Methods of solution” that it must of necessity be so incomplete. 
To understand and appreciate these artifices of Diophantos it is 
necessary to read the problems themselves singly, and for these 
I refer to the abstract of them in the Appendix. As for the 
“Use of the right-angled triangle,” all that can be said of a 
general character is that rational right-angled triangles (whose 
sides are all rational numbers) are alone used in Diophantos, 
and that accordingly the introduction of such a right-angled 
triangle is merely a convenient device to express the problem of 
finding two square numbers whose sum is also a square number. 
The general forms for the sides of a right-angled triangle are 
a’ + b’, a® —b’, 2ab, which clearly satisfy the condition 
(a? + 5°)’ = (a* — b°)? + (2ab)’. 

The expression of the sides in this form Diophantos calls ‘“ form- 
ing a right-angled triangle from the numbers a and b.” It is 
by this time unnecessary to observe that Diophantos does not 
use general numbers such as a, } but particular ones, “ Forming 
a right-angled triangle from 7, 2” means taking a right-angled 
triangle whose sides are 7’ + 2”, 7° — 2’, 2.7.2, or 53, 45, 28. 


§ 5. Meruop or Limits. 


As Diophantos often has to find a series of numbers in 
ascending or descending order of magnitude: as also he does 
not admit negative solutions, it is often necessary for him to 
reject a solution which he has found by a straightforward method, 
in order to satisfy such conditions; he is then very frequently 
' obliged to find solutions of problems which lie within certain 
limits in order to replace the ones rejected. 


1. A very simple case is the following: Required to find a 
value of z such that some power of it, #”, shall lie between two 
assigned limits, given numbers. Let the given numbers be a, b. 
Then Diophantos’ method is: Multiply a and } both successively 
by 2", 3", and so on until some (n)™ power is seen which lies be- 
tween the two products. Thus suppose c” lies between ap" and bp"; 


8—9 
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then we can put z =. , in which case the condition is satisfied, 


for i lies between a and 0. 


Exx. In Iv. 34 Diophantos finds a square between and 2 
thus: he multiplies by a square, 64; thus we have the limits 80 
and 128; 100 is clearly a square lying between these limits ; 
hence (49)* or 23 satisfies the condition of lying between § and 2. 

Here of course Diophantos might have multiplied by any 
other square, as 16, and the limits would then have become 20 
and 32, between which there lies the square 25, and so we 
should have 25 again as the square required. 

In vi. 23 a sixth power (a “cube-cube”) is required which 
lies between 8 and 16. Now the sixth powers of the first — 
natural numbers are 1, 64, 729, 4096...Multiply 8 and 16 (as 
in rule) by 2° or 64 and we have as limits 512 and 1024, and 
729 lies between them; therefore 42 is a sixth power such as 
was required. ‘To multiply by 729 in this case would not give 
us a result. 

2. Other problems of finding values of « agreeably to 
certain limits cannot be reduced to a general rule. By giving, 
however, a few instances, we may give an idea of Diophantos’ 


methods in general. 


Ex. 1. In Iv. 26 it is necessary to find z so that ors 
lies between w and +1. The first condition gives 8 > a+ a’, 


Diophantos accordingly assumes 
8s= (a+ {=attattot dh, 


which is >a’ +a. Thus x = satisfies one condition. It also 





is seen to satisfy the second, or <«-+1; but Diophantos 


v+2x 
practically neglects this condition, though it turns out to be 
satisfied. The method is, therefore, here imperfect. 


Ex. 2. Find a value of x such that 


x >t (a — 60) <1 (a — 60), 
or 2° — 60> 52, 2 — 60 < 82. 
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Hence, says Diophantos, z is ¢ 11 nor > 12. We have 
already spoken (pp. 90, 91) of the reasoning by which he 
arrives at this result (by taking only one root of the quadratic, 
and taking the nearest integral limits). It is also required 
that x*— 60 shall be a square. Assuming then 


_m' +60 
=—,—, 


- 


x —60=(«-m)*, « 





which must be > 11 <12, whence 
m* + 60> 22m, m?+ 60 < 24m, 


and (says Diophantos) m must therefore lie between 19 and 21, 
Accordingly he writes 2° — 60 =(«#— 20), and « = 114, which is 
a value of « satisfying the conditions. 


§ 6. MetTHop oF APPROXIMATION TO LIMITs. 


We come now to a very distinctive method called by Dio- 
phantos trapicorns or Tapicdtntos aywyy. The object of this 
is to find two or three square numbers whose sum is a given 
number, and each of which approximates as closely as possible 
to one and the same number and therefore to each other. 

This method can be best explained by giving Diophantos’ 
two instances, in the first of which two such squares, and in the 
second three are required. In cases like this the principles 
cannot be so well described with general symbols as with con- 
crete numbers, whose properties are immediately obvious, and 
render separate expression of conditions unnecessary. 


Ex. 1. Divide 13 into two squares each of which > 6. 


Take 1% or 6$ and find what small fraction “ added to it 


‘ 1 age 
makes it a square: thus 64 +—3 must be a square, or 6 +5 


isa square. Diophantos puts 
1 = 
ae 

i 


1 . 
whence y = 10 and 7 = 7h, or ar rtp and 64 + qhy= 8 


2 
26 + (547), 0r 26y? + 1 =(5y+1)’, 
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square = (51)*, [The assumption of (5y+1)’ is not arbitrary, 





for assume 267° + 1 = (py +1)’, therefore y = 5, and, since 


2p 
26 —p 
; should be a small proper fraction, therefore 5 is the most 


suitable and the smallest possible value for p, 26 — p* being < 2p 
or p +2p+1>27.] It is now necessary (says Diophantos) 
to divide 13 into two squares whose sides are each as near 
as possible to 34. 


Now the sides of the two squares of which 13 is by nature 
compounded are 3 and 2, and 


3 is > 1 by 
2 is <$1 by 44! 
Now if 3—,, 2+ 44 were taken as the sides of two squares 


their sum would be 


2. 2601 
51)? — 
2 8) = “G00 





which is > 13. 


Accordingly Diophantos puts 
3-92, 2+112, 


for the sides of the required squares, where # is therefore not 
exactly 3 but near it. 


Thus, assuming 
(3 — 9x)? + (2+ 11x)’ = 13, 
Diophantos obtains L = 735. 
Thus the sides of the required squares are 257, 258, 


Ex. 2. Divide 10.into three squares such that each square 
is > 3. 


Take 49 or 34 and find what fraction of the form a added 


to it will make it a square, i.e. make 30 + 2 a square or 30y* + 1, 


where aaa 
ze y 


= 
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Diophantos writes 30/°+1=(5y +1)’, whence y =2 and 
And 34+ 3, =a square = 12). 


[As before, if we assume 30y’+1=(py +1), y= sae i? 
ov—Pp 


and since ; must be a small proper fraction, 30 — p* should < 2p 


or p*+2p+1>31, and 5 is the smallest possible value of p. 
For this reason Diophantos chooses it.] 


We have now (says Diophantos) to make the sides of the 
required squares as near as may be to 12. 
Now 10 =9+1=3" + (8) + 
and 3, 3, 4 are the sides of three squares whose sum = 10. 
Bringing (3, 2, 4) and ¥ to a common denominator, we have 
88, 48, 34) and §5. 
Now 3 is>$5 by 3, 
§ is<$§ by 34, 
4 is<45 by 3. 
If then we took 3 — 38, 2+ 37,44 31 for the sides, the sum 
of their squares would be 3 (1) or 883, which is> 10. Diophantos 
accordingly assumes as the sides of the three required squares 


3—354, $4372, 4+ 312, 
where z must therefore be not exactly 15, but near it. 
Solving (3 —35z)?+ (2+ 37x)’ + (4+ 31c)=10, 


or 10 —116x + 35552” = 10, 
we have a= Ads 5 


the required sides are therefore found to be 


: 651225 16589 
and the squares ABO, LOMA, WAM. 


The two instances here given, though only instances, serve 
perfectly to illustrate the method of Diophantos. To have put 
them generally with the use of algebraical symbols, instead of 
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concrete numbers, would have rendered necessary the intro- 
duction of a large number of such symbols, and the number of 
conditions (e.g. that such and such an expression shall be a 
square) which it would have been necessary to express would 
have nullified all the advantages of this general treatment. 

As it only lies within my scope to explain what we actually 
find in Diophantos’ work, I shall not here introduce certain 
investigations embodied by Poselger in his article “ Beitrage zur 
Unbestimmten Analysis,” published in the <Abhandlungen 
der Koniglichen Akademie der Wissenschaften zu Berlin Aus dem 
Jahre 1832, Berlin, 1834. One section of this paper Poselger 
entitles “Anniherungs-methoden nach Diophantus,” and obtains 
in it, upon Diophantos’ principles *, a method of approximation 
_ tothe value of a surd which will furnish the same results as the 
method by means of continued fractions, except that the approxi- 
mation by what he calls the “ Diophantine method” is quicker 
than the method of continued fractions, so that it may serve to 
expedite the latter *. 


1 «Wenn wir den Weg des Diophantos verfolgen.” 
2 “Die Diophantische Methode kann also dazu dienen, die Convergenz der 
Partialbriiche des Kettenbruchs zu beschleunigen.” 





CHAPTER VI. 


sae THE PORISMS OF DIOPHANTOS. 


WE have already spoken (in the Historical Introduction) 
of the Porisms of Diophantos as having probably formed a 
distinct part of the work of our author. We also discussed the 
question as to whether the Porisms now lost formed an 
integral portion of the Arithmetics or whether it was a com- 
pletely separate treatise. What remains for us to do under the 
head of Diophantos’ Porisms is to collect such references to 
them and such enunciations of definite porisms as are directly 
given by Diophantos. If we confine our list of Porisms to those 
given under that name by Diophantos, it does not therefore 
follow that many other theorems enunciated, assumed or implied 
in the extant work, but not distinctly called Porisms, may not 
with equal propriety be supposed to have been actually pro- 
pounded in the Porisms. For distinctness, however, and in 
order to make our assumptions perfectly safe, it will be better 
to separate what are actually called porisms from other theorems 
implied and assumed in Diophantos’ problems. 

First then with regard to the actual Porisms. I shall not 
attempt to discuss here the nature of the proposition which was 
called a porism, for such a discussion would be irrelevant to 
my purpose. The Porisms themselves too have been well 
enumerated and explained by Nesselmann in his tenth chapter; 
he has also given, with few omissions, the chief of the other 
theorems assumed by Diophantos as known. Of necessity, 
therefore, in this section and the next I shall have to cover 
very much the same ground, and shall accordingly be as brief as 
may be, 
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Porism 1. The first porism enunciated by Diophantos 
occurs in v. 3. He says “We have from the Porisms that if 
each of two numbers and their product when severally added to 
the same number produce squares, the numbers are the squares 


1» 


of two consecutive numbers’.’ This theorem is not correctly 
enunciated, for two consecutive squares are not the only two 
numbers which will satisfy the condition. For suppose 


r+a=m, yta=n, vyt+a=p’. 
Now by help of the first two equations we find 
ay +a=mn? —a(m +n? —1) +0’, 
and this is equal to p*. In order that 
min? —a(m* +n* — 1) +a" 


may be a square certain conditions must be satisfied. One 
sufficient condition is 


m+n? —1=2mn, 
or m—-n=+1, 
and this is Diophantos’ condition. 
But we may also regard 
mn? —a(m+n>-1)+ a’ =p" 
as an indeterminate equation in m of which we know one 
solution, namely m=n+1. 


Other solutions are then found by substituting z+ (n + 1) 
for m, whence we have the equation 
(n? — a) 2° +2 {n?(n +1)—a(n + 1)} 24+ (W*—-a) (nt 1P 
—a(n*—-1)+@=p’, 
or (n’—a)24+2(n’—a) (n+1)24+{n(n+1)—a}=p’, 
which is easy to solve in Diophantos’ manner, the absolute term 


being a square. 


But in the problem v. 3 three numbers are required such 
that each of them, and the product of each pair, severally added 


1 kal érel &xowev ev Tots moplauacw, dri édv Sto apiOuol éxdrepds Te Kal 6 Um’ 
abrav wera Tod avrod Sobévros moj TeTpdywvor, yeybvacw amd dvo TeTpaydvwr Tar 
Kara 70 é&7s. 
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to a given number produce squares. Thus, if the third number 
be z, three more conditions must be added, namely, z+ a, za +a, 
yz +a should be squares. The two last conditions are satisfied, 
if m+ 1 =n, by putting 


2=2(@+y)—1=4m' + 4m+4+1 — 4a, 
when az +a={m(2m+1)— 2a}, 
yz +a ={m (2m+3) —(Qa-1))’, 


and this means of satisfying the conditions may have affected the 
formulating of the Porism. 


v. 4 gives another case of the Porism with — a for + a. 


Porism 2. In v. 5 Diophantos says’, “We have in the 
Porisms that in addition to any two consecutive squares we can 
find another number which, being double of the sum of both 
and increased by 2,makes up three numbers, the product of 
any pair of which plus the sum of that pair or the third 
number produces a square,” i.e. 


m, m+2m+i1, 4(m?+m-+1), 
are three numbers which satisfy the conditions. 


The same porism is assumed and made use of in the follow- 
ing problem, V. 6. 


Porism 3 occurs in v.19. Unfortunately the text of the 
enunciation is corrupt, but there can be no doubt that the 
correct statement of the porism is ‘The difference of two cubes 
can be transformed into the sum of two cubes.” Diophantos 
contents himself with the mere enunciation and does not pro- 
ceed to effect the actual transformation. Thus we do not know 
his method, or how far he was able to prove the porism as 
a perfectly general theorem. The theorems upon the trans- 
formation of sums and differences of cubes were investigated by 
Vieta, Bachet and Fermat. 


1 cal xouev wadw év rots woplouacw bre act dio rerparyuvos Tors Kara TO eis 
mpoceuplaxerat erepos dpiOuds ds dv durdaclwy cuvaudorépov Kal dudds pelfwr, Tpeis 
dpiOpods moet Gv 6 Ud dmowwodv édvte mpoohdBy Tauporepor, davre Novrdy Trove 
TET paywvov, 
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Vieta gives three problems on the subject * (Zetetica Iv.). 


1. Given two cubes, to find in rational numbers two others 
whose sum equals the difference of the two given ones. As 
a solution of a —b?= a+ 7’, he finds 

wae (a® — 2b*) _ b (2a* — 6°) 
ee cs at ee eS dens 





2. Given two cubes, to find in rational numbers two others, 
whose difference equals the sum of the given ones; 
a (a* + 2b° b (2a° + 
a? +b? = ge — y’, c= eee y ae ; 
3. Given two cubes, to find in rational numbers two 
others, whose difference equals the difference of the given ones; 
b (2a’ — b*) a, (2b° — a®) 
a’ — B= a — 7’, Sa aware y- 
In 1 clearly w is negative if 2)°>a*; therefore, to secure a 
8 
“rational” result, i) > 2. But for a “rational” result in 3 we 
a 
B 
apparently was the first to notice this, remarked that in con- 
sequence the processes 1 and 3 exactly supplement each other, 


must have exactly the opposite condition, =,<2. Fermat, who 


1 Poselger (Berlin Abhandlungen, 1832) has obtained these results. He gets, 
e.g. the first as follows: 


Assume two cubes (a—2)*, (ma-)*, which are to be taken so that their 
sum =a — pf, 

Now (a —2x)3=a3 - 3a°x + 3ax" — 23, 

(ma — 8)? = — 63 + 3mB*a — 3m* Ba? + mFx3. 

If then m= (G): 

3(m*B-a)_ 3ap? 
m—-1 ~~ a’+ p° ? 

(a-a)?+ (mee - p)*=a" — 
2 (a? — 26") 
~ ad+p8 


203 — B8)| ° 
wp 


2= 








and a-2x 
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so that by employing them successively we can effect the trans- 
formation of 1, even when 


(yes 


Process 2 is always possible, therefore by the suitable com- 
bination of processes the transformation of a sum of two cubes 
into a difference, or a difference of two cubes into a sum of two 
others, is always practicable. 

Besides the Porisms, there are many other propositions 
assumed or implied by Diophantos which are not definitely 
called porisms, though some of them are very similar to the 
porisms just described. 


§ 2. THEOREMS ASSUMED OR IMPLIED BY DIOPHANTOS. 


Of these Nesselmann rightly distinguishes two classes, the 
first being of the nature of cdentical formulae, the second 
theorems relating to the sums of two or more square num- 
bers, &e. 


1. The first class do not require enumeration in detail. We 

may mention one or two examples, e.g. that the expressions 
2 

(“$°) —aband a?(a+1)+a°+(a+1) are squares, and that 

a (a? —a)+a+(a’—a) is always a cube. 

Again, Nesselmann thinks that Diophantos made use of the 
separation of a*— 0° into factors in the solution of vy, 8, in 
which he gives the result without clearly showing his mode 
of procedure in obtaining it; though its separability into 
factors is nowhere expressly mentioned, and is not made use of 
in certain places where we should most naturally expect to find 
it, e.g. in Iv. 12. 


2. But far more important than these identical formulae 
are the numerous propositions in the Theory of Numbers which 
we find stated or assumed as known in the Arithmetics. It is, 
in general, in explanation or extension of these that Fermat 
wrote his famous notes. So far as Diophantos is concerned it 
is extremely difficult, or rather impossible, to say how far these 
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propositions rested for him upon rigorous mathematical demon- 
stration, and how far, on the other hand, his knowledge of them 
was merely empirical and derived only from trial in particular 
cases, whereas he enunciates them or assumes them to hold 
in all possible cases. But the objection to assuming that 
Diophantos had a completely scientific system of investigating 
these propositions, as opposed to a merely empirical knowledge 
of them, on the ground that he does not prove them in the 
present treatise, would seem to apply equally to Fermat’s own 
theorems set forth in these notes, except in so far as we might 
be inclined to argue that Diophantos could not, in the period 
to which he belongs, have possessed such machinery of demon- 
stration as Fermat. Even supposing this to be true, we should 
be very careful in making assertions as to what the ancients 
could or could not prove, when we consider how much they 
did actually accomplish. And, secondly, as regards machinery 
of proof, we have seen that up to Fermat’s time there had 
been very little advance upon Diophantos in the matter of 
notation. 

It will be best to enumerate here in order the principal 
propositions of this kind which we find in Diophantos, observing 
in each case any indication, which is perceptible, of the extent 
which we may suppose Diophantos’ knowledge of the Theory of 
Numbers to have reached. It will be necessary and useful 
to refer to Fermat’s notes occasionally. 

The question of the merits of Fermat’s notes themselves 
this is not the place to inquire into. It is well known 
that he almost universally enunciates the theorems contained 
in these notes without proof, and gives as his reason for not 
inserting the proofs that his margin was too small, and so on. 
It is considered, however, that as his theorems are always true, 
he must necessarily have proved them rigorously. Concerning 
this statement I will only remark that in the note to v. 25 
Fermat addresses himself to the solution of a problem which 
was “most difficult and had troubled him a long time,” and 
says that he has at last found a general solution. Of this 
he gives a demonstration which is hopelessly wrong, and which 
vitiates the solution completely. 
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(a) Theorems in Diophantos respecting the composition of 
numbers as the sum of two squares. 


1. Any square number can be resolved into two squares im 
any number of ways, I. 8, 9. 


2. Any number which is the sum of two squares can be 
resolved into two other squares in any number of ways, U1. 10. 

N.B. It is implied throughout that the squares may be 
fractional, as well as integral. 


3. If there are two whole numbers each of which is the 
sum of two squares, ther product can be resolved into the sum of 
two squares in two ways, III. 22. 


The object of m1, 22 is to find four rational right-angled 
triangles having the same hypotenuse. The method is this. 
Form two right-angled triangles from (a, b), (c, d) respectively, 
viz. 

a+b’, a—0b’, 2ab, 
e+d, c—d', 24d. 

Multiplying all the sides of each by the hypotenuse of the 
other, we have two triangles having the same hypotenuse, 

(a? + 8°) (c?’+d*), (a’°—b*) (ce? +d’), 2ab (c? +d’), 
(a? +0’) (?+d°), (a°+0*) (c’—d’), 2cd (a* + &). 

Two other triangles having the same hypotenuse are got by 

using the theorem enunciated, viz. 


(a? + b*) (c? + d*) =(ac + bd)’ + (ad F bc)’, 
and the triangles are formed from ac + bd, ad F¥ bc, being 
(a? + 8°) (c? +d’), 4abed + (a* — 6°) (c? —d*), 2 (ac + bd) (ad — be), 
(a? + b*) (+ d’), 4abed — (a* — b*) (c? —d*), 2 (ac — bd) (ad + be). 
~ In Diophantos’ case 

a? +6? =1°+2?=5, 

P+ = 2°+37=13; 
and the triangles are 

(65, 52, 39), (65, 60,25), (65, 63, 16), (65, 56, 33). 
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[If certain relations hold between a, }, c, d this method 
fails, Diophantos has provided against them by taking two right- 
angled triangles v7rd éAayiotwv apiOuar (3, 4, 5), (5, 12, 13)). 

Upon this problem Fermat remarks that (1) a prime number 
of the form 4n +1 can only be the hypotenuse of a right-angled 
triangle in one way, the square of it in two ways, &c. 

(2) Ifa prime number made up of two squares be multiplied 
by another prime also made up of two squares, the product can 
be divided into two squares in two ways; if the first is mul- 
tiplied by the square of the second, in three ways, &e. 

Now we observe that Diophantos has taken for the hypotenuse 
of the first two right-angled triangles the first two prime numbers 
of the form 4n +1, viz. 5 and 13, both of which numbers are the 
sum of two squares, and, in accordance with Fermat’s remark, 
they can each be the hypotenuse of one single right-angled 
triangle only. It does not, of course, follow from this selection 
of 5 and 13 that Diophantos was acquainted with the theorem 
that every prime number of the form 4n+1 is the sum of two 
squares. But, when we remark that he multiplies 5 and 13 
together and observes that the product can form the hypotenuse 
of a right-angled triangle in four ways, it is very hard to resist 
the conclusion that he was acquainted with the mathematical 
facts stated in Fermat’s second remark on this problem. For 
clearly 65 is the smallest number which can be the hypotenuse 
of four rational right-angled triangles; also Diophantos did not 
find out this fact simply by trying all numbers up to 65; on 
the contrary he obtained it by multiplying together the first 
two prime numbers of the form 4n + 1, in a perfectly scientific 
manner, 

This remarkable problem, then, serves to show pretty con- 
clusively that Diophantos had considerable knowledge of the 
properties of numbers which are the sum of two squares. 


4. Still more remarkable is a condition of possibility of 
solution prefixed to the problem v. 12. The object of this 
problem is “to divide 1 into two parts such that, if a given 
number is added to either part, the result will be a square.” 
Unfortunately the text of the added condition is very much 
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corrupted. There is no doubt, however, about the first few 
words, “ The given number must not be odd.” 


i.e. Vo number of the form 4n+3 [or 4n—1] can be the sum 
of two squares. 

The text, however, of the latter half of the condition is, in 
Bachet’s edition, in a hopeless state, and the point cannot be 
settled without a fresh consultation of the mss.' The true con- 
dition is given by Fermat thus. “The given number must not 
be odd, and the double of it increased by one, when divided by the 
greatest square which measures it, must not be divisible by a 
prime number of the form 4n—1.” (Note upon v. 12; also in a 
letter to Roberval). There is, of course, room for any number 
of conjectures as to what may have been Diophantos’ words’. 
There would seem to be no doubt that in Diophantos’ condition 
there was something about “double the number” (i.e. a number 
of the form 4n), also about “greater by unity” and “a prime 
number.” From our data, then, it would appear that, if Dio- 
phantos did not succeed in giving the complete sufficient and 
necessary condition stated by Fermat, he must at all events have 
made a close approximation to it. 


1 Bachet’s text has 6e? 67) Tov didduevov prjre pista elvat, unre o Surdaclwy 


ov 


avrod ft a. welfova Exn mépos 6.4 werpetrat ve rot a”. s 

He also says that a Vatican ms. reads pjre 0 diur\aclwyv adrov apiOuov wovdda 
a. welfova exn wépos Téraprov, 7) weTpetrac Ud TOU mpwrou apiOuov. 

Neither does Xylander help us much. He frankly tells us that he cannot 
understand the passage. ‘‘Imitari statueram bonos grammaticos hoc loco, quorum 
(ut aiunt) est multa nescire. Ego verd nescio heic non multa, sed paene omnia, 
Quid enim (ut reliqua taceam) est pire 6 dirdaclwy atrod ap mo a, &e. quae 
causae huius mpocdiopicov, quae processus? immo qui processus, quae operatio, 
quae solutio?” 

2 Nesselmann discusses an attempt made by Schulz to correct the text, and 
himself suggests unre tov diurdaclova airov dpiOudv movads melfova Exew, Os me 
Tpetrac Ud Twos mpwrov dpiOuod. But this ignores uépos réraprov and is not 
satisfactory. 

Hankel, however (Gesch. d. Math. p. 169), says: “Ich zweifele nicht, dass die 
von den Msser. arg entstellte Determination so zu lesen ist: Ae? 5) rdv didduevor 
pnre mepicody elva, unre Tov di@daclova abrov apiudy povad a pelfova uerpeio Pac 
tad Tov mpwrov apiOuor, ds dv povdd ad pelfw éxn uépos réraprov.”’ Now this cor- 
rection, which exactly gives Fermat’s condition, seems a decidedly probable one. 
Here the words pépos réraprov find a place; and, secondly, the repetition of 
povad: & pel~wy might well confuse a copyist. rou for rov is of course natural 
enough; Nesselmann reads twos for rov. 


H. D y 


130 DIOPHANTOS OF ALEXANDRIA. 


We thus see (a) that Diophantos certainly knew that no 
number of the form 4n+3 could be the sum of two squares, 
and (b) that he had, at least, advanced a considerable way to- 
wards the discovery of the true condition of this problem, as 
quoted above from Fermat. 


(b) On numbers which are the sum of three squares. 


In the problem vy. 14 a condition is stated by Diophantos 
respecting the form of a number which added to three parts of 
unity makes each of them a square. If a@ be this number, 
clearly 34+ 1 must be divisible into three squares. 

Respecting the number a Diophantos says “It must not be 
2 or any multiple of 8 increased by 2.” 

i.e. a number of the form 24n +7 cannot be the sum of three 
squares. Now the factor 3 of 24 is irrelevant here, for with 
respect to three this number is of the form 3m-+1, and this so 
far as 3 is concerned might be a square or the sum of two or 
three squares. Hence we may neglect the factor 3 in 24n. 

We must therefore credit Diophantos with the knowledge of 
the fact that no number of the form 8n+7 can be the sum of 
three squares. 

This condition is true, but does not include all the numbers 
which cannot be the sum of three squares, for it is not true 
that all numbers which are not of the form 8x+7 are made up 
of three squares. Even Bachet remarked that the number a 
might not be of the form 32n+9, or a number of the form 
96n + 28 cannot be the sum of three squares. 

Fermat gives the conditions to which @ must be subject 
thus : 

Write down two geometrical series (common ratio of each 4), 
the first and second series beginning respectively with 1, 8, 

1 4 16 64 256 1024 4096 
8 32 128 512 2048 8192 32768 


then a must not be (1) any number obtained by taking twice 
any term of the upper series and adding all the preceding terms, — 
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or (2) the number found by adding to the numbers so obtained 
any multiple of the corresponding term of the second series. 
Thus (a) must not be, 


8n + 2.1 = 8n+2, 
32n+24+1 = 32n+9, 
128n + 2.16+4+41 = 128n + 37, 
512n + 2.644 16+4+4+1=512n +4 149, 
&e. 


Again there are other problems, e.g. v. 22, in which, though 
conditions are necessary for the possibility of solution, none are 
mentioned; but suitable assumptions are tacitly made, without 
rules by which they must be guided. It does not follow from 
the omission to state such rules that Diophantos was ignorant 
of even the minutest points connected with them; as however 
we have no definite statements, it is best to desist from specula- 
tion in cases of doubt. 


(c) Composition of numbers as the sum of four squares. 


Every number is either a square or the sum of two, three or 
four squares. This well-known theorem, enunciated by Fermat 
in his note to Diophantos Iv. 31, shows at once that any number 
can be divided into four squares either integral or fractional, 
since any square number can be divided into two other squares, 
integral or fractional. We have now to look for indications in 
the Arithmetics as to how far Diophantos was acquainted with 
the properties of numbers as the sum of four squares. Un- 
fortunately it is impossible to decide this question with any- 
thing like certainty. There are three problems [Iv. 31, 32 and 
v.17] in which it is required to divide a number into four 
squares, and from the absence of mention of any condition to 
which the number must conform, considering that in both cases 
where a number is to be divided into three or two squares [V. 14 
and 12] he does state a condition, we should probably be right 
in inferring that Diophantos was aware, at least empirically, if 
not scientifically, that any number could be divided into four 
squares. That he was able to prove the theorem scientifically 
it would be rash to assert, though it is not impossible. But we 


9—2 
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may at least be certain that Diophantos came as near to the 
proof of it as did Bachet, who takes all the natural numbers up 
to 120 and finds by trial that all of them can actually be ex- 
pressed as squares, or as the sum of two, three or four squares 
in whole numbers. So much we may be sure that Diophantos 
could do, and hence he might have empirically satisfied himself 
that in any case occurring in practice it is possible to divide 
any number into four squares, integral or fractional, even if he — 
could not give a rigorous mathematical demonstration of the 
general theorem. Here again we must be content, at least in 
our present state of knowledge of Greek mathematics, to remain 
in doubt. 





CHAPTER VII. 


HOW FAR WAS DIOPHANTOS ORIGINAL ? 


§1. Of the many vexed questions relating to Diophantos 
none is more difficult to pronounce upon than that which we 
propose to discuss in the present chapter. Here, as in so many 
other cases, diametrically opposite views have been taken by au- 
thorities equally capable of judging as to the merits of the case. 
Thus Bachet calls Diophantos “optimum praeclarissimumque Lo- 
gisticae parentem,” though possibly he means no more by this 
than what he afterwards says, “that he was the first algebraist of 
whom we know.” Cossali quotes “1’ abate Andres” as the most 
thoroughgoing upholder of the originality of Diophantos, M. 
Tannery, however, whom we have before had occasion to men- 
tion, takes a completely opposite view, being entirely unwilling 
to credit Diophantos with being anything more than a learned 
compiler. Views intermediate between these extremes are 
those of Nicholas Saunderson, Cossali, Colebrooke and Nessel- 
mann; and we shall find that, so far as we are able to judge 
from the data before us, Saunderson’s estimate is singularly 
good. He says in his Elements of Algebra (1740), “Diophantos 
is the first writer on Algebra we meet with among the ancients; 
not that the invention of the art is particularly to be ascribed 
to him, for he has nowhere taught the fundamental rules and 
principles of Algebra; he treats it everywhere as an art already 
known, and seems to intend, not so much to teach, as to culti- 
vate and improve it, by applying it to certain indeterminate 
problems concerning square and cube numbers, right-angled 
triangles, &e., which till that time seemed to have been either 
not at all considered, or at least not regularly treated of. These 
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problems are very curious and eatertaining; but yet in the 
resolution of them there frequ:ntly occur difficulties, which 
nothing less than the nicest and must refined Algebra, applied 
with the utmost skill and judgment, could ever surmount: and 
most certain it is that, in this way, no man ever extended the 
limits of analytic art further than Diophantos has done, or dis- 
covered greater penetration and judgment; whether we consider 
his wonderful sagacity and peculiar artifice in forming such 
proper positions as the nature of the questions under considera- 
tion required, or the more than ordinary subtilty of his reason- 
ing upon them. Every particular problem puts us upon a new 
way of thinking, and furnishes a fresh vein of analytical treasure, 
which, considering the vast variety there is of them, cannot but 
be very instructive to the mind in conducting itself through 
almost all difficulties of this kind, wherever they occur.” 

§2. We will now, without anticipating our results further, 
proceed to consider the arguments for and against Diophantos’ 
originality. But first we may dispose of the supposition that 
Greek algebra may have been derived from Arabia. This is 
rendered inconceivable by what we know of the state of learning 
in Arabia at different periods. Algebra cannot have been 
developed in Arabia at the time when Diophantos wrote ; 
the claim of Mohammed ibn Masa to be considered the first 
important Arabian algebraist, if not actually the first, is ap- 
parently not disputed. On the other hand Rodet has shown 
that Mohammed ibn Misa was largely indebted to Greece. 
There is moreover great dissimilarity between Greek and Indian 
algebra ; this would seem to indicate that the two were evolved 
independently. We may also here dispose of Bombelli’s strange 
statement that he found that Diophantos very often quoted 
Indian authors’. We do not find in Diophantos, as we have 
him, a single reference to any Indian author whatever. There 
is therefore some difficulty in understanding Bombelli’s positive 
statement. It is at first sight a tempting hypothesis to suppose 
that the “frequent quotations” occurred in parts of Diophantos’ 

1 “Ed in detta opera abbiamo ritrovato, ch’ egli assai volte cita gli autori 


indiani, col che mi ha fatto conoscere, che questa disciplina appo gl’ indiani 
prima fu che agli arabi.” 
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work contained only in the Ms. which Bombelli used. But we 
know that not a single Indian author is mentioned in that ms. 
We can only explain the remark by supposing that Bombelli 
confused the text and the scholia of Maximus Planudes; for in 
the latter mention is made of an “ Indian method of multiplica- 
tion.” Such must be considered the meagre foundation for 
Bombelli’s statement. 

There is not, then, much doubt that, if we are to find any 
writers on algebra earlier than Diophantos to whom he was 
indebted, we must seek for them among his own countrymen. 

§ 3. Let us now consider the indications bearing upon the 
present question which are to be found in Diophantos’ own work. 
Distinct allusions to previous writers there are none with the 
sole exception of the two references to Hypsikles which occur 
in the fragment on Polygonal Numbers. These references, how- 
ever, are of little or no importance as affecting the question of 
Diophantos’ originality; for, so far as they show anything, they 
show that Diophantos was far in advance of Hypsikles in his 
treatment of polygonal numbers. And, so far as we can judge 
of the progress which had been made in their theoretical treat- 
ment by writers anterior to Diophantos from what we know of 
such arithmeticians as Nikomachos and Theon of Smyrna, we 
must conclude that (even if we assume that the missing part of 
Diophantos’ tract on this subject was insignificant as compared 
with the portion which has survived) Diophantos made a great 
step in advance of his predecessors. His method of dealing 
with polygonal numbers is new; and we look in vain among 
his precursors for equally general propositions with regard to 
such numbers or for equally scientific proofs of known pro- 
perties. Not that previous arithmeticians were unacquainted 
with Diophantos’ propositions as applied to particular polygonal 
numbers, and even as applicable generally ; but of their general 
application they convinced themselves only empirically, and by 
the successive evolution of higher and higher orders of such 
numbers. 

We may here remark, with respect to the term “arithmetic” 
which Diophantos applies to his whole work, that he is making 
a new use of the term. According to the previously accepted 
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distinction of apvOuntixy and Aoy.oreKy the former treats of the 
abstract properties of numbers, considered apart from their 
mutual relations, Neyietxyn of problems involving the relations 
of concrete numbers. XAoyrotixy, then, includes algebra. Ac- 
cording to the distinction previously in vogue the term dpi- 
pntixn would properly apply only to Diophantos’ tract on 
Polygonal Numbers ; but, as in the six books of Diophantos the 
numbers are treated as abstract, he drops the distinction. 

§4 Next to direct references to the names of predecessors, 
we must look to the language of Diophantos, in order to see 
whether there is any implication that anything which he teaches 
is new. And in this regard we might naturally expect that 
the preface or dedication to Dionysios would be important. It 
is as follows: Tyv evpecw trav ev Tots apiOuois TpoBdAnpaTr, 
Tyuwmtaté por Avoviate, ywodoKkwv oe otrovdalws éyovTa pabety, 
dpyavacat Tv péOodov érretpabny, dpEdpwevos ad’ bv cvvérTHKE 
Ta Tpaypata Oeperiwv, droatHaat Tv ev ToIs apiOpois prow 
Te kal Svvauw. tows pev ovv Soxel TO TPAypa SvaxYEpeoTeEpor, 
érrevd?) unto yvopimov eat, SvoérAmicToL yap eis KaTopPwotv 
cio ai TOV apxYouévav >uyal, buws 8 evKaTAANTTOV Got YEVN- 
cerar Sid THY ONY TpoOvplav Kal THY eunvy aTrodeakw" Tayela 
yap eis paOnow ériOuuia mpocdaPovca didayyv. The first 
expression which would seem to carry with it an indication of 
the nature of the work as conceived by Diophantos himself is 
opyavacat TH we0odov. The word dpyavécar has of itself been 
enough to convince some that the whole matter and method of 
the Arithmetics were original’. Cossali and Colebrooke are of 
opinion that the language of the preface implies that some part 
of what Diophantos is about to teach is new*. But Montucla 


1 Cf. the view of ‘‘l’ abate Andres” as stated by Cossali: ‘‘Diofanto stesso 
parla in guisa, che sembra mostrare assai chiaramente d’ essere stata sua inven- 
zione la dottrina da lui proposta, e spiegata nella sua opera.” 

2 «A me par troppo il dire, che da quelle espressioni non ne esca aleun 
lume; mi pare troppo il restingere la novita, che annunziano, al metodo, che nell’ 
opera di Diofanto regnas si mira; ma parmi anche troppo il dedurne essere stato 
Diofanto in assoluto senso inventor dell’ analisi.” Cossali. 

‘‘He certainly intimates that some part of what he proposes to teach is new: 
tows pev oty doxet 7d mpayua Svoxepéotepov éredn ATH yvwpiudy €or: While in 
other places (Def. 10) he expects the student to be previously exercised in the 
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does not go too far when he says that the preface does not give 
us anyclue. The word dpyavécar is translated by Bachet as 
“fabricari,” but this can hardly be right. It means “ to set forth 
in order”, to “systematise”; and such an expression may per- 
fectly well apply if there were absolutely nothing new in the 
work, and Diophantos were merely writing a text-book simply 
giving in a compact and systematic form the sum and substance 
of previous labours. The words ézreid) pire yropimov éotuy 
have also been made use of by advocates of Diophantos’ claim 
to originality; but, looked at closely, they clearly imply no 
more than that the methods were unknown to Dionysios. The 
phrase is subjective, as is shown by the following words, duaé\- 
TioToL yap eis KaTOpOwaly Eicwy ai TOV apyouévov Wuyai. 

The language of the definitions also has been variously 
understood. “L’ abate Andres” concluded from their very 
presence at the beginning of the book that Diophantos is 
minutely explaining preliminary matter as if he were speaking 
of a new science as yet unknown to others. But the fact is 
that he does not minutely explain preliminary matter; he gives 
an extremely curt summary of the necessary preliminaries. 
Moreover he makes no stipulations as to what he will choose to 
call by a certain name. Thus a square caXeitas dvvamis: 
the unknown quantity is called dpiOuos, and its sign is 5° 
Again, he says Nets ere Aetuv ToNdaTAaciacbeica ToLEt 
trapéw, Minus multiplied by minus gives plus’. In the 10th 


algorithm of Algebra. The seeming contradiction is reconciled by conceiving the 
principles to have been known, but the application of them to a certain class of 
problems concerning numbers to have been new.” Colebrooke. 

1 I adhere to this translation of the Greek because, though not quite literal, 
it serves to convey the meaning intended better than any other version. It is 
not easy to translate it literally. Mr James Gow (History of Greek Mathematics, 
p. 108), says that it should properly be translated ‘‘A difference multiplied by 
a difference makes an addition.” This translation seems unfortunate, because 
(1) it is difficult, if not impossible, to attach any meaning to it, (2) Aeryes and 
Umapés are correlatives, whereas “difference” and ‘‘addition’’ are not. If 
either of these words are used at all, we should surely say either ‘‘A difference 
multiplied by a difference makes a sum”, or “A subtraction multiplied by a 
subtraction makes an addition.” The true meaning of \e?yis must be ‘a falling- 
short” or “a wanting”, and that of apis ‘‘a presence” or ‘a forthcoming ’’ 
If, therefore, a literal translation is desired, I would suggest ‘‘ A wanting multi- 
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Definition he says how important it is that the beginner should 
be familiar with the operations of Addition, Subtraction, &c.; 
and in the 11th Definition the rules for reducing a quadratic to 
its simplest form are given in a dogmatic authoritative manner 
which would only be appropriate if the operation were generally 
known : in fine, the definitions, in so far as they have any bear- 
ing on the present question, seem to show that Diophantos does 
not wish it to be understood that they contain anything new. 
He gives them as a short but necessary resumé of known prin- 
ciples, more for the purpose of a reminder than as laying any 
new foundation. 

To assert, then, that Diophantos invented algebra is, to say 
the least, an exaggeration, as we can even now see from the 
indications above mentioned. His notation, so far as it is a nota- 
tion, is apparently new; but, as it is merely in the nature of 
abbreviations for complete words, it cannot be said to constitute 
any great advance in algebra. 

§5. I may here mention a curious theory propounded by 
Wallis, that algebra was not a late invention at all, but that it 
was in common use by the Greeks from the time of their earliest 
discoveries in the field of geometry, that in fact they disco- 
vered their geometrical theorems by algebra, but were extremely 
careful to conceal the fact. But to believe that the great Greek 
geometers were capable of this systematic imposition is scarcely 
possible’. 
plied by a wanting makes a forthcoming”’. But, though this would be correct, 
it loses by obscurity more than it gains by accuracy. 

1 “De Algebra, prout apud Eucliden Pappum Diophantum et scriptores 
habetur. Mihi quidem extra omne dubium est, veteribus cognitam fuisse et 
usu comprobatam istiusmodi artem aliquam Investigandi, qualis est ea quam 
nos Algebram dicimus: Indeque derivatas esse quae apud eos conspiciuntur 
prolixiores et intricatae Demonstrationes, Aliosque ex recentioribus mecum 
hae in re sentire comperio....Hanc autem artem Investigandi Veteres occu- 
Iuerunt sedulo: contenti, per demonstrationes Apagogicas (ad absurdum seu 
impossibile ducentes si quod asserunt negetur) assensum cogere; potius quam 
directum methodum indicare, qua fuerint inventae propositiones illae quas ipsi 
aliter et per ambages demonstrant.’’ (Wallis, Opera, Vol. 11.) 

Bossut is certainly right in his criticism of this theory. ‘Si cette opinion 
était vraie, elle inculperait ces grands hommes d’une charlatanerie systématique 


et traditionelle, ce qui est invraisemblable en soi-méme et ne pourrait étre admis 
sans les preuves les plus évidentes. Or, sur quoi une telle opinion est-elle 
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§ 6. What remains to be said may, perhaps, be best arranged 
under the principal of Diophantos’ methods as headings; and it 
will be advisable to take them in order, and consider in each 
case whether anything is anticipated by Greek authors whose 
works we know. For it would seem useless to speculate on 
what they might have written. If we once leave the safe 
ground of positive proveable fact, such an investigation as the 
present could lead to no useful result. It is this fact which 
makes so much of what M. Tannery has written on this subject 
seem unsatisfactory. He states that Diophantos was no more 
than a learned compiler, like Pappos: though it may be ob- 
served that this is a comparison by no means discreditable to 
the former; he does not think it necessary to explain the com- 
plete want of any other works on the same subject previous to 
Diophantos. The scarcity of information respecting similar 
previous labours, says M. Tannery, is easily explicable on other 
grounds which do not concern us here’, The nature of the 
work joined to what we know of Diophantos would seem to 
prove his statement, thinks M. Tannery; thus the work is very 
unequal, some operations being even clumsy*. But we are not 
likely to admit that inequality in a work is any evidence against 
originality; for what great genius always equalled himself? 
Certainly, if we cannot find any certain traces of anticipation of 
Diophantos by his predecessors, he is entitled to the benefit of 
any doubt. Besides, given that Diophantos was not the in- 
ventor of any considerable portion of his science, the merit of 
having made it known and arranged it scientifically is little less 
than that of the discoverer of the whole, and very much greater 
than that of the discoverer of a small fraction of it. 

First with regard to the use of the unknown quantity by 


fondée? Sur quelques anciennes propositions, tirées principalement du trei- 
ziéme livre d’Euclide, ot l’on a cru reconnaitre l’algébre, mais qui ne supposent 
réellement que l’analyse géométrique, dans laquelle les anciens étaient fort exer- 
cés, comme je l’ai déja marqué. II parait certain que les Grecs n’ont commencé 
a connaitre l’algébre qu’au temps de Diophante.” (Histoire Générale des Mathé- 
matiques par Charles Bossut, Paris, 1810.) The truth of the last sentence is not 
so clear. 
1 Bulletin des Sciences mathématiques et astronomiques, 1879, p. 261. 


2 Ibid. 
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Diophantos. There is apparently no indication that apiOy0s, in 
the restricted sense appropriated to it by Diophantos, was em- 
ployed by any other extant writer without an epithet to mark 
the use, and certainly dvvapcs as restricted to the square of the 
unknown is Diophantine. But the employment of an unknown 
quantity and calculations in terms of it are found before Dio- 
phantos’ time. To find a thing in general expressions is, with 
Diophantos, to find it é€v dopictw. Cf. the problem Iv. 20. 
But the same word is used in the same sense by Thymaridas in 
his Epanthema. We know of him only through Iamblichos, 
but he probably belongs to the same period as Theon of Smyrna. 
Not only does Thymaridas distinguish between numbers which 
are Wpiopévoe (known) and adpioroe (unknown), but the Hpan- 
thema gives a rule for solving a particular set of simultaneous 
equations of the first degree with any number of variables. 
The artifice employed is the same as in I. 16, 17, of Diophantos, 
This account which Iamblichos gives of the Hpanthema of Thy- 
maridas is important for the history of algebra. For the essence 
of algebra is present here as much as in Diophantos, the “ nota- 
tion” employed by him showing only a very slight advance, 
Thus we have here another proof, if one were needed, that 
Diophantos did not invent algebra. 

Diophantos was acquainted with the solution of a mixed or 
complete quadratic. This solution he promises in the 11th 
Definition to explain later on. But, as we have before remarked, 
the promised exposition never comes, at least in the part of his 
work which we possess. He shows, however, sufficiently plainly 
in a number of problems the exact rule which he followed in 
the solution of such equations. The question therefore arises: 
Did Diophantos himself discover and formulate his purely 
arithmetical rule for solving complete determinate quadratics, 
or was the method in use before his time ? Cossali points out 
that the propositions 58, 59, 84 and 85 of Euclid’s dedouéva 
give in a geometrical form the solution of the equations 
ety= it 


az —a’=b, ax+a2*?=b, and of ; 
ay =b 


It was only necessary to transform the geometry into algebra, in 
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order to obtain Diophantos’ rule; and this might have been 
done by some mathematician intermediate between Euclid and 
Diophantos, or by Diophantos himself. It is quite possible that 
it may have been in this manner that the rule arose; and, if 
that is the case, it is probable that the transformation referred 
to was accomplished by some mathematician not much later than 
Euclid himself; for Heron of Alexandria (circa 100 B.c.) already 
used a similar rule. We hear moreover of a work on quadratic 
equations by Hipparchos (probably circa 161—126 B.c.)*. Thus 
we may conclude that Diophantos’ rule for solving complete 
quadratics was not his discovery. 

§7. But it is not upon Diophantos’ solution of determinate 
equations that the supporters of his claim to originality rely ; 
it is rather that part of his work which forms its main subject, 
namely, Indeterminate or Semi-determinate Analysis. Accord- 
ingly it is to that that the term Diophantine analysis is applied. 
We should therefore look more especially for anticipations of 
Diophantine analysis, if we would be in a position to judge as to 
Diophantos’ originality. 

The foundation of semi-determinate analysis was laid by 
Pythagoras. Not only did he propound the geometrical theorem 
that in a right-angled triangle the square on the hypotenuse is 
equal to the sum of the squares on the other two sides, but he 
applied it to numbers and gave a rule—of somewhat narrow 
application, it is truae—for finding an infinite number of right- 
angled triangles whose sides are all rational numbers. His 
rule, expressed in algebraical form, asserts that if there are 
three numbers of the form 2m? —2m-+1, 2m?—2m, and 2m—1, 
they form a right-angled triangle. This rule applies clearly to 
that particular case only in which two of the numbers differ by 
unity, ie. that particular case of Diophantos’ general form for 
a right-angled triangle (m* +n’, m* — n*®, 2mn) in which m—n=1. 
But Pythagoras’ rule is an attempt to deal with the general 
problem of Diophantos, 11. 8, 9. Plato gives another form for a 


1 Cf, Cantor, pp. 341, 342. The solution of a quadratic was for Heron no 
_ more than a matter of arithmetical calculation. He solved such equations by 
making both sides complete squares. 

2 Cf. Cantor, p. 313. 
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rational right-angled triangle, namely (m’+1, m’—1, 2m), which 
is that particular case of the form used by Diophantos in which 
n=1. Euclid, Book x. prop. 29 is the same problem as Dioph. 
11. 8, 9, Diophantos improving upon Euclid’s solution. In compar- 
ing, however, Euclid’s arithmetic with that of Diophantos we 
should remember that with Euclid arithmetic is still geometry: 
a fact which accounts for his marvellously-developed doctrine of 
irrational and incommensurable numbers. In Diophantos the 
connection with arithmetic and geometry is severed, and irrational 
numbers are studiously avoided throughout his work. 

There is another certain case of the solution of an indeter- 
minate equation of the second degree in rational numbers before 
Diophantos. Theon of Smyrna, in his work Tév cata pabnua- 
TUnY YpHnoipev eis TV TOD [IAaT@vos avayvwow [sc. expositio, 
say the editors], givesa theorem wepi wAsupixdy Kal dvapeTpiK@v 
apiOuev. From this theorem we derive immediately any number 
of solutions of the equations 

27 +1=u7 
2a? —-1= | 


provided that we can find, by trial or otherwise, one solution of 
either. Theon does not make this application of his theorem : 
he solved a somewhat important problem of the second degree 
in indeterminate analysis without knowing it. ‘There is an 
allusion to the doctrine of Side- and Diagonal-numbers in 
Proclus, Comment. on Huclid tv. p. 111. 

§ 8. Such are the data upon which Nesselmann founded his 
view as to the originality of our author. But M. Tannery has 
tried to show, by reference to a famous problem, that still more 
difficult questions in indeterminate analysis had been propounded 
before the time of Diophantos, This problem is known by the 
name of the “Cattle-problem”; it is an epigram, and is com- 
monly attributed to Archimedes. It was discovered by Lessing, 
and his discussion of it may be found in Zur Geschichte und 
Litteratur (Braunschweig, 1773), p. 421 seqq. I have quoted it 
below according to the text given by Lessing’. The title does 


1 T have unfortunately not been able to consult the critical work on this 
epigram by Dr J. Struve and Dr K. L. Struve, father and son (Altona, 1821), 
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not actually imply that Archimedes was the author, Of the 
two divisions into which it falls the second leads to an indeter- 


My information about it is derived at second-hand from Nesselmann. Lessing's 
text can hardly be perfect, but it seems better to give it as it is without emen- 
dation. 
IPOBAHMA 
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minate equation of the second degree. In view of this fact it is 
important for us to discuss briefly the matter and probable date 
of this epigram. Struve does not admit that it can pretend to 
that antiquity which is claimed for it in the title. This we 
may allow without going so far as Kliigel, who makes it as late 
as the introduction of the present decimal system of numeration. 
Nesselmann’s view is that the heterogeneous conditions, which 
are thrown together to render the problem difficult, show that 
the author (if the whole is due to one author) could have had 
no idea how to solve it. Nesselmann is of opinion that the 
editors of the anthology were justified in refusing a place to this 
epigram, that the most one could do would be to admit the 
first part and condemn the latter part as corrupt, and that we 
might fairly regard the whole as unauthentic because even the 
first part could not belong to the age of Archimedes. The first 
part, which falls into two divisions, gives seven equations of the 
first degree for determining eight unknown quantities, namely 
the number of bulls and cows of each of four colours. The 
solution of the first part gives, if (X YZW) are the numbers of the 
bulls, (zyzw) the corresponding numbers of cows, 


X = 10366482 n, x = 7206360 n, 
Y= 74605147, y = 4893246 n, 
Z= 7358060 n, 2 = 3515820 n; 
W= 4149387 n, w = 5439213 n, 


where n is an integer. If we take the smallest possible value 
the number of cattle is sufficiently enormous. The Scholiast’s 
solution corresponds to the value 80 of n, the result being 
“truly,” as Lessing observes, “a tolerably large herd for Sicily.” 
The same might be said of the solution arisig from putting 
nm=1 above. This is surely a curious commentary on M. 
Tannery’s theory above alluded to (pp. 6, 7), that the price of 
the wine in VI. 33 of Diophantos is a sufficient evidence of the 


toravr’ auBodradnv €& évds apxomevor 

oxX7jua TedeLodvTes Td TpLKpdomedov’ odre mpocovTwY 
GAdoxpowy Tatvpwr, or’ émdeurropévwr. 

Tatra cuvetevpay kal évl mparldecow abpoloas 

kal mAnOéwv dmodods, & téve, mavTa pérpa 

&pxeo Kvduwv wKnpdpos’ lot Te mavTws 

kekpiévos Tarn dmmvios év coply. 
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date of the epigram. If the “ Cattle-problem” of which we are 
now speaking were really due to Archimedes, we should, sup- 
posing M. T’annery’s theory to hold good, scarcely have found 
the result in such glaring contradiction to what cannot but 
have been the facts of the case. Nesselmann further argues in 
favour of his view by pointing out (1) that the problem is 
clearly at an end, when it is said that he who solves the 
problem must be not unskilled in numbers, i.e. where I have 
shown the division; and the addition of two new conditions 
with the preface “And yet he could not pretend to proficiency 
in wise calculations” unless he could solve the rest, shows 
the marks of the interpolator on the face of it, and, moreover, 
of a clumsy interpolator who could neither solve the complete 
problem itself, nor even conceal his patchwork. (2) The lan- 
guage and versification are against the authenticity. (3) The 
Scholiast’s solution does not, as it claims, satisfy the whole 
problem, but only the first part. (4) The impossibility of 
solution with the Greek numeral notation and the absurdly 
large numbers show that the author, or authors, could not 
have seen what the effect of the many heterogeneous conditions 
would be. Nesselmann draws the conclusion above stated; and 
we may safely assume, as he says, that this epigram is from the 
historical point of view worthless, and could not, even if it 
were shown to be earlier than the date of Diophantos, be held 
to prove anything against his originality. 

M. Tannery takes the opposite view and uses the epigram 
for the express purpose of proving his assumption that Dio- 
phantos was not an original writer. M. Tannery takes a passage 
attributed to Geminos in which he is describing the distinction 
between Aoyotixyn and apiOuntixy. RoyoTiKy according to 
Geminos Oewpe? Td pév KAnOev vm’ “Apyipurdouvs Boixov mpo- 
Brnpa, TobT0' Sé pndrLtas Kai diaditas apiOpous. Of the two 


1]I do not read rovs as M. Tannery does. He alters rodro, the original 
reading, into rods, simply remarking that rofro is an ‘inadmissible reading.” 
rovro dé is certainly a reading which needs no defence, being exactly what we 
should expect to have. The passage appears to be taken from the Scholia to 
Plato’s Charmides, where, however, Stallbaum and Heiberg read @ewpe! of rotro 
pev 7d KAynOev bm’ "ApxipiSous Boekdy mpoByma, Toro b¢ pyAlras Kai guadlras 
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kinds of problems which are here distinguished as falling 
within the province of Aoyotixn M. Tannery understands 
the first to be indeterminate problems, the type taken («An@ev 
tm’ Apxiuydovs Boixov rpoBdypya) being nothing more or less 
than the very problem we have been speaking of. He states 
that Nesselmann has not appreciated the problem properly, 
and finally that we have here an indubitable reference to an 
indeterminate problem of the second degree (viz. the equation 
8 Aa*+1=y", where A is a very large number) more difficult 
than those of Diophantos. But this statement would seem 
simply to beg the question. For, if the expression of Geminos 
refers to the problem which we are speaking of, it may even 
then only refer to the first part, that is, an indeterminate 
problem of the first degree: M. Tannery has still to show that 
the whole problem is one, and a genuine product of antiquity. 
But I have not found that M. Tannery makes any attempt 
to answer Nesselmann’s arguments; and, unless they are an- 
swered, the conclusion which the latter draws from them cannot 
be said to be invalidated. 

But Nesselmann’s view is also opposed by Heiberg (Quae- 
stiones Archimedeae, 1879). Ido not think, however, that his 
arguments in favour of the authenticity are conclusive; and, 
though answering some, he does not answer all of Nesselmann’s 
objections. With regard to the language Heiberg observes that 
the dialect need not surprise us, for the use by Archimedes of 
the Ionic instead of the Doric dialect for this epigram would 
easily be explained by the common use of the Ionic dialect for 
epic and elegiac poetry’. And he further suggests that, even if 
dp.Ouovs, which seems better than the reading quoted by M. Tannery from 
Hultsch, Heronis Reliquiae, and given above. 

1 Heiberg admits that the language of the title is not satisfactory. He 
points out that év éavypdypacw should go, not with etpdy, but with dméoreue, 
though so far separated from it, and that the use of the plural érvypdupacw is 
unsatisfactory. Upon the reading roikidar lodpiOwov wAHOos Exov Terpaxy (1. 24) 
he observes that by symmetry z should not be equal to four times (1++4)(W+w), 
but to (}+4) (W+w) itself, and, even if that were the case, we should require 
retpdkts. Hence he suggests for this line rroixiNat lodpiOuov rrH00s Exovo’ epdvn. 
(Apparently, to judge from his punctuation, Lessing understood rerpaxyy in 


the sense of ‘‘fourthly.’’) Heiberg explains Xivdov (1. 36) as “‘quadrangulum 
solidum,” by which is meant simply ‘a square,’’ as is clearly indicated by 1. 34. 
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the difficulties as to the language are considered too great, we 
may suppose the problem itself to have been the work of 
Archimedes, the language of it that of some later author. But, 
if Heiberg will go so far as to admit that the language may be 
the work of a later author than Archimedes, it would be no 
more unnatural to suppose that the matter itself of the latter 
part of the problem was also of later date. The suggestion that 
Archimedes could not have solved the whole problem (as com- 
pleted by the two last conditions) Heiberg meets with argu- 
ments which appear to be extremely unsafe. He says that 
Archimedes’ approximations to the value of /3, although we 
cannot see by what process he arrived at them, show plainly 
that his arithmetic was little behind our modern arithmetic, 
and that, e.g., he possessed means of approximation little in- 
ferior to the modern method by continued fractions. Heiberg 
further observes that Archimedes possessed machinery for deal- 
ing with very large numbers. But we are not justified in 
assuming on these two grounds that Archimedes could solve 
the indeterminate equation 8Az’*+1=y", where (Nesselmann, 
p. 488) A =51285802909803, for the solution of which we 
should use continued fractions. I do not think, therefore, that 
Heiberg has made out his case. Hence I should hesitate to 
assume that the problem before us is an indubitable case, 
previous to Diophantos, of an indeterminate equation of the 
second degree more difficult than those treated by him. 

The discussion of the “ Cattle-problem” as possibly throwing 
some light on the present question would seem to have added 
nothing to the arguments previously stated ; and the question 
of Diophantos’ originality may be considered to be unaffected by 
anything that has been said about the epigram. 

We may therefore adopt, with little or no variation, Nessel- 
mann’s final result, that he is far from believing that Diophantos 
merely worked up the materials of others. On the contrary he 
is convinced that the greater part of his propositions and his 
ingenious methods are his own. There is moreover an “ Indivi- 
duum” running through the whole work which strongly confirms 
this conclusion. 


10..-2 


CHAPTER VIII. 
DIOPHANTOS AND THE EARLY ARABIAN ALGEBRAISTS. 


$1. I propose in this chapter to examine briefly the indica- 
tions which are to be found in certain Arabian algebraists of in- 
debtedness to, or points of contact with, Diophantos. And in 
doing so I shall leave out of consideration the Arabic translations 
of his work or commentaries thereupon. These are, so far as 
we know, all lost, and such notices of them as we have I have 
given in Chapter I. of this Essay (pp. 39—42). Our histori- 
cal knowledge of the time and manner in which Diophantos 
became known to the Arabs is so very scanty as to amount 
almost to nothing: hence the importance of careful comparison 
of the matter, methods, and mode of expression of Diophantos 
with those of the important representatives of early Arabian 
algebra. Now it has been argued that, since the first transla- 
tion of Diophantos into Arabic that we know of was made by 
Abu’l-Wata, who lived a.pD. 940—998, while Mohammed ibn 
Miusa’s algebraical work belongs to the beginning of the 9th 
century, Arabian algebra must have been developed inde- 
pendently of that of the Greeks. This conclusion, however, is 
not warranted by this evidence. It does not follow from the 
want of historical proof of connection between Greek and 
Arabian algebra that there was no such connection; and it is to 
internal evidence that we must look for the correction of this 
misconception. I shall accordingly enumerate a number of 
points of similarity between the Arabian algebraists and Dio- 
phantos which would seem to indicate that the Arabs were 
acquainted with Diophantos and Greek algebra before the time 
of Mohammed ibn Misa, and that in Arabian algebra generally, 
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at least in its beginnings, the Greek element greatly predomi- 
nated, though other elements were not wanting, 

§2. The first Arabian who concerns us here is Mohammed 
ibn Musa Al-Kharizmi. He wrote a work which he called 
Aljabr walmukdbala, and which is, so far as we know, not only the 
first book which bore such a title, but (if we can trust Arabian 
notices) was the first book which dealt with the subject indi- 
cated thereby. Mohammed ibn Misa uses the words aljabr and 
almukabala without explanation, and, curiously enough, there 
is no application of the processes indicated by the words in the 
theoretical part of the treatise: facts which must be held to 
show that these processes were known, to some extent at least, 
even before his time, and were known by those names. A mere 
translation of the two terms jabr and mukdbala does not of itself 
give us any light as to their significance. Jabr has been trans- 
lated in Latin by the words restauratio and restitutio, and in 
German by “Wiederherstellung”; mukabala by oppositio, or 
“comparison,” and in German by “Gegeniiberstellung.” Fortu- 
nately, however, we have explanations of the two terms given 
by later Arabians, who all agree as to the meaning conveyed by 
them*. When we have an algebraical equation in which terms 
affected with a negative sign occur on either side or on both 
sides, the process by which we make all the terms positive, ice. 
adding to both sides of the equation such positive terms as will 
make up the deficiencies, or absorb the negative ones, is jabr or 
restauratio. When, again, we have by jabr transformed our 
equation into one in which all the terms are positive, the 
process by which we strike out such terms as occur on both 
sides, with the result that there is, finally, only one term con- 


1 Rosen gives, in his edition of The Algebra of Mohammed ben Musa, a 
number of passages from various authors explaining aljabr and almukdbala. 
I shall give only one, as an example. Rosen says “ In the Kholaset al Hisab, a 
compendium of arithmetic and geometry by Baha-Eddin Mohammed ben Al 
Hosain, who died a.u. 1031, ie. 1575 a.p., the Arabic text of which, together 
with a Persian commentary by Roshan Ali, was printed at Calcutta (1512, Svo), 
the following explanation is given: ‘ The side (of the equation) on which some- 
thing is to be subtracted, is made complete, and as much is to be added to the 
other side; this is jebr; again those cognate quantities which are equal on both 
sides are removed, and this is mokabalah’.” 
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taining each power of the unknown, i.e. subtracting equals from 
equals, is mukdabala, oppositio or “comparison.” Such was the 
meaning of the terms jabr and mukabala; and the use of these 
words together as the title of Mohammed ibn Misia’s treatise is 
due to the continual occurrence in the science there expounded 
of the processes so named. It is true that in the theoretical 
part of it he assumes that the operations have been already 
completed, and accordingly divides quadratic equations at once 
into six classes, viz. 


axv’=bx, axz*=c, bxa=c, 
v+bx=c, 27+c=b2, 2*=br+<¢, 


but the operations are nevertheless an essential preliminary. 
Now what does Diophantos say of the necessary preliminaries 
in dealing with an equation? “If the same powers of the un- 
known with positive but different coefficients occur on both 
sides, we must take like from like until we have one single ex- 
pression equal to another. If there are on both sides, or on 
either side, negative terms, the defects must be added on both 
sides, until the different powers occur on both sides with posi- 
tive coefficients, when we must take like from like as before. 
We must contrive always, if possible, to reduce our equations so 
that they may contain one single term equated to one other. 
But afterwards we will explain to you how, when two terms are 
left equal to a third, such an equation is solved.” (Def. 11.) 
Here we have an exact description of the operations called by 
the Arabian algebraists aljabr and almukdbala. And, as we 
said, these operations must have been familiar in Arabia before 
the date of Mohammed ibn Misa’s treatise. This comparison 
would, therefore, seem to suggest that Diophantos was well 
known in Arabia at an early date. 

Next, with regard to the names used by Mohammed ibn 
Misa for the unknown quantity and its powers, we observe that 
the known quantity is called the “Number”; hence it is no 
matter for surprise that he has not used the word corresponding 
to dpOuds for his unknown quantity. He uses shai (“thing”) 
for this purpose or jidr (“root”). This last word may be a 
translation of the Indian mila, or it may be a recollection of the 
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pif of Nikomachos. But we can say nothing with certainty 
as to the connection of the three words. For the square of the 
unknown he uses mal (translated by Cantor as “Vermégen,” 
“ Besitz,” equivalent to “power”), which may very well be a 
translation of the dvvapis of Diophantos. 

M. Rodet comments in his article L’algebre d’Al-Khdrizmi 
(Journal Asiatique, 1878) upon the expression used by Moham- 
med ibn Musa for minus, with the view of proving that it is as 
likely to be a reminiscence of Diophantos as a term derived 
from India’. 

The most important point, however, for us to examine here 
is the solution of the complete quadratic equation as given by 
Diophantos and as given by Mohammed ibn Misa. The latter 
gives rules for the solution of each of the forms of the quadratic 
according to his distinction ; and each of these forms we find in 
Diophantos. After the rules for the three forms of the complete 
quadratic Mohammed ibn Misa gives geometrical proofs of 
them. Now in Greece it was the practice to work out theorems 


1 He says (pp. 31, 32) ‘‘ Le mot dont il se sert pour désigner les termes d’une 
équation affectés du signe — est naqis, qui signifie, comme on le sait, ‘ manquant 
de, privé de’: un amputé, par exemple, est ndqis de son bras ou de sa jambe ; 
e’est done trés-improprement qu’Al-Kharizmi emploie cette expression pour 
désigner ‘la partie enlevée’...Aussile mot en question n’a-t-il plus été employé 
par ses successeurs, et Beha ed-Din qui, au moment d’exposer la régle des signes 
dans la multiplication algébrique, avait dit: ‘s’il y a soustraction, on appelle 
ce dont on soustrait 2@id (additif), et ce que l’on soustrait ndgis (manquant 
de), ne nomme plus dans la suite les termes négatifs que ‘les séparés, mis A 
part, retranchés.’ 

D’ou vient ce mot néqis? Ilrépond, si l’on veut, au sanscrit tinas ou au 
préfixe vi- au moyen desquels on indique la soustraction : vyékas ou ékonas veut 
dire ‘dont on a retranché,’ mais l’adjectif dinas se rapporte ici au ‘ce dont on 
a retranché’ de Beha ed-Din, et non A la quantité retranchée. Or, le grec 
posséde et emploie en langage algébrique une expression tout 4 fait ana- 
logue, c’est ladjectif é\\ur7js, dont Diophant se sert, par exemple, pour 
définir le signe de la soustraction ~: y éd\urés Kdrw veiov, ‘un y incomplet 
incliné vers le bas.’ L’arabe, j’en prends a témoin tous les arabisants, tra- 
duirait é\Aur7s par en-néqis. Dans Vindication des opérations algébriques 
Diophant lit, & la place de son signe @, év elec: movddes B év Neyer dpOuob 
évés, dit-il; mot-d-mot: ‘2 unités manquant d’une inconnue,’ pour exprimer 
2-2. Done, s'il est possible qu’Al-Kharizmi ait emprunté, sauf l'emploi qu'il 
en fait, son ndyis au sanscrit vinas, il pourrait tout aussi bien se faire qu'il 
Vefit pris au grec év Nel pe,” 
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concerned with numbers by the aid of geometry; even in Dio- 
phantos we find the geometrical method employed for the 
treatise on Polygonal Numbers and a trace of it even in the Arith- 
metics, although the separation between geometry and algebra 
is there complete. On the other hand, the Indian method was 
to employ algebra for working out geometrical propositions, and 
algebra reached a far higher degree of development in India 
than in Greece, though it is probable that even India was in- 
debted to Greece for the first principles. Hence we should 
naturally consider the geometrical basis of early Arabian algebra 
as a sign of obligation to Greece. This supposition is supported 
by a very remarkable piece of evidence adduced by Cantor. It 
is based on the letters used by Mohammed ibn Misa to mark 
the points in the geometrical figures used to prove his rules. 
The very use of letters in a geometrical figure is Greek, not 
Indian; and the letters which are used are chosen in what 
appears to be, at first sight, a strange manner. The Arabic 
letters here used do not follow the order of the later Arabian 
alphabet, an order depending on the form of the letters and the 
mode of writing them, nor is their order quite explained by the 
original arrangement of the Arabian alphabet which corresponds 
to the order in the other Semitic languages. If however we 
take the Arabic letters used in the figures and change them 
respectively into those Greek letters which have the same nu- 
merical value, the series follows the Greek order exactly, and 
not only so, but agrees with it in excluding s and. But what 
reason could an Arab have had for refusing to use the particular 
letters which denoted 6 and 10 for geometrical figures? None, 
so far as we can see. The Greek, however, had a reason for 
omitting the two letters ¢ and «, the former because it was 
really no longer regarded as a letter, the latter because it was a 
mere stroke, 1, which might have led to confusion. We can 
hardly refuse to admit Cantor’s conclusion from this evidence 
that Mohammed ibn Misa’s geometrical proofs of his rules for 
solving the different forms of the complete quadratic are Greek. 
And it is, moreover, a reasonable inference that the Greeks 
themselves discovered the rules for the solution of a complete 
quadratic by means of geometry. We thus have a confirmation 
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of the supposition as to the origin of the rules used by Diophan- 
tos, which was mentioned above (pp. 140, 141), and we may pro- 
perly conclude that algebra, as we find it in Diophantos, was the 
result of a continuous development which extended from the 
time of Euclid to that of Heron and of Diophantos, and was 
independent of external influences. 

I now pass to the consideration of the actual rules which 
Mohammed ibn Misa gives for the solution of the complete 
quadratic, as compared with those of Diophantos. We remarked 
above (p. 91) that Diophantos would appear, when solving the 
equation aa + br =c, to have first multiplied by a throughout, 
so as to make the first term a square, and that he would, with 


ees 


b 
: ‘ 2 
our notation, have given the root in the form 





a 
Mohammed ibn Misa, however, first divides by a throughout: 
“The solution is the same when two squares or three, or more 
or less, be specified ; you reduce them to one single square and 
in the same proportion you reduce also the roots and simple 
numbers which are connected therewith'” This discrepancy 
between the Greek and the Arabian algebraist is not a very 
striking or important one; but it is worth while to observe that 
Mohammed ibn Misa’s rule is not the early Indian one; for 
Brahmagupta (born 598) sometimes multiplies throughout by a 
like Diophantos, sometimes by 4a, which was also the regular 
practice of Cridhara, who thus obtained the root in the form 
Jb? + 4ac —b 

2a ; 
by Bhaskara. Another apparent discrepancy between Moham- 


-med ibn Misa and Diophantos lies in the fact that Diophantos 
never shows any sign, in his book as we have it, of recognising 
two roots of a quadratic, even where both roots are positive and 
real, and not only when one of them is negative: a negative or 
irrational value he would, of course, not recognise ; unless an 
equation has a real positive root it is for Diophantos “impossible.” 
Negative and irrational roots appear to be tacitly put aside by 


This rule of Gridhara’s is quoted and followed 








1 Rosen, The Algebra of Mohammed ben Musa, p. 9. 
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Mohammed ibn Misa and the earliest Indian algebraists, though 
both Mohammed ibn Misa and the Indians recognise the exist- 
ence of two roots. The former undoubtedly recognises two roots, 
at least in the case where both are real and positive. His most 
definite statement on this subject is given in his rule for the 
solution of the equation z* + c=dz, or the case of the quadratic 
in which we have “Squares and Numbers equal to Roots; for 
instance, ‘a square and twenty-one in numbers are equal to ten 
roots of the same square.’ That is to say, what must be the 
amount of a square, which when twenty-one dirhems are added 
to it, becomes equal to the equivalent of ten roots of that square? 
Solution: Halve the number of the roots; the moiety is five. 
Multiply this by itself; the product is twenty-five. Subtract 
from this the twenty-one which are connected with the square ; 
the remainder is four. Extract its root; it istwo. Swbtract this 
from the moiety of the roots, which is five; the remainder is 
three. This is the root of the square which you required, and 
the square is nine. Or you may add the root to the movety of 
the roots; the sum is seven; this is the root of the square which 
you sought for, and the square itself is forty-nine. When you 
meet with an instance which refers you to this case, try its solu- 
tion by addition, and if that do not serve, then subtraction cer- 
tainly will. For in this case both addition and subtraction may 
be employed, which will not answer in any other of the three 
cases in which the number of the roots must be halved. And 
know that, when in a question belonging to this case you have 
halved the number of roots and multiplied the moiety by itself, 
if the product be less than the number of dirhems connected 
with the square, then the instance is impossible; but if the pro- 
duct be equal to the dirhems by themselves, then the root of 
the square is equal to the moiety of the roots alone, without 
either addition or subtraction. In every instance where you 
have two squares, or more or less, reduce them to one entire 
square, as I have explained under the first case’.” This defi- 
nite recognition of the existence of two roots, if Diophantos 
could be proved not to have known of it, would seem to show 


' Quoted from The Algebra of Mohammed ben Musa (ed. Rosen), pp. 11, 12. 
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that Mohammed ibn Misa could here have been indebted to 
India only. Rodet, however, remarks that we are not justified 
in concluding from the evidence that Diophantos did not know 
of the existence of two roots: in the cases where one is negative 
we should not expect him to mention it, for a negative root is 
for him “impossible,” and in certain cases mentioned above (p. 
92) one of the positive roots is irrelevant. Rodet further ob- 
serves that Mohammed ibn Misa, while recognising in theory 
two roots of the equation * + c¢= ba, uses in practice only one, 
and that (curiously enough) in all instances the root correspond- 
ing to the sign minus of the radical. This statement however 
is not quite accurate, for in some examples of the rule which 
we quoted above he gives two possible values’. 

Mohammed ibn Misa, being the first writer of a treatise 
on algebra, so far as we know, is for obvious reasons the most 
important for the purposes of this chapter. If the influence of 
Diophantos and Greek algebra upon the earliest Arabian algebra 
is once established, it is clearly unnecessary to search so carefully 
in the works of later Arabians for points of connection with our 
author. For, his influence having once for all exerted itself, 
the later developments would naturally be the result of other 
and later influences, and direct reminiscences of Diophantos 
would disappear or be obscured. I shall, therefore, mention 
only a few other Arabian authors, and those with greater 
brevity. 

§3. Abu’l-Wafa Al-BUzjani we have already had occasion 
to mention (pp. 40, 41) as a translator of Diophantos and a 
commentator on his work. As then he studied our author so 
thoroughly it would be only natural to expect that his works 
would abound in reminiscences of Diophantos. On Abu'l-Wafa 
perhaps the most important authority is Wépcke. It must suffice 
to refer for details to his articles®. 

§4. An Arabic s. bearing the date 972 is concerned with 
the theory of numbers throughout and particularly with the 
formation of rational right-angled triangles. Unfortunately the 


1 Cf. Rosen’s edition, p. 42. 
2 Cf. in particular the articles on Mathématiques chez les Arabes (Journal 
Asiatique for 1855). 


156 DIOPHANTOS OF ALEXANDRIA. 


beginning of it is lost, and with the beginning the name of the 
author. In the fragment we find the problem To find a square 
which, when increased or diminished by a given number, is again 
a square proposed and solved. The author of the fragment 
was undoubtedly an Arabian, and it would probably not be rash 
to say that much of it was based on Diophantos. 

§ 5. Again, Abu Ja‘far Mohammed ibn Alhusain wrote 
a treatise on rational right-angled triangles at a date probably 
not much later than 992. He gives as the object of the whole 


the investigation of the problem just mentioned. It is note- 


worthy (says Cantor) that a geometrical explanation of the 
solution of this problem makes use of similar principles to those 
which we could trace in Mohammed ibn Misa’s geometrical 
proofs of the solution of the complete quadratic, and he further 
definitely alludes to Euclid u. 7. If we consider the use of 
right-angled triangles as a means of finding solutions of this 
problem, and ¢,, c, be the two sides of a right-angled triangle 
which contain the right angle, then c,° +,’ is the square of the 
hypotenuse, and ¢,* +c,” + 2c,c, is a square. Hence, says Ibn Al- 
husain, c,” + ¢,’ is a square which, when increased or diminished 
by the same number 2¢,¢,, is still a square. Diophantos says 
similarly that “in every right-angled triangle the square of the 
hypotenuse remains a square when double the product of the 
other two sides is added to, or subtracted from, it.” (III. 22.) 

§ 6. Lastly, we must consider in this connection the work of 
Alkarkhi, already mentioned (pp. 24, 25). We possess two 
treatises of his, of which the second is a continuation of the 
first. The first is called Al-Ka@fi fil hisab and is arithmetical, 
the second is the Fakhri, an algebraic treatise. Cantor points 
out that, when we compare Alkarkhi’s arithmetic with that of 
certain Arabian contemporaries and predecessors of his, we see 
a marked contrast, in that, while others used Indian numeral 
signs and methods of calculation, Alkarkhi writes out all his 
numbers as words, and draws generally from Greek sources 
rather than Indian. The advantages of the Indian notation as 
compared with Greek in securing clearness and compactness of 
work were so great that we might naturally be surprised to see 
Alkarkhi ignoring them, and might wonder that he could have 
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been unaware of them or have undervalued them so much. 
Cantor, however, thinks that the true explanation is, not that he 
was ignorant of the Indian arithmetical methods and notation or 
underestimated their advantages, but that Alkarkhi was a repre- 
sentative of one of two mathematical schools in Arabia, the 
Greek and the Indian. Alkarkhi was not the solitary repre- 
sentative of the Greek arithmetic; he was not merely an excep- 
tion to an otherwise universal acceptation of the Indian method. 
He was rather, as we said, a representative of one of two schools 
standing in contrast to each other. Another representative of 
the Greek school was Abu’l-Wafa, who also makes no use of 
ciphers in his arithmetic. Even in Alkarkhi’s arithmetical 
treatise, as in the works of Abu’l-Wafa, there are not wanting 
certain Indian elements. These could hardly by any means 
have been avoided, at any rate as regards the matter of their 
treatises; but the Greek element was so predominant that, prac- 
tically, the other may be neglected. 

But the real importance of Alkarkhi in this connection centres 
in his second treatise, the Fakhri. Here again he appears as 
an admiring pupil of the Greeks, and especially of Diophantos, 
whom he often mentions by name in his book. The Fakhri 
consists of two parts, the first of which may be said to contain 
the theory of algebra, the second the practice of it, or the 
application to particular problems. In both parts we find 
Diophantos largely made use of. Alkarkhi solves in this treatise 
not only determinate but indeterminate equations, so that he 
may be taken as the representative of the Arabian indeter- 
minate analysis. In his solutions of indeterminate equations 
of the first and second degrees we find no trace of Indian methods. 
Diophantos is the basis upon which he builds, but he has also 
extended the Greek algebraist. If we refer to the account 
which the Italian algebraists give of the evolution of the 
successive powers of the unknown quantity in the Arabian 
system, we shall see (as already remarked, p. 71, n. 1) that 
Alkarkhi is an exception to the adoption of the Indian system 
of generation of powers by the multiplication of indices. He 
uses the additive system, like Diophantos. The square of the un- 
known being mal, and the cube ka‘b, the succeeding powers are 
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mal mal, mal kab, kab kab, mal mal ka‘b, mal kab kab, ka‘b kab 
ka‘b, &e. Alkarkhi speaks of the six forms of the quadratic which 
Mohammed ibn Misa distinguished and explains at the same 
time what he understands by jabr and mukabala. He appears 
to include both processes under jabr, understanding rather by 
mukdbala the resulting equation written in one of the six 
forms. Among the examples given by Alkarkhi are 2*+102=39, 
and «?+ 21 =10z, both of which occur in Mohammed ibn Misa. 
Alkarkhi has two solutions of both, the first geometrical, the 
second (as he expresses it) “after Diophantos’ manner.” The 
second of the two equations which we have mentioned he 
reduces to 2” —10%2 +25 =4, and then, remarking that the first 
member may be either (#—5)* or (5—«a)’, he gives the two 
solutions «=7, and «=3. The remarkable point about his 
treatment of this equation is his use of the expression “ after 
Diophantos’ manner” applied to it. We spoke above (p. 92) 
of the doubt as to whether Diophantos knew or did not know 
of the existence of two roots of a quadratic. But Alkarkhi’s 
expression “after Diophantos’ manner” would seem to settle 
this question beyond the possibility of a doubt; and perhaps 
it would not be going too far to take his words quite literally 
and to suppose that the two examples of the quadratic of which 
we are speaking were taken directly from Diophantos. If so, 
we should have still more direct proof of the Greek origin of 
Mohammed ibn Misa’s algebra. On the other hand, however, 
it must be mentioned that of two geometrical explanations of 
the equation 2*+10xz=39 which Alkarkhi gives one cannot 
be Greek. In the first of the two he derives the solution directly 
from Euclid, 11.6; and this method is therefore solely Greek. 
But in the second geometrical solution he employs one line to 
represent z*, another to represent 10x, and a third to represent 
100. This confusion of dimensions is alien from the Greek 
manner; we must therefore suppose that this geometrical 
solution is an Arabian product, and probably a discovery of 
Alkarkhi himself. 

As an instance of an indeterminate equation treated by 
Alkarkhi we may give the equation ma*+na+p=y". He 
gives as a condition for the solution that either m or p must be 
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a square. He then puts for y a binomial expression, of which 
one term is either mz’ or Ap. This is, as we have seen, 
exactly Diophantos’ procedure. 

With regard to the collection of problems, which forms the 
second part of the Fakhri, we observe that Alkarkhi only 
admits rational and positive solutions, excluding even the value 
0. In other cases the solution is for Alkarkhias for Diophantos 
“impossible.” Many of the problems in indeterminate analysis 
are taken directly from Diophantos, and are placed in the order 
in which they are there found. Of a marginal note by Alsiraj 
at the end of the fourth section of the second part of the treatise 
we have already spoken (p. 25). 


ADDENDUM. 


In the note beginning on p. 64 I discussed three objections urged by 
Mr James Gow in his History of Greek Mathematics against my suggestion 
as to the origin of the symbol ~ for dpi@uds. The second of these objections 
asserted that it is of very rare occurrence, and is not found in the mss. of 
Nikomachos and Pappos, where it might most naturally be expected. In reply 
to this, I pointed out that it was not in the least necessary for my theory that 
it should occur anywhere except in Diophantos ; and accordingly I did not 
raise the question whether the symbol was found in mss. so rarely as Mr Gow 
appears to suppose. Since then I have thought that it would be interesting to 
inquire into this point a little further, without, however, going too far afield. 
While reading Heiberg’s Quaestiones Archimedeae in connection with the Cattle- 
problem discussed in chapter vit. it occurred to me that the symbol for dpcOuds 
would be likely to be found, if anywhere, in the mss. of the De arenae numero 
libellus of Archimedes, which Heiberg gives at the end of the book, and that, if 
it did so occur, Heiberg’s textual criticisms would place the matter beyond 
doubt, without the necessity of actually collating the mss. My expectation 
proved to be fully justified ; for it is quite clear that the symbol occurred in the 
mss. of this work of Archimedes rather frequently, and that its form had given 
rise to exactly the same confusion and doubt as in the case of Diophantos. I 
will here give references to the places where it undoubtedly occurred. See the 
following pages in Heiberg’s book. 


p. 172. 


p. 174. Heiberg reads dpiOycv, with the remark ‘cai omnes.” But the 
similarity of the signs for dps@ués and xal is well known, and it 
could hardly be anything else than this similarity which could 
cause such a difference of readings. 


p. 187. Heiberg’s remark ‘‘ apiOuav om. codd. Bas. R; excidit ante s (xal)”’ 
speaks for itself. Also on the same page ‘‘dpiOudv] ss FBC.” 

p. 188. ss three times for dpiOuar. 

p. 191. Here there is a confusion between $ (six) and dpidués, where 
Heiberg remarks, ‘‘Error ortus est ex compendio illo uerbi dpiO pds, 
de quo dixi ad I, 3.” 

p. 192. éddrrwy and dp.Ouds given as alternative readings, with the obser- 
vation, ‘‘ Confusa sunt compendia.” 


Thus it is clear that the symbol in question occurs tolerably often in the mss, 
of another arithmetical treatise, and that the only one which I have investigated 
in this connection: a fact which certainly does not support Mr Gow’s statement 
that it is very rarely found. 








APPENDIX. 


ABSTRACT OF THE ARITHMETICS AND THE 
TRACT ON POLYGONAL NUMBERS. 








DIOPHANTOS. ARITHMETICS. 


BOOK I. 
Introduction addressed to Dionysios. 


Definitions. 

1. “Square” and “side,” “cube,” ‘“square-square,” &e, 

2. ‘*Power.” Notation 8°, x*, 55%, dx, Kx®, p®, o. 

3. Corresponding fractions, the reciprocals of the former ; names 
used corresponding to the “ numbers.” 

_ 4, “Number”x‘Number”=square. Square x square = “square- 

square,” &ec. 

5. ‘Number ” x corresponding fraction = unit (jovds), 

6. ‘Species ” not changed by multiplication with monads. 


i. . ‘ , 
Reciprocal x reciprocal = reciprocal square, &e. 
8 ? 


9. Minus multiplied by minus gives plus. Notation for minus, m. 
10. Division. Remark on familiarity with processes. 
11. Simplification of equations. 


Problems, 
1. Divide a given number into two having a given difference. 
Given number 100, given difference 40, 
Lesser number required z Therefore 
2a + 40 = 100, 
o= 30, 
The required numbers are 70, 30. 
2, To divide a given number into two having a given ratio. 
Given number 60, giver ratio 3 : |. 
Two numbers a, 3a. ‘Therefore «= 15. 
The numbers are 45, 15, 
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3. To divide a given number into two having a given ratio and 
difference ’. 
Given number 80; ratio 3 : 1; difference 4. 
Smaller number x, Therefore the larger is 3x+4, #=19. 
The numbers are 61, 19. 
4, Find two numbers in a given ratio, their difference also being 
given, 
Given ratio 5 : 1. Difference 20. 
Numbers 5z, « Therefore «=5, and the numbers are 25, 5. 
5. To divide a given number into two such that the sum of 
given fractions (not the same) of each is a given number. 
Necessary condition. The latter given number must lie between 
the numbers arising when the given fractions are taken of the first 
given number. 


First given number 100, given fractions A and - given 


3 
sum 30. 
Second part 5x. Therefore first part = 3 (30-2). 
Therefore 90 +24¢= 100, x=5. 


The required parts are 75, 25. 


6. To divide a given number into two parts, such that a given 
fraction of one exceeds a given fraction of the other by a given 
difference. 

Necessary condition. The latter number must be less than that 
which arises when that fraction of the first number is taken which 
exceeds the other fraction. 


Given number 100 ; fractions : and _ respectively ; excess 20, 


Second part 6%. Therefore 10x+80=100, a= 2, and the 
parts are 88, 12. 
7. From the same (required) number to take away two given 
numbers, so that the remainders are in a given ratio. 
Given numbers 100, 20; ratio 3 : 1. 
x required number. Therefore 
x—100 :2-20=1: 3, «w=140. 
8. To two given numbers to add the same (required) number, so 
that the sums are in a given ratio. 


1 By this Diophantos means “ such that one is so many times the other plus 
a given number.” 
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Condition. This ratio must be less than that of the greater given 
number to the smaller. 
Given numbers 100, 20, given ratio 3 : 1. 
x required number. Therefore 
3a+60=a2+100, and a= 20. 


9. From two given numbers to subtract the same (required) one 
so that the two remainders are in a given ratio. 
Condition. This ratio must be greater than that of the greater 
given number to the smaller, 
Given numbers 20, 100, ratio 6 ; 1. 
x required number. Therefore 
120 -—6x= 100-2, and «=4, 


10. Given two numbers, to add the same (required) number to 
the smaller, and subtract it from the larger, so that the sum in 
the first case may have to the difference in the second a given 
ratio. 

Given numbers 20, 100, given ratio 4 : 1. 
x required number, Therefore 
20+a2 : 100—v2=4: 1, and 2=76. 


11. Of two given numbers to add the first to, and subtract the 
second from, the same (required) number, so that the numbers which 
arise may have a given ratio, 

Given numbers 20, 100 respectively, ratio 3 ; 1. 
x required number. Therefore 
32 — 300=a2+20, and x= 160. 


12. To divide a given number twice into two parts, such that 
the first of the first pair may have to the first of the second a given 
ratio, and also the second of the first pair to the second of the second 
another given ratio. 

Given number 100, ratio of greater of first parts to less of 
second 2 ; 1, ratio of greater of second parts to less of 


firsb 2S), 
x smaller of second parts. The parts then are 
: ag et and eis 62) mherefore 300-52=100, z= 40, 


and the parts are (80, 20), (60, 40). 


13. To divide a given number thrice into two parts, such that one 
of the first parts and one of the second parts, the other of the second 
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parts and one of the third parts, the other of the third parts and the 
remaining one of the first parts, are respectively in given ratios. 
Given number 100, ratio of greater of first parts to less of 
second 3 : 1, of greater of second to less of third 2 : 1, 
and of greater of third to less of first 4 : 1. 
x smaller of third parts. Therefore greater of second = 2a, 
less of second= 100-2, greater of first = 300-62. 
Therefore less of first = 6a — 200, 
Hence greater of third = 24x — 800. 
Therefore 25a-—800=100, w=36, 
and the respective divisions are (84, 16), (72, 28), (64, 36). 


14. To find two numbers such that their product has to their 
sui a given ratio. [One is arbitrarily assumed subject to the] 
Condition. The assumed value of one of the two must be greater 
than the numerator of the ratio [the denominator being 1]. 
Ratio 3: 1. # one number, the other 12 (>3). Therefore 
12%=32+ 36, w=4, 
and the numbers are 4, 12. 
15. To find-two numbers such that each after receiving from the 
other a given number may bear to the remainder a given ratio, 
Let the first receive 30 from the second, ratio being then 2 : 1, 
and the second 50 from the first, ratio being then 3 : 1. 
«+30 the second. Therefore the first = 2x - 30, 
and «+80: 2a-80=3: 1. 
Therefore x = 64, and the numbers are 98, 94. 
16. To find three numbers such that the sums of each pair are 
given numbers. 
Condition. Half the sum of all must be greater than any one singly. 
Let (1) +(2) = 20, (2)+(3)=30, (3) +(1)= 40. 
x the sum of the three. ‘Therefore the numbers are 
a — 30, «— 40, w—- 20. 
Hence the sum «= 32-90. Therefore a= 45, 
and the numbers are 15, 5, 25. 
17. To find four numbers such that the sums of all sets of three 
are given. 
Condition. One third of the sum of all must be greater than 
any one singly. 
Sums of threes 22, 24, 27, 20. 
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x the sum of all four. Therefore the numbers are 
w—22, w«-24, w-27, x—- 20. 

Therefore 4% -—93=a, «= 31, 

and the numbers are 9, 7, 4, 11. 


18. To find three numbers such that the sum of any pair 
exceeds the third by a given number. 
Given excesses 20, 30, 40. 
2a sum of all, e=45, The numbers are 25, 35, 30. 


19. [A different solution of the foregoing problem. | 


20. To find four numbers such that the sum of any three exceeds 
the fourth by a given number. 


Condition. Half the sum of the four given differences must be 
greater than any one of them. 
Given differences 20, 30, 40, 50. 
2x the sum of the four required numbers. ‘Therefore the 
numbers are 
zx—10, «-15, x—20, x— 25. 
Therefore 4z—70 = 2a, and «= 35, 
Therefore the numbers are 25, 20, 15, 10. 


21. [Another solution of the foregoing. } 


22. To divide a given number into three, such that the sum 
of each extreme and the mean has to the remaining extreme a given 
ratio. 

Given number 100 ; (1)+(2)=3. (3), (2)+(3)=4. (1). 

x the third. Hence the sum of first and second =3z, There- 
fore 4a = 100. 

x = 25, and the sum of the first two = 75. 

y the first’. Therefore (2)+(3)=4y. Therefore 5y=100, 
y=20. The required parts are 20, 55, 25. 


23. To find three numbers such that the greatest exceeds the 
middle number by a given fraction of the least, the middle exceeds 
the least by the same given fraction of the greatest, but the least 
exceeds the same given fraction of the middle number by a given 
number. 


1 As already remarked on pp. 80, 81, Diophantos does not use a second 
syllable for the unknown, but uses dpsOuds for the second operation as well as 
for the first. 
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Condition. The middle number must exceed the least by such a 
fraction of the greatest, that if its denominator be multiplied into 
the excess of the middle number over the least, the result is greater 
than the middle number. 


Greatest exceeds middle by : of least, middle exceeds least by 


; of greatest, least exceeds : of middle by 10. 


x+10 the least. Therefore middle = 3x, greatest = 6a — 30. 
Therefore x = 124, 
and the numbers are 45, 374, 223. 


24. [Another solution of the foregoing. ] 
25. To find three numbers such that, if each give to the next 


following a given fraction of itself, in order, the results after each has 
given and taken may be equal. 


: of itself to third, 


Let first give : of itself to second, second 4 


3 
third : of itself to first. 


Assume the second to be a number divisible by 4, say 4. 
3x the first, and a=2. The numbers are 6, 4, 5. 


26. Find four numbers such that, if each give to the next 
following a given fraction of itself, the results may all be equal. 


Let first give : of itself to second, = = : being the other 
fractions. 


Assume the second to be a multiple of 4, say 4. 
3a the first. The second after giving and taking becomes a + 3. 


ae ee 
Therefore first after giving « to second and receiving 6 of 


fourth =a + 3, 
Therefore fourth =18—6. And fourth after giving 3-2 


to first and receiving : of third=a+3. Therefore third 


= 30x — 60. 
Lastly the third after giving 6-12 to fourth and receiving 
1 from second = «+3. Therefore 
50 


240-47 = a2+3, @= 53° 
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5 2 
Therefore the numbers are - : “pa: a es ee : 
or, multiplying by the common denominator, 150, 92, 120, 114. 


27. To find three numbers such that, if each receives a given 
fraction of the sum of the other two, the results are all equal. 


: A the sum of the second and third 
is assumed to be 3, and & put for the first. 
The numbers are, after multiplying by a common denominator, 
#3,,17,, 18. 
28. To find four numbers such that, if each receives a given 
fraction of the sum of the remaining three, the four results are 
equal. 


The fractions being 


1 1 
3? 425? G? We assume the sum of 
the last three numbers to be 3, 
Putting x for the first, Diophantos finds in like manner that 
numbers are 47, 77, 92, 101. 

29. Given two numbers, to find a third which, when multiplied 
by each successively, makes one product a square and the other the 
side of that square. 

Given numbers 200, 5. 
x required number, 200x= (5x), «= 8. 


The given fractions being 


30. To find two numbers whose sum and whose product are 
given. 
Condition. Zhe square of half the sum must exceed the product 
by a square number, éor 5¢ trodTo TAacpaTiKdv’. 
Given sum 20, product 96. 
2x the difference of the required numbers. 
Therefore numbers are 10+a, 10 —a. 
Hence 100 — a = 96. 
Therefore «= 2, and the difference = 4. The required numbers 
are 12, 8. 


1 There has been much controversy as to the meaning of this difficult 
phrase. Xylander, the author of the Scholia, Bachet, Cossali, Schulz, Nessel- 
mann, all discuss it. As I do not profess here to be commenting on the 
text I shall not criticise their respective views, but only remark that I think 
it is best to take w\acuarixéy in a passive sense. ‘‘And this condition can 
(easily) be formed,” i.e. can be investigated (and shown to be true), or dis- 
covered. 
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31. Zo find two numbers, having given their sum and the sum 
of their squares. 
Condition. Double the sum of the squares must exceed the square 
of their sum by a square, éot dé Kat TodTo TAG paTLKOV. 
Sum 20, sum of squares 208. ) 
2a the difference. 
Therefore the numbers are 10+, 10-2. 
Thus 200 + 2a*°= 208. Hence a =2, 
and the numbers are 12, 8. 


32. To find two numbers, having given their sum and the 
difference of their squares. 
Sum 20, difference of squares 80. 
2x difference of the numbers, 
and we find the numbers 12, 8. 


33. To find two numbers whose difference and product are given. 
Condition. Sour times the product together with square of differ- 
ence must produce a complete square, éartt dé Kal ToUTO TAaGparTLKOV. 
Difference 4, product 96. 
2a the sum. Therefore the numbers are found to be 12, 8. 
34, Find two numbers in a given ratio such that the sum of 
their squares is to their sum also in a given ratio, 
Ratios 3: 1 and 5 : 1 respectively. 
x lesser number. #w=23; the numbers are 2, 6. 
35. Find two numbers in a given ratio such that the sum of 
their squares is to their difference in a given ratio. 
Ratios being 3 : 1, 10 : 1, the numbers are 2, 6. 
36. Find two numbers in a given ratio such that the difference 
of their squares is to their sum in a given ratio. 
Ratios being 3 : 1 and 6 : 1, the numbers are 3, 9. 
37. Find two numbers in a given ratio such that the difference 
of their squares is to their difference in a given ratio, 
Ratios being 3 : 1 and 12 : 1, the numbers are 3, 9. 
Similarly by this method can be found two numbers in a given 
ratio (1) such that their product is to their sum in a given ratio, or 
(2) such that their product is to their difference in a given ratio. 


38. To find two numbers in a given ratio such that the square 


of the smaller is to the larger in a given ratio. 
Ratios 3: land 6: 1. Numbers 54, 18. 





— 
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39. To find two numbers in a given ratio such that the square 
of the smaller is to the smaller itself in a given ratio. 
Ratios 3: land6: 1. Numbers 18, 6. 


40. To find two numbers in a given ratio such that the square 
of the less has a given ratio to the sum of both. 
Ratios 3: 1,2 : 1. Numbers 24, 8. 


41. To find two numbers in a given ratio such that the square 
of the smaller has a given ratio to their difference. 
Ratios 3 : land6: 1. Numbers 36, 12. 


42. Similarly can be found two numbers in a given ratio, 
(1) such that square of larger has a given ratio to the smaller, 
(2) such that square of larger has to larger itself a given ratio, 


(3) such that square of larger has a given ratio to the sum or 
difference of the two. 


43. Given two numbers, to find a third such that the sums of 
the several pairs multiplied by the corresponding third give three 
numbers in A. P. 

Given numbers 3, 5. 
x the required number. Therefore the three expressions are 
32 +15, 5a+15, 8a. 
Now 32+15 must be either the middle or the least of the 
three, 5x +15 either the greatest or the middle. 


15 
(1) 5a+15 greatest, 37+ 15 least. Therefore «= =" 


15 
(2) 5a+15 greatest, 3a+15 middle. Therefore «= 7° 


(3) 8x greatest, 37+15 least. Therefore c=16. 
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BOOK II. 


[The first five questions of this Book are identical with questions in 
Book I. In each case the ratio of one required number to the 
other is assumed to be 2: 1. The enunciations only are here 
given. | 


1. To find two numbers whose sum is to the sum of their 
squares in a given ratio. 


2. Find two numbers whose difference is to the difference of 
their squares in a given ratio. 

3. Find two numbers whose product is to their sum or difference 
in a given ratio. 


4, Find two numbers such that the sum of their squares is to 
the difference of the numbers in a given ratio. 


5. Find two numbers such that the difference of their squares is 
to the sum of the numbers in a given ratio. 


6. Find two numbers having a given difference, and such that 
the difference of their squares exceeds the difference of the numbers 
themselves by a given number. 


Condition. The square of their difference must be less than the 
sum of the two given differences. 
Difference of numbers 2, the other given number 20. 
a2 the smaller number. Therefore «+2 is the larger and 
40+4= 22. 
x=44, and the numbers are 44, 6}. 


“ 


7. Find two numbers such that the difference of their squares 
may be greater than their difference by a given number and ina 
given ratio (to it)’. [Difference assumed. | 


Condition. The ratio being 3:1, the square of the difference 


of the numbers must be < sum of three times that difference and the. 


given number. bs 


1 By this Diophantos means ‘‘may exceed a given proportion or fractio f 
it by a given number.” 


rs. 
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Given number 10, difference of numbers required 2. 
« the smaller number. Therefore the larger = x +2, 
and 4%+4=3.2+10. 

Therefore «= 3, 

and the numbers are 3, 5. 


8. To divide a square number into two squares. 
Let the square number be 16. 
x°* one of the required squares. Therefore 16-2" must be 
equal to a square. 
Take a square of the form’ (ma-— 4)’, 4 being taken as the 
absolute term because the square of 4 = 16, 
ie. take (say) (2a —4)? and equate it to 16-2". 


Therefore 4a* — 16a = — 2, 
Therefore n= - 5 
256 144 


and the squares required are 95° 95° 


9. [Another solution of the foregoing, practically equivalent. | 


10. Zo divide a number which is the sum of two squares into two 
other squares. 
Given number 13 = 3° + 2’, 
As the roots of these squares are 2, 3, take (a + 2)’ as the first 
square and (ma - 3)? as the second required, say (2x—3)*. 
Therefore (a+ 2)? + (2a-3)?=13. 


8 
oie 


: 3 1 
Therefore the required squares are 95? 25° 


1l. Zo find two square numbers differing by a given number. 
Given difference 60. 
Side of one number a, side of the other z plus any number 
whose square < 60, say 3. 
Therefore (a+ 3)? - a’ =60, 
x= 8}, 


and the required squares are 72}, 132}. 


1 Diophantos’ words are: ‘‘I form the square from any number of apOpol 
minus as many units as are contained in the side of 16,” The precaution im- 
plied throughout in the choice of m is that we must assume it so that the result 
may be rational in Diophantos’ sense, i.e. rational and positive. 
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12. Zo add such a number to each of two given numbers that 
the results shall both be squares. 


(1) Given numbers 2, 3, required number a, 


2 


x+ 
Therefore ot “| must each be squares. 


This is called a double-equation. 
To solve it, take the difference between them, and resolve it into 


algal 1 
two factors‘; in this case say 4 and 1 


Then take either 
(a) the square of half the difference between these factors 
and equate it to the smaller expression, 


or (b) the square of half the sum and equate it to the larger. 


22 
In this case (a) the square of half the difference = 2 : 
225 97 
ait Q= Eat 
Therefore a+ %=—F , and x 64° 
; 225 289 
while the squares are Gi’ GL° 


(2) In order to avoid a double-equation, 
First find a number which added to 2 gives a square, say a° — 2. 
Therefore, since the same number added to 3 gives a square, 
a + 1 =square = (a — 4)” say, 
the absolute term (in this case 4) being so chosen that the 
solution may give 2°>2. 
15 


Therefore w= ey 


and the required number is a , as before. 
13. From two given numbers to take the same (required) number 
so that both the remainders are squares. 

Given numbers 9, 21. 

Assuming 9 — a as the required number we satisfy one condi- 
tion, and it remains that 12 + =a square. 

Assume as the side of this square 2 minus some number whose 
square > 12, say 4. 


1 We must, as usual, choose suitable factors, i.e. such as will give a ‘‘ra- 
tional” result, This must always be premised. 
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Ue 


Therefore (w— 4)? =12+ 2°. 
1 


Z=>5) 


and the required number is 84. 


14. From the same (required) number to subtract successively two 
gwen numbers so that the remainders may both be squares. 
6, 7 the given numbers. Then 


(1) let # be required number. 


Therefore ‘ a 2 are both squares, 


The difference = 1, which is the product of 2 and Z : 


and, by the rule for solving a double-equation, 

_ 121 

= a5 

(2) To avoid a double-equation seek a number which exceeds 
a square by 6, 

i.e. let x + 6 be the required number. 

Therefore also «* — 1 = square = (a — 2)’ say. 


5 


«x 


Hence =F: 
and the number required = = ; 


15. To divide a given number into two parts, and to find a square 
number which when added to either of the two parts gives @ square 
number. 

Given number 20. Take two numbers the sum of whose 
squares <20, say 2, 3. Add & to each and square. 


We then have a + dat st 
x°+624+9)’ 
and if 40+ 4) 
6a + 9) 


are respectively subtracted the remainders are the same square. 
Let then 2” be the square required, 


and therefore 4a +4 
6a + af 
the required parts of 20. 
Then 10” + 13 = 20, 
7 


and @=70° 
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68 0) 


Thus the required parts are (5 9 


— 


: 49 

and the required square T00° 

16. To divide a given number into two parts and find a square 
which exceeds either part by a square. 


Given number 20. 
Take (2 + m)° for the required square, where m’ < 20, 
i.e. let (a + 2)° be the required square (say). 


This leaves a square if either 4a + a so nubtpacien 


or 2x+3 . 
Let these be the parts of 20, , 
and ee | 
a 
Therefore the parts required are (F j z) ; 
and the required square is ae 


17. Find two numbers in a given ratio such that either together 
with an assigned square produces a square. 
Assigned square 9, ratio 3: 1. 
If we take a square whose side is max + 3 and subtract 9 from 
it, the remainder will be one of the numbers required. 
Take e.g. (w+ 3)? —9 =a + 6x for the smaller number, 
Therefore 3x° + 18a =the larger number, 
and 3a°+18«+9 must be made a square = (2”— 3)’ say. ; 
Therefore x = 30, 
and the required numbers are 1080, 3240. 


18. To find three numbers such that, if each give to the next 
following a given fraction of itself and a given number besides, the 
results after each has given and taken may be equal. 


First gives to second ; of itself + 6, second to third : of itself 


+ 7, third to first ; of itself + 8. 


Assume that the first two are 5x, 6x [equivalent to one con- 


dition], and we find the numbers to be * ae as : 
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19. Divide a number into three parts satisfying the conditions 
of the preceding problem. 
: oy 1 ; 
Given number 80. First gives to second 5 of itself +6 &e., 
and results are equal. 
[Diophantos assumes 5a, 12 for the first two numbers, and his 


. 170 228 21 ; 
result is = > 39° but the solution does not cor- 





respond to the question.] (See p. 25.) 


20. To find three squares such that the difference of the great- 
est and the second is to the difference of the second and the least in 
a given ratio. 
| Given ratio 3: 1. 
| Assume the least square = «*, the middle = «? + 2a +1. 
Therefore the greatest = a + 8a + 4 =square = (# + 3)’ say. 
| 5 
D) ’ 


and the squares are 30}, 12}, 6}. 


Therefore x= 


21. To find two numbers such that the square of either added 
to the other number is a square. 
x, 2%+1 are assumed, which by their form satisfy one con- 
dition. The other condition gives 
4x? + 5a + 1 = square = (2x — 2)’ say. 


3 
Therefore t=T3) 
3 19 
and the numbers are 13’ 13° 


22. To find two numbers such that the square of either minus 
the other number is a square. 
x+1, 27+1 are assumed, satisfying one condition. 
Therefore 4x°+3a=square = 9x" say. 


Therefore =e, 
and the numbers are = = ; 


23. To find two numbers such that the sum of the square of 
either and the sum of both is a square. 
Assume x, x +1 for the numbers. These satisfy one condi- 

tion. 


H. .D. 12 
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Also a* + 4a + 2 must be a square = (x— 2)? say. 


Therefore “= : 2 
H the numbers ar : 2 
ence the numbers are 7, 7. 


24. To find two numbers such that the difference of the square 
of either and the sum of both is a square. 
Assume «+1, x for the numbers, and we must have 
x? — 2a—1 a square = («— 3)’ say. 
Therefore x= 2h, 
and the numbers are 3}, 2}, 


25. To find two numbers such that the sum of either and the 
square of their sum is a square. 
Since az’ +3a°, 2° + 8x° are squares, 
let the numbers be 3a’, 8° and their sum . 


Therefore lle®=2 and #= a : 
1 
3 8 
Therefore the numbers are jal’ 121° 


26. To find two numbers such that the difference of the square 

of the sum of both and either number is a square. 
If we subtract 7, 12 from 16 we get squares. 
Assume then 122’, 7x* for the numbers, 16a°= square of sum. 


Therefore 1927 = 4a, a= 4 


9 > 
192 112 
361’ 361° 
27. To find two numbers such that the sum of either and their 
product is a square, and the sum of the sides of the two squares 
so arising equal to a given number, 6 suppose. 
Since (4a —1)+a=square, let x, 4a—1 be the numbers, 
Therefore 4z° + 3% —1 is a square, whose side is 6 — 2a, 


and the numbers are 


Therefore te = : 
37 121 
and the numbers are 7° 27° 


28. To find two numbers such that the difference of their pro- 
duct and either is a square, and the sum of the sides of the two 
squares so arising equal to a number, 5, 
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Assume 4x +1, x for the numbers, which therefore satisfy one 
condition. 


Also 4a? — 3a —1=(5 — 2x)’. Therefore # = 
26 121 
ee Vi 

29. To find two square numbers such that the sum of the product 
and either is a square. 


- 


26 


i 


and the numbers are 


Let the numbers’ be 2”, y’. 


Therefore a*y’ +7" 
ny? 2 \ are both squares. 


To make the first a square we make 2 +1 a square, putting 


2° +1=(%—2)*. Therefore «= : : 


We have now to make = (y? +1) a square {and y must be 


different from «]. 


Put 97? + 9 = (37 — 4)? say. 
Therefore Y= x : 
49 


Therefore the numbers are 16’ 576° 
30. To find two square numbers such that the difference of their 
product and either is a square. 
Let 2’, 7? be the numbers. 
Therefore = ay’ — y*) 


Pf 


ae are both squares. 
xy” — 2 


25 
A solution of 2? —1= square is 2 = 16 é 
bf 2 ° Le 
and a solution of y?—1=square is y= z: 
289 
16’ 64° 
31. To find two numbers such that their product + their sum 


gives a square. 


Therefore the numbers are 


1 Diophantos does not use two unknowns, but assumes the numbers to be 
x? and 1 until he has found x, Then he uses the same unknown to find what he 
had first called unity, as explained above, p.81. The same remark applies to the 
next problem. 
12—2 
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a’ +b? +2ab isasquare. Put 2, 3 fora, b, and 2°4+3°+2.2.3 
is a square. Assume then product = (2? + 3’) a= 132", 
the numbers being 2, 13a, and the sum 2, 2. 32° or 122°. 


Therefore 14% = 1227, and w= 


7 
6° 
Therefore the numbers are - “= : 
32. To find two numbers whose sum is a square and having the 
same property as the numbers in the preceding problem. 
2.2m.m=square, and 2m|? + m|? +2. 2m. m=square. 
If m= 2, 4°49°9+2.4,2=36 or 4. 
Let then the product of numbers be (4° + 2°) a or 202° and 
their sum 2, 4. 22° or 16x’, and let the numbers be 2a, 10x, 


Therefore 12a = 162", «= : ; 
6 30 
and the numbers are a ae 


33. To find three numbers such that the sum of the square of 
any one and the succeeding number is a square. 
Let the first be a, the second 27+ 1, the third 2(2x+1)+1 
or 4a + 3, so that two conditions are satisfied, 
Lastly (4+ 3)?+a=square = (4a — 4)’ say. 
i 


Therefore x= 


57 ’ 
7 “Ti. 189 
and the numbers are 57’ 57? BT 


34. To find three numbers such that the difference of the square 
of any one and the succeeding number is a square. 
Assume first «+1, second 24+1, third 4a+1. Therefore 
two conditions are satisfied, and the third gives 
16a°+ 7x = square = 252° say. 


Therefore i : ; 
16 23 37 
and the numbers are 9°9° 9° 


35. To find three numbers such that, if the square of any one be 
added to the sum of all, the result is a square. 
2 
("5") +mn is a square. Take a number separable into 


— 
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two factors (m, m) in three ways, say 12, which is the pro- 
duct of (1, tie Ae 6), (3, 4). 


—n ] 


The values then of * le are 5}, 2, 3° 


= 


1 
Let now 5}2, 2x, 5x be the numbers, Their sum is 122°, 
~ 


9 
Therefore 8a= 120°, x= 5 } 


4 1 
BF: Woes at 


36. To find three numbers such that, if the sum of all be sub- 
tracted from the square of any one, the result is a square. 


and the numbers are 





2 
4x, 34a be the numbers, their sum being 122”. 


m+n\* : 
( ) —mnisasquare. Take 12 as before, and let 6}2, 


ad 


‘ 


Therefore z= te 
91 28 49 
d th b 
an e numbers are 12’ 6’ 12° 
BOOK IIL. 


1. To find three numbers such that, if the square of any one be 
subtracted from the sum of all, the remainder is a square. 
Take two squares x”, 4a° whose sum = 52”, 
Let the sum of all three numbers be 5’, and two of the numbers 


x, 2a. These assumptions satisfy two conditions. 
4 121 
Next divide 5 into the sum of two squares [11. 10] 95° D5” 


9 
and assume that the third number is 5 x 


. B 

Therefore « + 2a + zu =5a*. Therefore x= : : ; 
17 34 34 

and the numbers are — 25” 95° 195° 


2. ‘To find three numbers such that, if the square of the sum be 
added to any one of them, the sum is a square. 
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Let the square of the sum be #’, and the numbers 32’, 82°, 152°. 

1 

Hence br ot 2 56? 

3 8 15 

and the numbers are 676’ 676’ 676° 

3. To find three numbers such that, if any one be subtracted 
from the square of their sum, the result is a square. 

Sum of all 4x, its square 162°, the numbers 7x’, 12x*, 152°. 


9 
Therefore 342° = 4a, x= 17 


28 48 60 
and the numbers are 989’ 989° 989° 
4, To find three numbers such that, if the square of their sum be 


subtracted from any one, the result is a square. 


Sum a, the three numbers 22’, 5a°, 10x’. 


Therefore a 


2 5 10 
and the numbers are 989’ 289° 289° 
5. To find three numbers such that the sum of any pair exceeds 
the third by a square, and the sum of all is a square. 


Let the sum of the three be (w+1)’; let first+second=third+1, 


2 
so that third = o +a; let second + third = first + 2’, 


1 aes | 

so that first =a + 5° Therefore second = 9 
But first + third =second + square, therefore 2a =square=16, 
suppose. Therefore x= 8, and (83, 32}, 40) is a solution. 


6. [The same otherwise. | 


First find three squares whose sum is a square. Find e.g. 
what square number + 4 +9 gives a square, ie. 36, 

Therefore (4, 36, 9) are such squares. 

Next find three numbers such that sum ofa pair = third + given 
number, say, first + second—third = 4, second + third — first 
= 9, third + first - second = 36, by the previous problem, 


7. To find three numbers whose sum is a square, and such that 
the sum of any pair is a square, 
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Let the sum be a+ 2x+1, sum of first and second 2°, and 
therefore the third 2+ 1; let second + third = (2-1 gS 
Therefore the first is 4a, and therefore the second a” — 4x. 

But first + third = square, or 6a +1 =square=121 say. 

Therefore x2= 20, 

aud the numbers are (80, 320, 41). 


8. [The same otherwise. | 


9. To find three numbers in a. p. such that the sum of any pair 
is a square. 

First find three square numbers in A. Pp. any two of which are 
together> the third. Let a’, (~+ 1)? be two of these ; 
therefore the third is a + 4% + 2=(x—- 8)? say. 

_3l 
10° 
or we may take as the squares 961, 1681, 2401. 


Therefore x 


We have now to find three numbers, the sums of pairs being 
these numbers. 


Suim of the three = ee = 25214, 


and we have all the three numbers. 


10. Given one number, to find three others such that the sum of 
any pair of them and the given number is a square, and also the sum 
of the three and the given number is a square. 

Given number 3, Suppose first + second = a + 4x + 1, second 
+ third = 2 + 67+ 6, sum of all three = a+ 8x+ 13. 
Therefore third = 4a + 12, second = a* + 2x —6, first = 2a” +7. 
Also third + first + 3=square, or 67+ 22=square= b00 suppose. 
Therefore aoe es 

and the numbers are 33, 189, 64. 


11. Given one number, to find three others such that, if the 
given number be subtracted from the sum of any pair of them or 
from the sum, the results are all squares. 

Given number 3. Sum of first two «+3, of next pair 
a +2a+4, and sum of the three a?°+4a+7. Therefore 
third = 4a + 4, second = a — 2a, first= 2x+3. Therefore, 
lastly, 62 +4 =square= 64 say. Therefore a= 10, and 
(23, 80, 44) is a solution. 
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12. To find three numbers such that the sum of the product of 
any two and a given number is a square. 

Let the given number be 12. Take a square (say 25) and sub- 

tract 12. Take the difference (13) for the product of the 


1 
first and second numbers, and let these numbers be 132, 


Again, subtract 12 from another square, say 16, and let the 
difference 4 be the product of the second and third 
numbers. Therefore the third number = 4. 

Hence the third condition gives 52a°+12=square, but 
52 = 4.13, and 13 is not a square, therefore this equa- 
tion cannot be solved by our method. 

Thus we must find two numbers to replace 13 and 4 whose 
product is a square, and such that either + 12= square. 
Now the product is a square if both are squares. Hence 
we must find two squares such that either + 12 =square. 


The squares 4 and 5 satisfy this condition, 


1 
Retracing our steps we put 4a, a ; for the numbers, and we 
have to solve the equation 
x’ + 12 = square = (# + 3)? say. 
Therefore e=5, 
1 Fe , 
and (2, 2, 3) is a solution. 


13. To find three numbers such that, if a given number is sub- 
tracted from the product of any pair, the result is a square, 
Given number 10. 
Put product of first and second =a square + 10=4+10 say, 


and let first = 14%, second = = Also let product of second 


and third=19, Therefore third=19x%. Whence 266z°—10 
must be a square; but 266 is not a square. 

Hence, as in the preceding problem, we must find two squares 
each of which exceeds a square by 10. 

3 Ne 

Now (“; -) -10= (> -) , therefore 30} is one such 
square. If m’ be another, m’—10 must be a square 
=(m-—2)* say, therefore m = 34. 
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‘ 1 
Thus, putting 30}2, =) 12} for the numbers, we have, from 


the third condition, 5929z*— 160=square=(77x — 2)’ say. 
41 
Therefore v= = 


77’ 
1240} 77 5021 
eit ae 77 
14. To find three numbers such that the product of any two 
added to the third gives a square. 





and the numbers are 


Take a square and subtract part of it for the third number. 
Let w’+6x2z+9 be one of the sums, and let the third number 
be 9. Therefore product of first and second = 2? + 6z, 
Let the first = x, therefore the second = x + 6, 
From the two remaining conditions 
. 5 
a A are both squares. 
Therefore we have to find two squares differing by 48, which 
are found to be 16, 64. 
and (1, 7, 9) is a solution. 
15. To find three numbers such that the product of any two 
exceeds the third by a square. 
First x, second «+ 4, therefore their product is a? +4a, and 
we suppose the third to be 4a, 
Therefore by the other conditions 





oeaae } are both squares 
4a° -—a2- 4 punt 
The difference = 16x+4=4 (4a+ 1), 
2 
and (“| °) = 4a? + 15a. 


25 
Therefore t= 5 and the numbers are found. 


16. To find three numbers such that the product of any two 
added to the square of the third gives a square. 


Let first be x, second 4a+4, third 1. Two conditions are 
thus satisfied, and the remaining one gives 
x + (4a + 4)? =a square = (4a — 5)’ say. 
Therefore x= 75° 
and the numbers are 9, 328, 73. 
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17. To find three numbers such that the product of any two 
added to the sum of those two gives a square. 


Lemma. The squares of two consecutive numbers have this 


property. 
Let 4, 9 be two of the numbers, z the third. 
Therefore 10x” +9) 


Rader must both be squares, 


and the difference = 5a +5 =5 (a#+1). 
Therefore by Book 11., 


2 
ee =10%+9 and «= 28, 


PY 


~ 


and (4, 9, 28) is a solution. 


18. [Another solution of the foregoing problem. | 

Assume the first to be x, the second 3. 

Therefore 4% +3 = square =25 say, whence «=5}, and 53, 3 
satisfy one condition. Let the third be a, 5} and 3 
being the first two. 

Therefore 4a4+3 

6hat 5} 
but, since the coefficients in one expression are both greater 
than those in the other, but neither of the ratios of corre- 


sponding ones is that of a square to a square, our method 
will not solve them. 


must both be squares, 


Hence (to replace 53, 3) we must find two numbers such that 
their product + their sum = square, and the ratio of the 
numbers each increased by 1 is the ratio of a square to 
a square. 


Let them be y and 4y+3, which satisfy the latter con- 


dition ; and so that product + sum = square we must have 
47’ + 8y + 3 = square = (2y— 3)’, say. 


Therefore y= = : 
Assume now he 4%, « for the numbers, 
Therefore 5ja + 44 
l3c 3 are both squares, 
To ~ 10 
or 1302+ 105 


acl 30) are both squares, 
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the difference = 75, which has two factors 3 and 25, 


and x= a fives a solution 
COS ‘ 
the numbers being = 41 B 
a ius >) IO. 


19: Lo 
exceeds the 


find three numbers such that the product of any two 
sum of those two by a square. 


Put first =, second any number, and we fall into the same 


difficulty as in the preceding. We have to find two 
numbers such that their product minus their sum = 
square, and when each is diminished by one they have 
the ratio of squares. 4y+1, y+1 satisfy the latter 
condition, and 47°— 1 = square = (2y—2)° say. 


Therefore y= : t 
13 28 

Assume then as the numbers Bee 
Therefore 2ha-3h 

5 ae 13 are both squares, 

a = & 
or 10x - 14 

1022 . are both squares, 


the difference = 12 = 2.6, and «= 3 is a solution, 


The numbers are wy 33, 3. 


20: To 
or to either 


8 ’ 
find two numbers such that their product added to both 
gives a square. 


Assume x, 4x-1, 


since 


Therefore also 4a? + 3a: — 1) 


the difference =a = 4a. 


and 


ai To 
sum of both, 


Assu 
since 


x (4a —1) + a= 4a? = square. 
i rte ; are both squares, 
1 
4 ) 
65 
@= 554 gives a solution. 
find two numbers such that the product exceeds the 
and also either severally, by a square. 
me x+1, 4a, 
4a (x + 1)— 4a =square. 


188 


22. 


sum = 


23. 
square 


DIOPHANTOS OF ALEXANDRIA, 


Therefore also 4x°+ 32-1 

4a°-a- 1 
the difference = 4a = 4a. 1. 
Therefore 2=1}, 
and (21, 5) is a solution. 


\ are both squares, 


To find four numbers such that, if we take the square of the 
any one singly, all the resulting numbers are squares. 

Since in a rational right-angled triangle square on hypotenuse 
= squares on sides, square on hypotenuse + twice product 
of sides = square. 

Therefore we must find a square which will admit of division 
into two squares in four ways. 

Take the right-angled triangles (3, 4, 5), (5, 12,13). Multiply 
the sides of the first by the hypotenuse of the second and 
vice versa. 

Therefore we have the triangles (39, 52, 65), (25, 60, 65). 
Thus 65° is split up into two squares in two ways. 

Also 65=7°+ 4 = 8? +1? 

Therefore 65° = (7? — 4°)? +4. 7°. 42#=(8°- 1?) + 4.8.1’. 

= 33° + 56’ = 63° + 16°, 
which gives two more ways. 

Thus 65? is split into two squares in four ways. 


Assume now as the sum of the numbers 652, 


first number = 2. 39. 52a? = 40562? 


= 2 a2 
nee tes . ae ‘ eae - aye and the sum = 127682”, 
rd, =2.00.06e = . 
fourth ,, =2.16.63a°= 20162" 
as 65 
Therefore 127682? = 65x and «= 12768? 


and the numbers are found, viz. 
17136600 12675000 15615600 8517600 
163021824’ 163021824’ 163021824’ 163021824" 
To divide a given number into two parts, and to find a 
which exceeds either of the parts by a square. 
Let the given number be 10, and the square #* + 2w +1. 
Put one of the parts 2a+1, the other 4a, Therefore the 
conditions are satisfied if 6” + 1=10, 
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3 
Therefore w=5, 
and the parts are 6, 4, the square 61. 
24, To divide a given number into two parts, and to find a 
square which added to either of the parts produces a square. 

Given number 20. Let the square be # + 2a +1, 

This is a square if we add 2% +3 or 4a +8. 

Therefore, if these are the parts, the conditions are satisfied 
when 62+ 11=20, or «= 14. 

Therefore the numbers into which 20 is divided are (6, 14) 
and the required square is 6}. 


BOOK IV. INO Fae 


1. To divide a given number into two cubes, such that the sum 
of their sides is a given number. 
Given number 370, sum of sides 10. 
Sides of cubes 5+2,5-—a. Therefore 30z° + 250=370, «=2, 
and the cubes are 7°, 3°. 


2. To find two numbers whose difference is given, and also the 
difference of their cubes. 
Difference 6. Difference of cubes 504. Let the numbers be 
x+3,a—3. Therefore 18x? +54=504. 
Therefore x*=25, «=5, 
and the sides of the cubes are 8, 2. 


3. A number multiplied into a square and its side makes the 
latter product a cube of which the former product is the side; to find 
the square. 

Let the square be «. Therefore its side is 2, and let the 


number be S : 
x 


Hence the products are 8a, 8, and (8x)*=5. 
1 


ais ae = 
Therefore x =gi T=4° 
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4, To add the same number to a square and its side and make 
them the same, [i.e. make the first product a square of which the 
second product is side]. 

Square 2’, whose side is x Let the number added to a be 
such as to make a square, say 3a”. 


Therefore 32° + x=side of 4a? = 2a and x= : , 


The square is - and the number is = 


5. To add the same number to a square and its side and make 
them the opposite. 
Square x’, the number 42° — x. 


Hence 5a°—a=side of 4a°= 2a, and «= : : 


5 


6. To add the same square number to a square and a cube and 
make them the same. 

Let the cube be 2* and the square any square number of 2s, 
say 92°. Add to the square 16°. (The 16 is arrived 
at by taking two factors of 9, say 1 and 9, subtracting 
them, halving the remainder and squaring.) 


Therefore x* + 162° = cube = 8x’ suppose and # = = : 


Whence the numbers are known. 


7. Add to a cube and a square the same square and make them 
the opposite. 


[Call the cube (1), first square (2), and the added square (3)]. 
Now suppose (2) + (3) =(1) [since (2) + (3) =a@ cube]. 
Now a’+6’?+2ab is a square. Suppose then (1) =a’ +)’, 
(3)=2ab. But (3) must be a square. 
Therefore 2ab must be a square; hence we put a=1, b=2. 
Thus suppose (1) = 52’, (3) = 4a, (2)=a*. Now (1) is a enbe. 
Therefore «= 5, 
and (1)=125, (2)=25, (3) = 100. 





1 In this and the following enunciations I have kept closely to the Greek, 
partly for the purpose of showing Diophantos’ mode of expression, and partly 
for the brevity gained thereby. 

‘‘To make them the same” means in the case of 4 what I have put in 
brackets; ‘‘to make them the opposite’? means to make the first product a side 
of which the second product is the square. 
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8. [Another solution of the foregoing. | 

Since (2)+(3)=(1), a cube, and (1) +(3)=square, I have 
to find two squares whose sum + one of them =a square, 
and whose sum=(1), Let the first square be 2”, the 
second 4. 

Therefore 2a*+4=a square=(2”—-2)* say. Therefore x=4, 
and the squares are 16, 4, 

Assume now (2) = 4a’, (3) = 162°. 

Therefore 202°=a cube, and «= 20, 


thus (8000, 1600, 6400) is a solution. 


9. To add the same number to a cube and its side, and make 
them the same. 


Added number 2, cube 8z*, say. Therefore second sum = 32, 
and this must be the side of cube 82° + a, or 82° + w= 272". 


Therefore 192? = a. 


But 19 is not a square. Hence we must find a square to 
replace it. Now the side 3% comes from the assumed 22. 
Hence we must find two consecutive numbers whose cubes 
differ by a square. Let them be y, y +1. 

Therefore 3y’+3y+1=square=(1—2y)’ say, and y=7. 
Thus instead of 2 and 3 we must take 7 and 8. 

Assuming now added number=2, side of cube = 7a, side of 
new cube= 82, we find 3432°+ #=512z", 

1 


ee 2 
Therefore 2? = —— x= BB" 


169’ 


343 7 
Therefore oe 13°13 


10. Zo add the same number to a cube and its side and make 
them the opposite. 


is a solution. 


Suppose the cube 82’, its side 2, the number 27° — 2x. 

Therefore 35a°—2a=side of cube 272’, therefore 352°—5=0. 

This gives no rational value. Now 35=27+8, 5=3+2. 

Therefore we must find two numbers the sum of whose cubes 
bears to the sum of the numbers the ratio of a square 
to a square. 

Let sum of sides = anything, 2 say, and side of first cube = =. 

Therefore 8 — 12z + 6z* = twice a square. 

Therefore 4 — 6x + 327=a square =(2- 4:2)’ say, and 2=one 
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of the sides = = and the other side = = Take for 
them 5 and 8. 


Assuming now as the cube 125°, and as the number 
512a°-— 5x, we get 637a°—5x=8a, and a= i 


10H 
and (353) 5 267 


343°73 saa) is a solution. 


11. To find two cubes whose sum equals the sum of their sides. 


Let the sides be 2a, 32. This gives 35a°=5x2. This equation 
gives no rational result. Finding as in the preceding 


problem an equation to replace it, 637z° = 13a, «= s 


iv ? 

125 512 
and the cubes are 343° 343° 
12. To find two cubes whose difference equals the difference of 


their sides. 


Assume as sides 2a, 3a. This gives 19z°=a. Irrational; and 
their difference 
difference of sides 

= ratio of squares. Let them be (z +1)’, 2" 
Therefore 3z’ + 3z + 1 =square = (1 — 22)* say. 
Therefore z=7. 


we have to find two cubes such that 


| 


Now assume as sides 7x, 8a. Therefore 1692 =a, and «= 


Therefore tl LB eer 
erefore the two cubes are (qs) » (zs) a 


13. To find two numbers such that the cube of the greater + the 
less = the cube of the less + the greater. 
Assume 2a, 3a. Therefore 272° + 2a = 82° + 3a. 
Therefore 19x° =, which gives an irrational result. Hence, 
as in 12th problem, we must assume 72, 82, 


7 8 
and the numbers are as there —, 13’ 13° 
14. To find two numbers such that either, or their sum, or their 
difference increased by 1 gives a square. 
Take unity from any square for the first number; let it be, 
say, 9x" + 6a. 
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But the second+1=asquare. Therefore we must find a square 
such that the square found + 92*°+6xz=a square. Take 
factors of 9x° + 6a, viz. (9x+6, a). Square of half dif. 
ference = 16x’ + 24x + 9. 

Therefore, if we put the second number 162° + 24”+ 8, three 
conditions are satisfied, and the remaining condition gives 
difference + 1 = square. 

Hence 72° + 18x + 9 =square = (3 — 3a)” say. 

Therefore x= 18, 

and (3024, 5624) is a solution. 


15. To find three square numbers such that their sum equals 
the sum of their differences. 
Sum of differences=4-—-B+B-C+A-—C=2(A-—C)=A+B+0, 
by the question. 
Let least (C) = 1, greatest =2*+2u+1. Therefore sum of the 
three squares = 2a°+ 4e=a°+22%+24+the middle one. 
Therefore the middle one (4) =2*°+2x%-2, This is a 


” 


t] < 


square, =(x-—4)’say. Therefore «= 


196 121 
25” 25’ 


bd 


F 


- 
~ 


and the squares are ( 1) or (196, 121, 25). 


16. To find three numbers such that the sum of any two multi- 
plied by the third is a given number. 
Let (first + second). third = 35, (second + third). first = 27, and 
(third + first). second = 32, and let the third =. 


Therefore first + second = = : 





25 
Assume first = a , second = ie 
xz x“ 
=0 + 10=27 
Therefore 250 : 
a +25= oe | 


These equations are inconsistent, but if 25-10 were equal to 
32 —27 or 5 they would be right. Therefore we have to 
divide 35 into two parts differing by 5, i.e. 15 and 20. 

15 20 |. 300 .. .. 

Thus first number = re. second = = Therefore 7 15=27, 

«=5, and (3, 4, 5) is a solution. 


H. D. 13 
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17. Zo find three numbers whose sum is a square, and such that 
the sum of the square of each and the succeeding number is a square. 


Let the middle number be 4x. Therefore I must find what 
square + 4a gives a square. Take two numbers whose 
product is 4a, say 2x and 2. Therefore (w—1)’ is the 
square. Thus the first number=a- 1. 

Again 16z° + third = square. 

Therefore third =a square — 16x° = (4% + 1)’—162" say, = 8x+1. 

Now the three together=square, therefore 13a=square=1697? 
say. Therefore x=13y*°. Hence the numbers are 
13y’ — 1, 52y’, 1047+ 1. 

Lastly, (third)’ + first = square. 

Therefore 10816y*+22ly’=a square or 10816y°+22l=a 

7 220 55 

square =(104y+1)* say. Therefore y= 308 = 5a? 

and (Sro8 157300 ror) aS ee 

2704 ’ 2704 ’ 2704 : 


18. To find three numbers whose sum is a square, and such that 
the difference of the square of any one and the succeeding number is 
a square. 

The solution is exactly similar to the last, the numbers being 
in this case 13y’?+1, 52y’, 104y°-1. The resulting 
equation is 108167° — 221 =square = (104y — 1)’, 


11 

104’ 
d (oars ee aoa) is a solution 
10816 ’ 10816’ 10816 


19. Zo find two numbers such that the cube of the first + the 
second = a cube, the square of the second + the first =a square. 


whence y = 


Let the first be x, the second 8—2"*, therefore «°—162°+64+a= 
a square =(x* + 8) say, whence 32a°=a. This gives an 
irrational result since 32 is not a square. Now 32=4.8. 
Therefore we must put in our assumptions 4. 64 instead. 
Then the second number is 64-—.*, and we get, as an 
equation for «, 

1 
2562°=1. Therefore x= Te’ 

1 262143 


and the numbers are — 


16’ 4096 ° 
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20. To sind three numbers indefinitely’ such that the product of 
any two increased by 1 is a square. 

Let the product of first and second be a* + 2a, whence one 
condition is satisfied, if second =x, first=a+2. Now the 
product of second and third + 1 =a square; let this pro- 
duct be 92° + 6x, so that third number =9a +6. Also the 
product of third and first + 1 =square, ie. 927+ 24a 4 13- 
asquare. Now, if 13 were a square, and the coefficient of 
x were 6 times the side of this square, the problem would 
be solved indefinitely as required. 

Now 13 comes from 6.2+1, the 6 from 2.3, and the 2 from 
2.1. Therefore we want a number to replace 3.1 such 
that four times it + 1 =a square; therefore we need only 
take two numbers whose difference is 1, say 1 and 2 
[and 4.2.1+(2-—1)?=square]. Then, beginning again, 
we put product of first and second =a*+ 2, second 2, 
first 2+2, product of second and third =4a*+ 4x7, and 
third =4a¢+4. [Then first x third + 1 =4a°+12x+ 9.] 

And (x +2, x, 4x +4) is a solution. 


21. To find four numbers such that the product of any two, 
increased by 1, becomes a square. 
Assume that the product of first and second = a* + 2a, first = a, 
second = a + 2, and similarly third = 4a +4, fourth =9a+6, 
but (4a + 4)(92 + 6) + 1 = square = 36a* + 60x + 25. 
Also for second and fourth, 
9a? + 24a + 13 = square = (9a? — 24a + 16), say. 
1 
Therefore « = Te 
All the conditions are now satisfied’, 
1 33 68 e) 


the solution being (i 16’ 16’ 16 
22. Find three numbers which are proportional and such that 
the difference of any two is a square. 
Assume « to be the least, z + 4 the middle, « + 13 the greatest, 


therefore if 13 were a square we should have an indefi- 
nite solution satisfying three of the conditions. We must 


1 T.e. in general expressions. e 
2 Product of second and third +1=(x +2) (4x +4)+1=42?+ 12x49, which is 
a square. 


13—2 
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therefore replace 13 by a square which is the sum of two 
squares, 

Thus if we assume a, «+9, «+25, three conditions are 
satisfied, and the fourth gives «(#+25)=(x%+9)’, there- 


fore «= = ; 
81 144 256). ‘ 
d = 7 7) is a solution, 


23. To find three numbers such that the sum of their solid content* 
and any one of them is w square. 
Let the product be a + 2a, and the first number 1, the second 
xv’ + 2a 
4a +9° 
divided out generally unless a*: 4a=2a :9 or a: 2a=4a:9, 
and it could be done if 4 were half of 9. 


Now 4a comes from 6a - 2a, and 9 from 3’, therefore we have 





4a+9; therefore the third = This cannot be 


to find a number m to replace 3 such that 2m — a 


therefore m?=4m—4 or m=2.° 


We put therefore for the second number 2 + 4, and the third 
then becomes $a. Therefore also [third condition] 


5 
x + 2a + 4a =square= 42° say, whence x=, 


6 > 
4 2h). : 
and (1, 7 4) is a solution. 
24, To find three numbers such that the difference of their solid 

content and any one of them is a square. 

First x, solid content 2*+ a; therefore the product of second 

and third=#+1; let the second=1, 
Therefore the two remaining conditions give 
2+ 9¢—1] 
e sis i both squares [Double equation. ] 

1 
8 ’ 


~j 


Difference = x=}.2a, say; therefore (v+1)?=2°+a-1, w= 


17 25\ . ; 
and G a =) is a solution. 


1 T.e. the continued product of all three. 
2 Observe the solution of a mixed quadratic, 
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25. Divide a given number into two parts whose product is a 
cube minus its side. 

Given number 6, First part #; therefore second = 6-2, and 
6x —a*=a cube minus its side = (2~—1)"-(2e-1) say, 
so that 8° — 12a°+4a=6x2-a*. This would reduce to a 
simple equation if the coefficient of « were the same on 
both sides. To make this so, since 6 is fixed, we must 

put m for 2 in our assumption, where 

3m —m=6, or m=3. 
Therefore, altering the assumption, 
(3a —1)* — (3a -1)= 6a - 2%, 


26 
whence B= oa 
26 136 
and the parts are 97° 97° 


26. To divide a given number into three parts such that their con- 
tinued product equals a cube whose side is the sum of their differences. 


Given number 4. Let the product be 8z*: now the sum of 
differences = twice difference between third and _ first; 
therefore difference between third and first parts = «. 
Let the first be a multiple of w, say 2%, Therefore the 
third = 32. 

Hence the second = : x, and, if the second had lain between 
the first and third, the problem would have been solved. 

Now the second came from dividing 8 by 2. 3,-so that we have 

8 


to find two consecutive numbers such that ; 
their product 


lies between them. Assume m, m+ 1; therefore —, — 
we + 


lies between m and m+ 1. 


Therefore : 


m +m 





+l>m+l1. 
Therefore m? +m+8>m'°+2m?+m, or 8>m? +m’. 


\3 : 
Take (m+ 3) , which is > m* + m, and equate it to 5. 


1 5 
Therefore m + z= 2, and m= 3° 
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Hence we assume for the numbers 


or (25x, 27x, 40x), multiplying throughout by 15. 
Therefore the sum = 92a=4, and a= uy 


23’ 
25 27 40 : 
and (35 > 93° 53) are the three parts required. 





[N.B. The condition 


m+m 
and is incidentally satisfied. | 


<m+1 is ignored in the work, 


27. To find two numbers whose product added to either gives a 
cube. 
Suppose the first number equals a cube number of a’s, say 8a. 
Second x’ —1, (so that 8° — 8x + 8x =cube); 
also 8a° — 8a + «?—1 must be a cube = (2% —1)° say. 


Therefore l3a*= 14a, w= = ; 
112. +27. : 
and es ; 103) is a solution. 


28. To find two numbers such that the difference between the 
product and either is a cube. 
Let the first be 8a, the second * + 1 (since 8a°+8a — 8x= cube) ; 
also 82°+8x2-a°-1 must be a cube, which is “im- 
possible” [for to get rid of the third power and the abso- 
lute term we can only put this equal to (2% -—1)*, which 
gives an “irrational” result]. Assume then the first 
= 8+ 1, the second = a’ (since 82° + a — a = cube). 
Therefore 82° + x*~8a—1=a cube =(2x—-1)* say. 


14 
Therefore ware» 
and the numbers are 125 196 
2) Le: Sep 


29. To find two numbers such that their product + their sum = a 
cube. 
Let the first cube be 64, the second 8. Therefore twice the 
sum of the numbers = 64—8=56, and the sum of the 
numbers = 28, but their product + their sum = 64, 
Therefore their product = 36. 
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Therefore we have to find two numbers whose sum = 28, and 
whose product = 36. Assuming 14 +2, 14— 2 for these 
numbers, 196-2? = 36 and a2 =160, and if 160 were a 
a square we could solve it rationally. 


Now 160 arises from 14°-36, and 14 = zt 28 =-. 56 


= : (difference of cubes); 36 = : sum of cubes. 


Therefore we have to find two cubes such that 


2 
G of their difference ) - : their sum =a square, 


Let the sides of these cubes be z+ 1, z-1. 


Ph 


Therefore : of their difference = 2 a and the square of this 


4 oe 
9, eae 
mg: ba 


as 
3 |) 
Hence G -difererce) ~ x sum=} w+ — 2% + rian 5 (22* + 62). 


») 9 


Therefore 
9z* + 62? + 1 — 42° -— 122 =a square = (32’ + 1 — 62)’ say, 





whence 322° = 362", and z= 3° 
4913 1 
Therefore sides of cubes are = a and the cubes - 512’ 513 
‘ 4913 
Now put product of numbers + their sum = $12 
duct — sum = 2 , 
product — sum = = 5 
d 2456 
therefore their sum = 319” 
‘ 2457 
their product aay 
1228 
Then let the first number = « + half sum = « + $19” 
d _ 1228 | ‘. 
secon =+19 ~* 
1507984  , 2457 
Therefore 962144 -xr = 512 é 


Therefore 262144a* = 250000. 
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500 
Hence B=) 
oe 1728 aa) i lut; 
Gre BPS isos canal 


30. To find two numbers such that their product + their 
sum = a cube [same problem as the foregoing]. 
Lvery square divided into two parts, one of which is its side, 
makes the product of these parts + their sum a cube. 
[i.e. @ (a? - x) +a°-a2+a= a cube] 
Let the square be xz; the parts are a, «*— a, 
and from the second part of the condition 


3 
a x 
a? — a? — a? = a — 2a? = a cube = (5) say. 
a 


Therefore Ca? or 2 = ; 
16 144. ; 
and (F P =) is a solution. 


31. Zo sind four square numbers such that their sum + the sum 
of their sides = a given number. 


: 


; 1 
Given number 12. Now a°+a+ q =a square. 


Therefore the sum of four squares + the sum of their sides 
+1=13. 
Thus we have to divide 13 into 4 squares, and if from each of 


1 1 } 
their sides we subtract 5 we shall have the sides of the 


required squares. 
64 36 144 81 
Now 13=44+9= 55 + 55+ oF + op» 
and the sides of the required squares are 
i 7 19 18 
ip” 107.307) ap 
32, To find four squares such that their sum minus the sum of 
their sides equals a given number. 


2 
Given number 4. Then similarly (sie of first — 5) ev eee 
9 16 64 36 


25" 25’ 25° 95? 


il 20. ot 3) 


and 5 is divided into 


and the sides of the squares are (79 > 40° 10’ 10 





square. 


34, 


33. 
be added to each, the product of the resulting expressions may be a 
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To divide unity into two parts such that, if given numbers 


Let 3, 5 be the numbers to be added, and let the parts be , ef 
— =< 


Therefore (x +3) (6—a)=18 + 3” —a*=a square = 42" say. 
Hence 18+ 3x=52"; but 5 comes from a square+1, and 
the roots cannot be rational unless 


(this square + 1) 18 + (5) = a square, 


2 
Put (m? +1) 18+ (5) =a square, 
or 72n? + 81 = a square = (8m + 9)° say. 
Therefore m= 18. 


Hence we must put 
(w+ 3) (6-—a)=18 + 3a —a° = 3242", 


Therefore 3252° — 3a —18 = 0. 
Ve. >. 26 
Therefore @ = g55 = OB? 
and (a ss) i is a solution. 
[Another solution of the foregoing. | 


Suppose the first x — 3, the second 4-2; therefore 
x (9 — x) =square = 42° say, 


and 5a°=9a, whence nas, but I cannot take 3 from 
9 
5? and # must be > 3 < 4. 


9 
Now the value of x comes from ——————, ._ Therefore, since 
a square + | 


a> 3, this square + 1 <3, therefore the square < 2. It is 


also > 


4 . 
ar iaad a eqnare between and 3, or and =~ 
Therefore I mustfind a square between 7 and 2, or ;yand —y. 
100 = 25 ... ; Tom 
And —— Si "ig will satisfy the conditions. 
25 
Put now a(9—2x)= 16 
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144 
Therefore t=77» 
21 
and fa a) is a solution. 


35. To divide a given number into three parts such that the pro- 
duct of the first and second, with the third added or subtracted, may be 
a@ square. 

Given number 6, the third part x, the second any number 
less than 6, say 2. Therefore the first = 4 — a. 


—_—__ 


Hence 8 — 2a+a=asquare, [Double-equation.| And it cannot 
be solved by our method since the ratio of the coefficients 
of x is not a ratio of squares. Therefore we must find a 
number y to replace 2, such that 





yt+1_ Tee’ 
rar beg a square = 4 say. 
Therefore y+1=4y—4, and yao. 
5 13 
Put now the second part = 3? therefore the first = 3 7 
Therefore cigs vtu=a square. 
Sigs 
65- 6x 
Thus 65-9 pe are both squares, 
65 — 24a fo Ge pe eahe 
OY o69_ 9 i are both squares: difference = 195=15. 13. 
Hence (23>) = 65-240, and 4 = 64, e=5. 


Therefore the parts are @ a 3) : 

36. Zo find two numbers such that the first with a certain fraction 
of the second is to the remainder of the second, and the second with the 
same fraction of the first is to the remainder of the first, each in given 
ratios. 

Let the first with the fraction of the second =3 times the 
remainder of the second, and the second with the same 
fraction of the first = 5 times the remainder of the first. 

Let the second = « + 1, and let the part of it received by the first | 
be 1. Therefore the first = 3a—1 [for 3x—1+1= 32]. 
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Also first + second = 4a, and first + second = sum of the numbers 


: first + seconc 
after interchange, therefore ———-—~~— : 


remainder of first — 


2 
Therefore the remainder of the first = 3% and hence the second 


9 
receives from the first 3u—1—<a= t xl. 


re 
7) 
ge 1 == 1 -~ 7 2 4 
Hence == eee p therefore 5 # +ga— l=3z-1, 
and #= : ; 
9 
Therefore the first number = : , and the second = = and | is 
us of the second. 
Multiply by 7 and the numbers are 8, 12; and the fraction is 
_ but 8 is not divisible by 12, so multiply by 3, 


and (24, 36) is a solution. 


37. To find two numbers indefinitely such their product + their 
sum = a given number. 


Given number 8. Assume the first to be z, the second 3, 


Therefore 3a + a+ 3=given number = 8. 


Therefore «= : , and the numbers are ¢ : 3) ; 


Now - arises from 7 Therefore we may put mx+n for 


8 — (ma +n) 


the second number, and the first = =. 
maz+n+1 


38. To find three numbers such that (the product + the sum) of 
any two equals a given number. 
Condition. Each number must be 1 less than some square. 
Let product + sum of first and second = 8, of second and third 
= 15, of third and first = 24. 
8 — second 


then second + 1 


= the first: let the second =< -— 1. 





= , 16 
Therefore ae first = : —1, Similarly third or -1, 
x ‘ x 
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Therefore (2- i\(> = 1) + ” -2= = —1=24, 
x x x 
12 
therefore «= et 
1 oo aa) olution. 
anc Ge 5? 19) 18 2 solu 


39. To find two numbers indefinitely such that their product 
exceeds their sum by a given number. 


Let the first number be a, the second 3. Therefore product 


—sum = 3u-—a-3=2x%-3=8 (say). Therefore on 
Thus the first = = the second = 3. But = i : s : 
“+9 


Hence, putting the second =a + 1, the first ="—— 


40. To find three numbers such that the product of any two 
exceeds their sum by a given number. 
Condition. ach of the given numbers must be 1 less than 


some square. 
Let them be 8, 15, 24. 





Therefore first number = Estee OE Nae , say. Therefore 
second—1 


the first = Z + 1, the second= + 1, and the third = = +1, 


; 

: 

Therefore ( de (+ +1) _ de —2= 24, | 
x x 

; 


2 
Or daze FS poe 
a 


57. 17 _82\.: , 
and Ge 5? Ta) is a solution. 


41. To find two numbers indefinitely whose product has to their 
sum a given ratio. 
Let the ratio be 3:1, the first number a, the second 5. 
° 


15 
Therefore 5a=3 (5+), and «=—. 
But ne = Ds _ and, putting « for 5, 


3a 
the indefinite solution is: first = mpeg ¥: second = a. 
a — 
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42, To find three numbers such that for any two their product 
bears to their sum a given ratio. 


first and second multiplied 


Let Gated = 3, and let the other ratios be 
4and 5,thesecond number. Therefore frst=—", , third 
Hr} _ 
_ Ax 
~e@—4e 
ou dec 3a 4x: 
ae —_ = —_—— ss Dy? — 252 _ ;r 
Also 5. SP = 5 (5+ gg) oF 12a" = 350" — 120. 
120 
Therefore «= 93? 
360 120 480). ; 
d Gr 93° 7a) is the solution. 


43. To find three numbers such that the product of any two has 
to the sum of the three a given ratio. 
Let the ratios be 3, 4,5. First seek three numbers such that 
the product of any two has to an arbitrary number (say 5) 
the given ratio. Of these, let the product of the first 
and the second = 15. 
Therefore if «=the second, the first = 7 
But the second multiplied by the third = 20, 
: 2 20. 
Therefore the third = 2 , and Me = 25. 
Therefore 25x" = 20.15. 
And, if 20.15 were a square, what is required would be done. 
Now 15=3.5 and 20=4.5, and 15 is made up of the ratio 
3:1 and the arbitrary number 9. 


12m* ; 
Therefore we must find a number m such that 5 = ratio of 
vm 
a square to a square, 
Thus 12m?. 5m = 60m = square = 900m’, say. Therefore m= 15. 


Let then the sum of the three = 15, 
and the product of the first and second = 45, therefore the 


0 45.60 _. - 
Similarly the third = =; therefore 5 =75 and a= 6. 
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Therefore the first number = = , the third = 10, 
and the sum of the three = 23} a . Now, if this were 15, 


the problem would be solved. 


Put therefore 15a* for the sum of the three, and for the 
numbers 7}a, 6a, 10x, 


yy 





Therefore 233a = 152”, and w= = ‘ 
h pia, 262 is a soluti 
whence {Gos 99 » 0) s a solution. 
44. To find three numbers such that the product of their sum and ° 
the first is a triangular number, that of their sum and the second a 


square, and that of their sum and the third a cube. 


6 4 ae, 
Let the sum be 2’, and the first = the second ? the third 2? 


which will satisfy the three conditions. 


q 
, 
7 
‘ 
. 
4 
- 





18 
But the sum = a cor 18 =2 


Therefore we must replace 18 by a fourth power. 


But 18=sum of a triangular number, a square and a cube; 
let the fourth power be «*, which must be made up in the 
same way, and let the square be #*—2a°+1. Therefore 
the triangular number + the cube = 2a°—1; let the cube 
be 8, therefore the triangular number =22°—9. But 8 


times a triangular number + 1 =a square. ; 
Therefore 16z°-— 71 =a square = (4a—1)* say; therefore x= 9, 

and the triangular number = 153, the square =6400 and 

the cube = 8. 

6400 q 


- 
Assume then as the first number oe as the second Tae 
x 


by 


a 8 
as the third —. 
a 





Therefore oe =e and w= 9. 


153 6400 8 


Thus ten } “aie ) 81 


) is a solution. 
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45. To find three numbers such that the difference of the greatest 
and the middle has to the difference of the middle and the least a given 
ratio, and also the sum of any pair is a square. 


Ratio 3. Since middle number + least =a square, let them = 4. 
Therefore middle > 2; let it be a+ 2, so that least = 2-2. 


Therefore the interval of the greatest and the middle = 6z, 
whence the greatest = 7x + 2. 


8x +4) ; 
Therefore pe 45 are both squares [Double equation]: take 


x 
two numbers whose product = 2a, say — and 4, and pro- 
? y 9 ? Pp 


ceed by the rule. Therefore «=112, but I cannot take 
112 from 2; therefore « must be found to be < 2, so 
that 62+ 4 < 16, 


Thus there are to be three squares 8a+4, 6a+4, 4; and 
difference of greatest and middle = 4 of difference between 
middle and least. 


Therefore we must find three squares having this property, 
such that the least = 4 and the middle one < 16, 


Let side of middle one be z + 2, whence the greatest is equal to 
e+4e , 4 

wate, 4z74+4= 3 

Therefore this is a square, or 32*+12z+9=a square; but the 
middle of the required squares < 16, therefore z < 2. 





16 
gf 4. —— 27 +4. 
w+s3 +4 


Put now 327 + 122 + 9 = (mz = 3)” = mx J 6mz a 9. 
6m+ 12 

Therefore z = —,—; > 

mm —3 


Hence 6m +12 <2m?—6, or 2m? > 6m + 18, 


which must be < 2. 


3° 7 
and 18.2+3°=45; therefore we may put m=5 + fF 


Thus we have 3z* + 12z +49 = (3 —52)’*. 


2 43 
Hence ea and the side of the middle square = iT? and 
: 1849 
the square itself = 121° 
a 1849 
Turning to the original problem, we put >5)-= 0" + 4. 


Therefore «= 196 which 7s <2. 


»») 
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Hence the greatest of the required numbers 





see eae 11007 
ra oy wee)* 
2817 
and the second of them =a + 2 = 706? 
; 87 
Belt; Se deel 
and the third =2-—2 796" 


46. To find three numbers such that the difference of the squares of 
the greatest and the middle numbers has to the difference of the middle 
and the least a given ratio, and the sums of all pairs are severally 
squares. j 

Ratio 3. Let greatest + middle = the square 16z*. Therefore 
greatest is > 8a", say 8a°+2. Hence middle=82*- 2, 
and greatest + middle > greatest + least, therefore great- 
est + least < 16x° > 8x° = 92°, say; therefore the least 
number = a” — 2. 

Now difference of squares of greatest and middle = 642°, and 
difference of middle and least = 7a’, but 64+ 21. 


Now 64 comes from 32.2, so that I must find a number m 





9 
such that 32m=21. Therefore m= = p 


Assume now that the greatest of the numbers sought 
21 21 21 
= 8a° + 39? the middle = 82° - 39° the least = a — 39° 
[Therefore difference of squares of greatest and middle 
= 2a" = 3. 72".| 


The only condition left is 


adil Ui ree 
8a* — 39 + ® — 35 = & square, 
21 
or Da? — 16 = Square = (3a — 6) say. 
AH 
Therefore c= a , 
576 


3069000 2633544 138681 
Hence (: 


331776 ’ 331776 ° aa1776) is a solution. 
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BOOK V, 


1. To find three numbers in G, Pp. such that each exceeds a given 
number by a square. 


Given number 12. Find a square which exceeds 12 by a 
square [by 11. 11], say 424. Let the first number be 42}, 
the third a’, so that the middle one = 642. 


°—12 
Therefore F ra $ ah are both squares : their difference 


= 2-64} "=a («x —-6}), 


therefore as usual we find the value of a, viz. ue ? 
: 23464 180321) . 
ES je ee i 
and (421, 104’ tosie) 8° solution. 


2. To find three numbers in a. P. such that each together with the 
same given number equals a square. 
Given number 20. Take a square which exceeds 20 by a 
square, say 36, so that 16 + 20 = 36=a square. 
Put then one of the extremes 16, the other «*, so that the 
middle term = 4a. 
x” + 20) hoe 
are both squares : their difference 
Ace + 205 q 
= 2° —4dv=a (x — 4), 
whence we have 4a+20=4, which gives an irrational 


Therefore 


result, 

but the 4=}(16), and we should have in place of 4 some 
number > 20. Therefore to replace 16 we must find 
some square > 4, 20, and such that with the addition of 
20 it becomes a square, 

Now 81> 80; therefore, putting for the required square 
(m + 9)*, (m+9)* + 20 = square =(m—11)’ say. Therefore 
m= 4, and the square = (94)’= 90}. 

L+4 
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Assuming now for the numbers 90}, 94a, a, we have, 
a* + 20 
Qle +2 a are both squares: and the difference =a (a—94), 
_ 41 
Be se he 


1 
and (901, a : ag104) is a solution. 


3. Given one number, to find three others such that any one of 
them or the product of any two, when added to the given number, pro- 
duces a square. 

Given number 5. Porism. If of two numbers each and their 
product together with the same number make squares, 
the two numbers arise from two consecutive squares. 

Assume then («+ 3)’, (w+4)’, and put for the first number 
a’? +6x2+4, and for the second a +8x+11, and let the 
third equal twice their sum minus 1, or 4a° + 28a + 29. 


whence we derive « 


Therefore 4a°+28x% + 34 =a square =(2”— 6)’ say. 


Hence aS = ‘ 
nd pic ibe ae) is a solution. 
i“ = > 676’ 676 


4, Given one number, to find three others such that each, and 
the product of any two exceed the given number by some square. 
Given number 6. Take two consecutive squares 2”, x? + 2«+1, 
add 6 to each, and let the first number = a +6, the 
second number = «” + 2a + 7, the third being equal to twice 
the sum of first and second minus 1, or 4a? + 4a + 25. 


Therefore third minus 6 = 4a? + 4a + 19 = square =(2x —6)’ say. 


17 
Therefore c= 38° 
nd ex pian oar) is a solution 
: 704’ 784° 784 


[Observe in this problem the assumption of the Porism numbered 
(1) above (pp. 122, 123).] 

5. To find three squares such that the product of any two, added 
to the sum of those two, or to the remaining one, gives a square. 


Porism. If any two consecutive squares be taken, and a third 
number which exceeds twice their sum by 2, these three 
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numbers have the property of the numbers required by 
the problem. 

Assume as the first «* + 2a + 1, and as the second a + 4a + 4, 
Therefore the third = 4° + 12” +12. 





Hence 2° + 3%+ 3= a square = (#— 3)? say, and a = “ 


25 64 196 
(po 
6. To find three numbers such that each exceeds 2 by a square, 
and the product of any two minus both, or minus the remaining 
one = a square. 
Add 2 to numbers found as in 5th problem. Let the first be 
x +2, the second 2+ 2a+ 3, the third 4a°+ 4a + 6, and 
all the conditions are satisfied, except 
4° + 4a +6 —2 =a square = 4 (w— 2)? say. 


Therefore is a solution. 


Therefore — d 
q (es 114 ) : luti 
an 25 ; 25 ; 05 1S a SOlUT1ON, 


7. To find two numbers such that the sum of their product and 
the squares of both is a square. [Lemma to the following problem. | 
First number a, second any number (7), say 1. 


Hence x? +a2+1=a square =(x—2)’ say, and «= 4 
Therefore é 3 1) is a solution, or (3, 5). 


8. To find three right-angled triangles’ whose areas are equal. 
First find two numbers such that their product + sum of their 
squares =a square. i.e. 3, 5, as in the preceding problem 
[15 + 3° + 5° = 7°). 
Now form three right-angled triangles from 
(7, 3), (7, 5), (7, 3+), 
respectively, Le. the triangles 
(7° +3°, 7?- 3°, 2.7.3), de. 


1 T.e. rational right-angled triangles. As all the triangles which Diophantos 
treats of are of this kind, I shall sometimes use simply the word ‘triangle’ to 
represent ‘‘rational right-angled triangle,” for the purposes of brevity, where 
the latter expression is of very frequent occurrence. 


14—2 
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and we have the triangles 

(40, 42, 58), (24, 70, 74), (15, 112, 113) 
and the area of each = 840, 

(77-3) 7.3=(7 —5°)7.5=(8-7’)8. 7]. 


[’ For if ab+a0+b=c’, 
(c? — a’) ca = (c* —b’) cb = {(a +b)’ —c*} (a+ d)e, 
since each =abe (a + b)). 


9. To find three numbers such that the square of any one + the 
sum of the three = a square. 

Since, in a right-angled triangle, (hypotenuse)’ + twice product 
of sides= a square, we make the three numbers hypotenuses, 
and the sum of the three four times the area. 

Therefore I must find three triangles having the same area, i.e. 
as in the preceding problem, 

(40, 42, 58), (24, 70, 74), (15, 112, 113). 

Therefore, putting for the numbers 58x, 74x, 113a, their sum 

= 245 = four times the area of any one of the triangles 


= 33602’, and x= i 


96° 
406 518 791). : 
Therefore (Fe > 96° —) is a solution. 


10. Given three squares, it is possible to find three numbers 
such that the products of the three pairs are respectively equal to 
those squares. 


Squares 4,9, 16. One number a, the second = the third : ‘ 


and = 16, and «= 1}. 


1 Nesselmann suggests that Diophantos discovered this as follows. Let 
the triangles formed from (n m), (q m), (7 m) have their areas equal, 
therefore n (m?—n*)=g (m?—q?)=r (r?— m2), therefore m2n —n'=m’%q — q’, 

» n> -g8 
n= moe =n? +nqg+q?. 
Again, given (q mn), to find r; 
q (m* - q?)=r(7?—m?*), and m?- q?=n?+ng 

from above, therefore q (n?+nq)=r (r?-—n*® —nqg—q°), 


OF q (n?+nr) +9? (n+7r)=r (r2- n°). 
Dividing by r+n, qn+q2=r2—rn, 
therefore (q+r)n=12 - q?, 


and r=q+n. 
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Therefore the numbers are (14, > 8) ; 


6 
We observe that «=—, where 6= product of 2, 3, and 


4 , 
4=side of 16. 

Hence rule. Take the product of the sides, 2, 3, divide by the 
side of the third square, and divide 4, 9 again by the 
result. 


11. To find three numbers such that the product of any two 
+ the sum of the three =a square. 


As in 9th problem, find three right-angled triangles having 
equal areas: the squares of the hypotenuses are 3364, 
5476, 12769. Now find as in 10th problem three num- 
bers, the products of pairs of which equal these squares, 
which we take because each + (4. area) or 3360 =a square; 
the three numbers then are 

4292 3277 4181 
TS gia) dieu ag 
It only remains that the sum = 33602’. 
32824806 





ee 491949 = 33602", 
32824806 
Therefore ®= 457396640° 


whence the numbers are known. 


12. To divide unity into two parts such that if the same given 
number be added to either part the result will be a square. 


Condition. The added number must not be odd...... [the text of 
this condition is discussed on p, 129 and note. | 


Given number 6. Therefore 13 must be divided into two 
two squares so that each> 6. Thus if I divide 13 into 
squares whose difference < 1, this condition is satistied. 


Take = = 6}, and I wish to add to 6} a small fraction which 
will make it a square, 
1 
or, multiplying by 4, I wish to make + 26 a square, or 


26a? + 1 =a square = (5a + 1)’ say, 
whence 2=10. 
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Therefore to make 26 into a square I must add : 


or to make 6} into a square I must add a ; 


and oo + 13 = @) 
400 2 20) ° 
Therefore I must divide 13 into two squares such that their sides 
, 51 , 
may be as nearly as possible equal to 50° [zapiodtytos 
dywyn, above described, pp. 117—120.] 


Now 13 =2°+ 3% Therefore I seek two numbers such that 


3 minus the first Bh or the first = 


50? = and 2 plus 


51 11 
the second = 99» 80 that the second = 30° 
I write accordingly (ll#+ 2)’, (3-92)? for the required 


squares substituting x for 50 | ; 


20 
Therefore the sum = 2022°—-10%+13=13. 
5 ; 257 258 
Hence =F]? and the sides are 101’ 101° 


and, subtracting 6 from the squares of each, we find as the 
parts of unity 
4843 5358 
(roan ; roa0t) 


13. Zo divide unity into two parts such that, if we add given 
numbers to each, the results are both squares. 


Let the numbers be 2, 6, and let them be represented in the 
figure. Suppose DA=2, AB=1, BE=6, & a point in 
AB so chosen that DG, GH may both be squares. Now 


D AGB E 


a —— 








Therefore I have to divide 9 into two squares such that one of 
them lies between 2 and 3. 

Let the latter square be a. Therefore the second square 
= 9 -«2*, where 2° > 2 < 3. 

Take two squares, one > 2, the other < 3, [the former square 
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: 289 361 
being the smaller], say 144’ Tai: Therefore, if we can 
make a” lie between these, what was required is done. 
i719 


We must have “>= < 
12: 19 


Hence, in making 9 — 2” a square, we must find 


LY, sto 
c> [2 < [2 . 
Put 9-—a?=(3'— ma)’. Therefore «= — iD which must be 
7 _19 


= aoe See 
12 12 


Thus 72m>17m?+17, and 36°-17.17=1007 which’ is 
+ 31%, hence m is + = Similarly m is + 2 : 


2 
Let m=3}. Therefore 9 — a’ = (3 - 5) , 


84 
and C= 53 ~ 
7056 1488 1371 
Hence 2 = 3809” and the segments of 1 are Gat ; 500) ; 


14. To divide unity into three parts such that, if we add the same 
number to the three parts severally, the results are all squares. 
Condition. Given number must not be 2...... [Condition remarked 
upon above, pp. 130, 131.] 
Given number 3. Thus 10 is to be divided into three squares 
such that each > 3. 


Take . of 10, or 33, and find a so that = + 31 may be a square, 


3 9a* 
or 30a* + 1 =a square = (5a +1)’ say. 
Therefore 2=2, 
and EA +34= Bek =a square. 
36 3 


Therefore we have to divide 10 into three squares each near to 
121 : F 
36 > [ rapiodryros aywyy|. 


1 T.e, the integral part of the root is +31. The limits taken are a fortiori 
limits as explained on p. 93, n. 3and4, Strictly speaking, we could only say, 
taking integral limits, that ,/1007 <32, but this limit is not narrow enough to 
secure a correct result in the work which follows. 
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Now 10= 3*°+ 1°= the sum of the three squares 9, = a 
: 2 : with = or (multiplying by 30) 
90, 18, 24 with 55, we must make each side approach 59. 
Put therefore for the sides 
3 — 35a, Ble+s, 37x “ 
[35 =90—55, 31=55-24, 37 =55-18], 
we have the sum of the squares 


= 3555a° — 1162+ 10=10. 


Comparing the sides 3 


Therefore “= 


and this solves the problem. 


15. To divide unity into three parts such that, if three given 
numbers be added, each to one of the parts, the results are all 
squares. 

Given numbers 2, 3, 4. Then I have to divide 10 into three 
squares such that the first > 2, the second > 3, the third 


>4. Let us add = unity to each, and find three squares 


whose sum is 10, the first lying between 2, 23, the 

second between 3, 34, and the third between 4, 44. 
Divide 10 into two squares, one of which lies between 2 and 2}. 
Then this square minus 1 will give one of the parts of unity. 
Next divide the other square into two, one lying between 

3, 34; this gives the second part, and therefore the third. 


16. To divide a given number into three parts such that the 
sums of all pairs are squares. 

Number 10. Then since the greatest + the middle part 
=a square, &c., the sum of any pair is a square < 10, but 
twice the sum of the three =20. Therefore 20 is to be 
divided into three squares each of which < 10. Now 
20=16+4. Therefore we must divide 16 into two 
squares, one of which lies between 6 and 10; we then 
have three squares each of which is < 10, and whose sum 
= 20, and by subtracting each of these squares from 10 
we get the parts required: 


{16 must be divided into the two squares by v. 13.] 
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17. To divide a given number into four parts such that the sum 
of any three is a square. 


Number 10. Then three times the sum = the sum of four 
squares. 


Hence 30 must be divided into four squares, each of which 
< 10. If we use the method of zapicdrns and make each 
near 7}, and then subtract each square found from 10, we 
have the required parts. 

But, observing that 30=16+9+4+1, I take 4, 9 and divide 
17 into two squares each of which <10> 7, Then sub- 
tract each of the four squares from 10 and we have the 
required parts. 


18. To find three numbers such that, if we add any one of them 
to the cube of their sum, the result is a cube. 


Let the sum be a, the numbers 72’, 262°, 632°. Hence, for the 
last condition, 96a°=a. But 96 is not a square. There- 
fore it must be replaced. Now it arises from 7 + 26 + 63, 


Therefore I have to find three numbers, each | less than a eube, 
whose sum is a square. Let the sides of the cubes be 
m+1, 2—m, 2, whence the numbers are 

m+ 3m? + 3m, 7-—12m+ 6m°>-—m*, 7, 
and the sum = 9m*— 9m + 14=a square = (3m — 4)’, 
2 

= TR 

1538 18577 

3375 3375 ’ 

Therefore, putting the sum =, and the numbers of the problem 

16gs, 1S0t7 . + 
3375? 33756 2?! 


Therefore m 


(fe 


and the numbers are 


15 
rae. therefore, &ec. 
19. To find three numbers such that, if we subtract any one of them 
Srom the cube of the sum, the result is a cube. 


a find x 


’ bers tg? 28 92 83 4p 
Let the sum be a, the num ers § @y 97 Ms Gye 
4877 
Therefore 1798 oo; ( 
but ere = 3—the sum of three cubes. ST p 


1728 : 
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Therefore we must find three cubes, each <1, such that (3—their 
sum) = a square = 2} say. Therefore we have to find three 
cubes whose sum ge = ik 

4 216’ 
into three cubes. But 162= 125 + 64 — 27. 

Now (Porism) the difference of two cubes can be transformed 
inio the sum of two cubes. Having then found the three 
cubes we start again, 


or we have to divide 162 


, which, with the three cubes, 


Y9| bo 


and «=24«", so that x= 
determines the result. 


20. To find three numbers such that, if we subtract the cube of 
their sum from any one of them, the result is a cube. 


Sum =, and let the numbers be 22’, 92°, 28x°. Therefore 
39a? = 1, and we must replace 39, which =sum of three 
cubes + 3. 

Therefore we must find three cubes whose sum +3= a 
square. 

Let their sides be m, 3-—m, and any number, say 1. 

Therefore 9m? +31—27m=square =(3m— 7)? say, so that 
m= 2 , and the sides of the cubes are S = th 

Starting again, let the sum be a, and the numbers 

341 , 854 , 250 


$ 3 


195"? 125”? 195° 





25 
2_19 aad pa . 
so that 144527 =125, a2’= 999? @=T73 


thus the numbers are known. 


21. To find three numbers, whose sum is a square, such that the 
cube of their sum added to any one of them gives a square. 


Let the sum be a’, the numbers 32°, 82°, 15a°. Therefore 
26a*=1; and, if 26 were a fourth power, this would 
give the result. 


To replace it by a fourth power, we must find three squares 
whose sum diminished by 3=a fourth power, or three 
numbers such that each increased by 1=a square, and 
the sum of the three =a fourth power. Let these be 


—— 
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m* — 2m*, m* + 2m, m? — 2m[sum = m*]; then if we put m 
anything, say 3, 

the numbers are 63, 15, 3. 


Thus, putting for the sum 2’, and for the numbers 32°, 152’, 





See, 2 = = and the problem is solved. 
22. To find three numbers whose sum equals a square, and such 
that the cube of the sum exceeds any one of them by a square. 


[Incomplete in the text. ] 


23. To divide a given fraction into three parts, such that each 
exceeds the cube of the sum by a square. 


Given fraction = Therefore each = = +asquare. Therefore 


the sum of the three=sum of three squares + Ms ; 

Therefore we have simply to divide = into three squares, 

24. To find three squares such that their continued product 
added to any one of them gives a square. 


Let the “solid content” = x’, and we want three squares such 
that each increased by 1 gives a square. They can be got 
from right-angled triangles by dividing the square of 
one of the sides about the right angle by the square of 
the other. Let the squares then be 


a eee 
16"? Te”? 295" 
. 14400 . "eee 
Therefore the solid content = 518400 2" This = 2’. 
120 
Therefore 799 ea. 
20. t 
but 790 18 not a square. 


Thus we must find three right-angled triangles such that, 
if b’s are their bases, p’s are their perpendiculars, 
P, PoP b,6,5, = square, or assuming one triangle arbitrarily 


3p,b, 
(3, 4, 5), we have to make 12p,p,),b, a square, or =f 
3 
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a square, ‘This is easy” (Diophantos ') and the triangles 
(3, 4, 5), (8, 15, 17), (9, 40, 41), 
satisfy the condition, 


and c= = : 
25 256 9 
the squares then are E> 1? is) : 


25. To find three squares such that their continued product exceeds 

any one of them by a square. 
Let the “solid content” = a*, and let the numbers be got from 
right-angled triangles, being namely 
DG. SelB ete on 
25°? 169"? G85" 
a ae 

BEERS | deme 

and the first side ought to be a square. 


Therefore 


As before, find three triangles, assuming one (3, 4, 5) such that 
hhj, pPp,P,;= 2 square’, [letters denoting hypotenuses 


and bases], or such that 20 fe = a square. 


wi 


[For the rest the text is in a very unsatisfactory state. ] 


1 Diophantos does not give the work here, but merely the results. Moreover 
there is a mistake in the text of (5, 12, 13) for (8, 15, 17), and the problem is not 
finished. 

Schulz works out this part of the problem thus: 

Find two right-angled triangles whose areas are in the ratiom:1. Let the 
sides of the first be formed from (2m+1, m--1), and of the second from (m+ 2, 
m-—1), so that two sides of the first are 4m?~—2m-2, 3m?+6m and the area 
=6m4 + 9m — 9m? — 6m. 

Two sides of the second are 2m?+2m-—4, 6m+3, and m times the area 
=6m*+9m?—9m*2—6m. Now put e.g. m=3, therefore the first triangle is 
formed from 7, 2, viz. (28, 45, 53); second from 5, 2, viz. (20, 21, 29). 

2 Cossali remarks: ‘‘Construct the triangles (i, b, p) [i=ipotenusa], 


b2+4p? b2-4p?  4bp 
(= p P P=), 


Ree he 


ib? + 4ip? b.4dp—p (b®- 4p?) p.dbp +b (v2 - 4p? 
“nn (ee Asie Daa ae pee»), 
i (b? + 4p?) (ib? + dip? 72 (D2 + 4p2)2 
then a ald +p. 4p . pil rer : 4p?b?, 
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26. ‘To find three squares such that each exceeds their continued 
product by a square. 
Let the “solid content” = 2°, and the squares have to be found 
by means of the same triangles as before. We put 252”, 
625°, 147842° for them, &e. 
[Text again corrupt. | 


27. To find three squares such that the product of any two 
increased by 1 is a square. 
Product of first and second + 1 =a square, and the third is 
a square. 
Therefore solid content + each = a square; and the problem 
reduces to the 24th above. 


28. To find three squares such that the product of any two 
diminished by 1 is a square. 
[Same as 25th problem. ] 


or the solid content of the three hypotenuses has to that of the three perpen- 
diculars the ratio of a square to a square. 


It is in his note on this imperfect problem that Fermat makes the error 
which I referred to above. He says on the problem of jinding two triangles such 
that the products of hypotenuse and one side of each have a given ratio ‘*This 
question troubled me for a long time, and any one on trying it will find it very 
difficult: but I have at last discovered a general method of solving it, 

“Let e.g. ratio be 2. Form triangles from (ab) and (ad). The rectangles 
under the hypotenuses and the perpendiculars are respectively 2ba*+2b%a, 
2da*+d°a, therefore since the ratio is 2, ba’+b'a=2(da*+d%a), therefore by 
transposition 2d? — b=ba?- 2da?; therefore, if — gals 
problem will be solved. Therefore I have to find two cubes d°, b° such that 
2d—b' divided or multiplied by b—2d=a square. Let x+1, 1 be the sides, 
therefore 


be made a square, the 


2d3 — 3 = 223+ 622+6e+1, 2b-d=1-z, 
therefore . aa 
(1-2) (1460-46044 20)=1+ 52-408 — Bet square= (F241 -5*) , 
and everything is clear.” 

[Now Fermat makes the mistake of taking 2)-d instead of b -—2d, and thus 
he fails to solve the problem. Brassinne (author of a Précis of Diophantos and 
Fermat) thinks to mend the matter by making (1+62+6x2*+2z2*)(1+2z) a 
square, whereas, the quantity to be made a square is (1+ 6x + 62° + 22°) (-1-—2z). 
The solution is thus incurably wrong.] 

Fermat seems afterwards to have discovered that his solution did not help to 
solve this particular problem of Diophantos, but does not seem to have seen that 
the solution is inconsistent with his own problem itself. 
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29. To find three squares such that unity diminished by the 
product of any two =a square. 
[Same as (26). ] 


30. Given a number, find three squares such that the sum of any 
two together with the given number produces a square. 


Given number 15. Let one of the required squares =9. 
Therefore I must find two other squares, such that each 
+24=a square, and their sum +15=a square. Take 
two pairs of numbers whose product = 24, and let them 
be the sides of a right-angled triangle’ which contain 


the right angle, say : , 6x; let the side of one square be 
half the difference, or oe 3a. 
Again, take other factors = 8x, and half the difference 


= 4¢=side of the other square, say. 


2 2 
Therefore (a - te) + é - 3.) + 15=a square, 
2a x 


61 
or = + 2527 —9 =a square = 252’ say. 


5 ; 
Therefore «= 6? and the problem is solved. 

31. Given a number, to find three squares such that the swm of 
any pair exceeds the given number by a square. 


Given number 13. Let one of the squares be 25, Therefore 
we must seek two more such that each + 12 =a square, and 
(sum of both)—13=a square. Divide 12 into products 


(82, =) and (42, =), and let the squares be 


a2) Pr 8) 
(5 x , (2-52) - 
2? 


3 . 3\? 
Therefore € x 5) + (2 ~ is) —13=a square, 
64 


or 4 + 64 a? —25 =a square = ae Say: 
Therefore «= 2, and the problem is solved. 


1 T.e. corresponding factors in the two pairs, in this case 62, 82. 
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32. To find three squares such that the sum of their squares is a 


Let one be a’, the second 4, the third 9, Therefore 
a* + 97 =a square = (a*— 10)? say. 


3 : 
Therefore X= 5» but 3.20 is not a square and must be 


replaced. 
Hence I have to find p*, q° and m such that i a5; =a 
-m 
square. Let p?=27, g=4, and m=2°+4. Therefore 


m’ — p* — g* = (2 + 4)?-2*-16=82. Hence we must 





ru “2 
have, 9748 * Square, or —— 4 square. 
Put 2°+4=(2+1)* say. 


3 

Therefore z= 3? and the squares are p® = - q =4, and 
25 ; ‘ 

m = 7, OF, taking 4 times each, p?=9, g?=16, m=25, 


Starting again, put the first square=<2", the second=9, the 
third = 16, whence the sum of the squares = a‘ + 337 
= (a? — 25). 


Therefore x 


= (Gs 9, 16) meee. 


33. [E£pigram-problem|. 
> / ‘ , , ‘ » 
Oxradpaxpovs kal mevtadpaxpous xoeas tis euée, 
Tots mporoXotor mueiv xpnot amotaédpevos. 
Kai tipqv arédwxev vrip Tavtwv TeTpaywvor, 
‘ > / , , 
Tds émitaxeioas SeEapevov povadas, 
Kat rowtvra mdAw erepov oe pépew TeTpaywvov 
Kryodpevov mrevpav ovvOeua tadv xo€ewv. 
q, 8 , ‘ > Ld ‘ > 
Qorte diacrerAov tovs OKTadpdxpovs TOTO joa, 
Kat madi tovs érepous mai eye Tevredpaxpous. 


Let the given number (éritayfeicar povddes) be 60. The 
meaning is: A man buys a certain number of yoes of 
wine, some at 8 drachmas, the rest at 5 each. He pays 
for them a square number of drachmas. And if we add 
60 to this number the result is a square whose side = the 
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whole number of xdes. Required how many he bought 
at each price. 


Let «=the whole number of xdes. Therefore a — 60 = the price 


paid, which is a square, («—m)’ say. Now tof the price 


of the five-drachma xoes - of the price of the eight- 


drachma yoes=a. We cannot have a rational solution 


1 1 
unless @>@ (a* — 60) < 5 (x? — 60). 


Therefore a? > 5a + 60 < 8a + 60. 
Hence a? =5a+a number > 60, or # is’ + 11. 
Also a + 8a + 60. 
Therefore x is + 12, so that x must lie between 11 and 12. 
But x —60=(«— my)’, 
m* + 60 





therefore «w= , which > 11, < 12, 


2m 
whence m +60 > 22m < 24m. 
From these we find, m is not > 21, and not < 19. 
Hence we put 2’ —60=(#- 20)’, 
and we = 114. 
Thus 2? = 1321, 2? — 60 =721, 


and 72} has to be divided into two numbers such that : of 


the first + : of the second = 114. Let the first = z. 
ee ea | 
Therefore 5+ 8 (724-2) =113, 
32 gm 
or go = 112-982 = 35> 
and z= ae 
, 79 
Therefore the number of x¢es at five-drachmas = 3° 
‘ 59 
” - + eight _,, = 70° 





[At the end of Book v. Bachet adds 45 Greek arithmetical epi- 
grams collected by Salmasius, which however have nothing to do 
with Diophantos. | 


1 See pp. 90, 91 for an explanation of these limits. 


a 





to 
to 
aa 


BOOK VI. 


l. To find a rational right-angled triangle such that the hypote- 
nuse exceeds each side by a cube. 

Suppose a triangle formed from the two numbers a, 3. 

Therefore hypotenuse =x*+ 9, perpendicular =6x, base =a" — 9, 

Therefore by the question «* + 9 — (a? —9) should be a cube, or 
18 should be a cube, which it is not. Now 18=2. 3%, 
therefore we must replace the number 3 by m, where 
2m? =a cube ; i.e. m=2. 

Thus, forming the triangle from a, 2, viz. (a° +4, 4a, a— 4), 
we must have «’— 4x%+4 a cube. 

Therefore (x — 2)? =a cube, or «— 2=a cube=8 say. 

Hence “x= 10, 

and the triangle is (40, 96, 104). 


2. To find a right-angled triangle such that the sum of the 
hypotenuse and either side is a cube. 
Form a triangle as before from two numbers, and one of them 
must be a number twice whose square = a cube, ie. 2. 
Therefore, forming a triangle from a, 2, or (a + 4, 4a, 4 — 2°) 
we must have a +4a2+4a cube, and a? < 4. 


L 7 
. al 
Hence «+ 2 =a cube, which must be < 4 > 2 = — say. 


8 
Therefore = = : 
; . (185 352 377 
and the triangle is (ae 64? ea) : 


3. To find a right-angled triangle such that the sum of the area 
and a given number is a square. 
Let 5 be the given number, (3a, 4”, 5x) the triangle. 
Therefore 6x? + 5 =square = 9x” say. 
5. ‘ 
Hence 32*?= 5, and 3 8 not a square ratio. 
Hence I must find a triangle and a number such that the 
difference of the square of the number and the area of 


; l 
the triangle has to 5 a square ratio, 1. &. == of a square. 


H. D. 15 
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Form a triangle from a, = ; then the area= a’ ae , and let the 


2 
number = # + ae , so that 4.5 + = = : of a square, 


2 
or, 4.25+ 508 a square = (10 + ~) say. 


Whence c= = : 
: 24 5 
The triangle must therefore be formed from 5? 34? 


. 41 
and the number is $0 ° 
Put now for the original triangle (hv, px, bx), where (hpb) is 
24 5 pha 170569 , 
ogg nS +P scone 
and we have the solution. 


the triangle formed from —- 


4. To find a right-angled triangle such that its area exceeds a 
given number by a square. 


Number 6, triangle (3x, 4a, 52). 
Therefore 6a? — 6 = square = 42° say. 
Hence, as before, we must find a triangle and a number such 


that the area of the triangle — (number)? =5 of a square. 
i 1 
Form the triangle from m, one 
1 6 
Therefore its area =m’? — m2? and let the number be m— 5° 


Hence 6 (6 - *)= = a square, 


or,  36m’—60=a square = (6m -— 2)’. 


5 


Therefore m= _ and the triangle must be formed from (. 3), 


ar 
the number being 4° 


We now start again, and the rest is obvious. 
5. To find a right-angled triangle such that a given number 
exceeds the area by a square. 
Number 10, triangle (3x, 4a, 5x). Therefore 10-62°=a 
square, 
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and a triangle and a number must be found such that (number)" 


3 1 ; 
+area of triangle = i0 ofa square. Form a triangle from 


1 
m, —» and let the number be a4 5m. 
7 


Therefore 260m? + 100 =a square, 
or 65m* + 25 = a square = (8m + 5)? say. 
Therefore m = 80, 


The rest is obvious. 


6. Lo find a right-angled triangle such that the sum of the area 
and one side’ about the right angle is a given number. 


Given number 7. Triangle (3a, 4a, 5a), 
therefore 62° + 3a=7. 
3 
To solve this, (5) +6.7 not being a square, is not possible. 


_ 


Hence we must substitute for (3, 4, 5) a right-angled triangle 


ide\?* : 
such that cr z =) +7 times the area=a square, Let 


~ 





one side be a, the other 1. 


(rae 
Therefore 9% +4 =a square, 
or l4a+l=a ot 
Also, since the triangle is rational, #’+1 =a square)’ 


Now the difference = a* —- ld4da=a(x-14). Therefore, putting 


~ 


7? =142+1, we have «= a Therefore the triangle is 


7 
ez I, 7) or we may make it (24, 7, 25). 


i. 
Going back, we take as the triangle (247, 7x, 25). 
1 
Therefore 842° + 7z=7, and «= i: 
, : 7 25 
Hence the triangle is (6, 4? z) ; 
7. To find a right-angled triangle such that its area exceeds one 
of its sides by a given number. 


1N.B. For brevity and distinctness I shall in future call the sides about 
the right angle simply “sides,” and not apply the term to the hypotenuse, which 
will always be called “hypotenuse.” 
l 0—"4 
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Given number 7. Therefore, as before, we have to find a 
one side\* : 
—>z—) +7 times area 


right-angled triangle such that ( 
=a square, ie. the triangle (7, 24, 25). 


Let the triangle of the problem be (7x, 24a, 252). 
Therefore 84a°—7a=7, and «= _ 


8. To find a right-angled triangle such that the sum of its area 
and. both sides=a given number. 
Number 6. Again I have to find a right-angled triangle such 


sum of sides\’ : 
that —— ) +6 times area=a square. Let m, 


2 
; m+1\? m Im i 
1 be the sides; therefore (Ar) 3m = 1 ge 
square, and m’+ 1 =a square. 
Therefore m +14m+1 
: \ are both squares, 
m +1 
and the difference = 2m. 7. 
45 
Therefore mM = 52» 
Te. : . (40 53 
and the subsidiary triangle is ( 58 i 58) or (45, 28, 53). 
Assume now for the triangle of the problem (45x, 28a, 532). 
Therefore 6302" + 73x = 6, 


and « is rational. 


9. To find a right-angled triangle such that its area exceeds 
the sum of both sides by a given number. 

Number 6. <As before we find subsidiary triangle (28, 45, 53). 

Therefore, taking for the required triangle (28a, 45x, 53x), we 


find 630a° — 73a = 6, 
and x= 2 ’ 


10. To find a right-angled triangle such that the sum of its area, 
hypotenuse, and one side is a given number. 
pba® 
== 
and in order that this equation may have a rational solu- 
tion I must find a triangle such that 


Given number 4. Assuming ha, pa, ba, + ha + be = 4, 





(“Eee + one side 


2 


) +4 times area=a square. 


| 
; 
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Make a right-angled triangle from m, m+1. Therefore 
(Ayreon +one ~) (= +2m+1+2m+ 2) 








2 2 


= m‘ + 4m® + 6m? + 4m+ 1 
and 4 times area = 4m (m +1) (2m +1) 
which = 8m* + 12m? +- 4m. 


Therefore 
m + 12m> + 18m? + 8m + 1 =a square = (m’? + 6m — 1)’ say. 
5 
Hence _ m=F> 


and the triangle must be formed from G 7) or (5, 9). 


Thus we must assume for the triangle of the problem the 
similar triangle (28a, 452, 53x), and 6302*° + 8la=4. 
4 
Tos" 


11. To find a right-angled triangle such that its area exceeds the 
sum of the hypotenuse and one side by a given number. 


Therefore x= 


Number 4. As before, by means of the triangle (28, 45, 53) 


we get 630a* — 8la= 4. 
Therefore x= : ? 


12. To find a right-angled triangle such that the difference of 
its sides is a square, and also the greater alone is a square, and, 
thirdly, its area + the less side =a square. 

Let the triangle be formed from two numbers, the greater side 
being twice their product. Hence I must find two 
numbers such that twice their product is a square and also 
exceeds the difference of their squares by a square. This 
is true for any two numbers of which the greater = twice 
the less. 

Form then the triangle from a, 2”, and two conditions are 
fulfilled, The third condition gives 6a*+ 32° =a square, 
or 627+ 3=a square. Therefore we must seek a number 
such that six times its square with 3 produces a square, 
i.e. 1, and an infinite number of others. 


Hence the triangle required is formed from 1, 2. 


Lemma. Given two numbers whose sum is square, an infinite 
number of squares can be found which by multiplication with one of 
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the given ones and the addition of the other to this product give 
squares, 
Given numbers 3, 6. Let «+ 2%+1 be the square required, 
which will satisfy 
3 (w+ 24+ 1)+6=a square, or 3x°+6x2+9=a square. 
This indeterminate equation has an infinite number of 
solutions. 


13. Zo find a right-angled triangle such that the swm of its area 
and either of its sides =a square. 

Let the triangle be (5a, 12x, 132). 

Therefore 302°+12%=a square = 362” say. 

Therefore 6x = 12, and #=2. 

But 30xz°+5x is not a square when x«=2. Therefore I must 
find a square m*x* to replace 36x° such that the value 
pattie of x is real and satisfies 30a° + 5a =a square, 
m — 30 

60m? + 2520 
m'‘ — 60m + 900 
Therefore 60m’ +2520=a square. If then [by Lemma] we 

had 60m’ + 2520 equal to a square, the equation could be 
solved, 


This gives by substitution 





=a square. 


Now 60 arises from 5, 12, ie. from the product of the sides 
of (5, 12, 13); 2520 is the continued product of the 
area, the greater side and the difference of the sides 
[30.12.12—5]. 

Hence we must find a subsidiary triangle such that the pro- 
duct of the sides + the continued product of greater side, 
difference of sides and area = a square. 


Or, if we make the greater side a square, we must have [dividing 
by it], less side + product of difference of sides and area 
=a square. Therefore we must, given two numbers 
(area and less side), find some square such that if we 
multiply it by the area and add the less side, the result is 
a square, his is done by the Lemmas’ and the auxiliary 
triangle is (3, 4, 5). 


1 Diophantos has expressed this rather curtly. If (h p b) be the triangle 
(b>p), we have to make bp + 4hbp .(b—p)b 


a square, or if b is a square, p+ bp (b-p) must be a square. 


: 
a SO ee 
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Thus, if the original triangle is (3x, 4a, 52), 


we have 6a? + 4a both 
Ga? + as) are both squares. 
4 . 
Let On rg be the solution of the first equation. 
Therefore the second gives ee + _ a =a square, 
m‘*—12m?+36 m’*-6 
Hence 12m’ + 24 =a square, 


and we must find a square such that twelve times it + 24=a 
square [as in Lemma]. 
Therefore m 


and “= 


Therefore the triangle required is (5 P : aa) ; 
14. To find a right-angled triangle such that its area exceeds 
either side by a square. 
The triangle found as before to be similar to (3, 4, 5), Le. 
(3a, 4a, 52). 
Therefore 62° — 4a =square = m* (<6). 


4 
Hence ay a 
96 12 a P 
and C-my —Gomi ~ * Square, or 24 + 12m? =a square, 
Let m = 1 say. 
4 
Therefore eae 


12 16 
and the triangle is (F a, 4) : 


Or, putting m=2+1, we find 32°+6z+9=a square, and 


13 22 he eattadcd 
Serge es ge ee oS ea 


This relation can be satisfied in an infinite number of waysif ) — p isa square, 
and also p +4 bp. 

Therefore we have to find a triangle such that greater side = square, difference 
of sides=square, less side + area = square. a 

Form the triangle from (a, }), therefore greater side =2ab, which is a square, 
if a=-2b, difference of sides =4)?-8b%= a square, less side + area = 30? +62 = 
a square. 
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15. To find a right-angled triangle such that its area exceeds 
either the hypotenuse or one side by a square. 


Let the triangle be (3a, 4a, 5a), 


Therefore 6a" — 5a 
Ga? — Sat are both squares. 
Making the latter a square, we find «= a (m? <6). 
54 15 


Therefore from the first 5=a square, or 


Com bat 
15m? — 36 =a-square. 

This equation we cannot solve, since 15 is not the sum of two 
squares. 

Now 15m’=the product of a square less than the area, the 
hypotenuse, and one side ; 36 =the continued product of 
the area, one side, and the difference between the hypote- 
nuse and that side. 

Hence we must jind a right-angled triangle and a square such 
that the square is <6, and the continued product of the 
square, the hypotenuse of the triangle, and one side of a 
exceeds the continued product of the area, the said side 
and the difference between the hypotenuse and that side by 
a@ square. 

[Lacuna and corruption in text’]. 

Form the triangle from two “similar plane numbers” [numbers 
of the form ab, abc’, say 4, 1. This will satisfy the con- 
ditions, and let the square be 36, (< area.) 

The triangle is then (8%, 15a, 172). 


Therefore 602? — 8a = 362” say. 
1 
Thus ' w=, 
: Te op ee 
and the triangle is (3 5, apr 


1 Schulz works out the subsidiary part of this problem thus, or rather only 
proves the result given by Diophantos that the triangle must be formed from 
two “similar plane numbers” a, ab? [i.e. a. 1 and ab. b.] ; and hyp. h=a*bi +a’, 
greater side g=a*b4— a, less side k=2a*b’, area f= hkg. Now 

h—k=ab'— 2a*b? + a? = (ab? - a)’, 
a square; and hkz®—kf(h—k) is a square if 22=}(h—k) k, for, if we then divide 
by the square h—k and twice by the square $k, we get 2 (hk —y)=4a‘, which is a 


square. 
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16. Given two numbers, if some square be multiplied by one of 
them, and the other be subtracted, the result being « square, then 
another square can be found greater than the first square which has 
the same property. [Zemma to the following problem. | 

Numbers 3, 11, side of square 5, so that 3.25-11=64=a 
square. Let the required square be («+ 5)’. 


Therefore 
3 (w+ 5)?— 11 = 32° + 30x+ 64 =a square = (8 — 2x)’ say. 
Hence x = 62, 


The side of the square = 67, and the square itself = 4489. 


17. Zo find a right-angled triangle such that the sum of the area 
and either the hypotenuse or one side =a square. 
We must first seek a triangle (h, k, g) and a square 2’ such 
that hkz? — ka (h—k) =a square, and 2*> a, the area. 
Let the triangle be formed from 4, 1, and the square be 36, but, 
the triangle being (8, 15, 17), the square is not > area. 
Therefore we must find another square to replace 36 by 
the Lemma in the preceding. But 
hk = 136, ka (h —k) = 480.9 = 4320. 
Thus 36.136 — 4320 =a square, and we want to find a larger 
square (m”) than 36 such that 136m* — 4320 =a square. 
Putting m=z+ 6, (2° + 12z + 36) 136 — 4320 = square, 
or, 1362? + 16322 + 576 =a square = (nz — 24)’ say. 
This equation has any number of solutions, of which one 
gives 676 for the value of (z+ 6)’ [putting x= 16]. 
Hence, putting for the triangle (82, 152, 17x), we get 
60a? + 8a = 67 62". 
1 
Therefore C= ar: 
18. To find a right-angled triangle such that the line bisecting an 
acute angle is rational. 


A 
4x 
C 3-32 1) Oy: | 


Let the bisector (A D) = 5a and one section of the base (DB) 3x, 
so that the perpendicular = 4. 
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Let the whole base be some multiple of 3, say 3, Then 
CD=3-— 3x. 
But, since AD bisects the 2 BAC, the hypotenuse = 33 — 32), 
therefore the hypotenuse = 4 — 4a. 
Hence 16a°- 32~+16=162°+9, and a= = . 
Multiplying throughout by 32, the perpendicular = 28, the base 
= 96, the hypotenuse = 100, the bisector = 35. 


19. Zo find a right-angled triangle such that the sum of its area 
and hypotenuse = a square, and its perimeter = a cube. 

Let the area =a, the hypotenuse = some square minus a, say 
16—a; the product of the sides= 2a. Therefore, if one 
of the sides be 2, the other is w, and the perimeter = 18, 
which is not a cube. 

Therefore we must find a square which by the addition of 2 
becomes a cube. 

Let the side of the square be (w+ 1), and the side of the cube 
(x — 1). 

Therefore x* — 3a°+ 3a—1=2° + 2a”+4+3, from which «=4. 

Hence the side of the square is 5, and of the cube 3. 

Again, assuming area=, hypotenuse =25—«, we find that 
the perimeter =a cube (sides of triangle being a, 2). 

But (hypotenuse)’=sum of squares of sides. 


Therefore a — 50x + 625=2° +4, 
: _621 
an = ° 


20. To find a right-angled triangle such that the sum of its area 
and hypotenuse =a cube, and the perimeter =a square. 
Area x, hypotenuse some cube minus a, sides a, 2. 
Therefore we have to find a cube which by the addition of 2 
becomes a square. Let the side of the cube = m-— 1. 


2 
Therefore m’*—3m’?+3m+1=a square = (5 m + 1) say. 


21 17\° 
Thus m=—-, and the cube=({—). 
4 4 
Put then the area a, the sides x and 2, the hypotenuse —— — x. 


64 





Therefore (5 : 


2 
_ = 2 ] 
64 ) x’ +4 gives x. 
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21. To find a right-angled triangle such that the sum of its area 
and one side is a square and its perimeter is a cube. 

Make a right-angled triangle from a, x + 1, 

Therefore the perpendicular = 2x%+1, the base = 22° + 2x, the 
hypotenuse = 2a° + 22+ 1. 

First, 4° + 6 + 2=a cube, or (4a + 2)(a#+1)=a cube. If we 
divide all the sides by «+1 we have to make 4+ 2 
a cube. 

Secondly, area + perpendicular =a square. 

20° +3a°+e 2+] 


Therefore ——_———..__ + ——— =a square. 
(x +1)? x+1 4 
Qa® + 5a®+ 4a+1 
Hence ——,— — = 22+ 1 =a square, 
2?+2r+1 


But 4a+2=acube. Therefore we must find a cube which is 
double of a square. 


Therefore 2a+1=4, x= 4 
: Pe 1: wel Fs ae bg 
and the triangle is G: 5° =) 


22. To find a right-angled triangle such that the sum of its 
area and one side is a cube, while its perimeter is a square. 
Proceeding as before, we have to make 
4x +2 a square 
2x+1 a cube \ 
7 
| 


Therefore the cube = 8, the square = 16, «= 
16 63 +) 
Be 8’ 8 

23. To find a right-angled triangle such that its perimeter is a 
square, and the sum of its perimeter and area is a cube. 


, 


and the triangle is ( 


Form a right-angled triangle from 2, 1. 

Therefore the sides are 2x, 2-1, and the hypotenuse 2’ + 1. 
Hence 2a? + 2 should be a square, and a* + 2a" + a cube. 
It is easy to make 2x?+ 2a a square: let it = ma’. 


2 . . 
Therefore «= 4 ot and from the second condition 
m: —2 


8 8 . 2 
— oo — a —— - 
(m?—2)°  (m*-2)  m?-2 
: 2m* 
must be a cube, 1.e. ——3—sy = & cube. 


(m* — 2)? 
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Therefore 2m*=a cube, or 2m=a cube =8 say. 

2 l 

14- 49° 

But for one side of the triangle we have to subtract 1 from 
this, which is impossible. 


Thus m= 4, c= “ and a = 


Therefore I must find another value of x >1: so that 


m>2< 4. 
And I must find a cube such that } of the square of it 
>2<4, 
Let it be x*, so that n° >8<16. This is satisfied by 
C= a oe 
27) ese 512 : : 
Therefore m= Te? ™ =a56° *=aI7” and the square of this 


>1. Thus the triangle is known. 


24. To find a right-angled triangle such that its perimeter is a 
cube and the sum of its perimeter and area =a square. 


(1) We must first see how, given two numbers, a triangle 
may be formed whose perimeter = one of the numbers, 
and whose area = the other. 


Let 12, 7 be the numbers, 12 being the perimeter, 7 the area. 


Therefore the product of the sides = 14 = 5 14a. 


Thus the hypotenuse = 12 — se 14a. 


Therefore from the right-angled triangle 


ae | ; 24 1 p 
172 + + 196° - 336” —-— = —, + 1962", 
a Go @ 
or, 172 -3362—*= = 0, 


This equation gives no rational solution, wnless 86° — 24. 336 
is @ square. 

But 172 = (perimeter)* + 4 times area, 24. 336 =8 times area 
multiplied by (perimeter)’. 


(2) Let now the area = a, the perimeter = any number which 
is both a square and a cube, say 64. 
64° + 4a\* ; 
Therefore ( as) —8. 64°. a must be a square, 


or, 4a°- 24576a + 4194304 =a square. 
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Therefore x* — 6144a + 1048576 is a square.) 
Also «+ 64 is a square. f 


To solve this double equation, multiply the second equation 
by such a square as will make the absolute term the same 
as in the first. Then, taking the difference and factors, 
&e., the equations are solved. 

[In the text we find éficvcAw oor ot apOpoi, which, besides 
being ungrammatical, would seem to be wrong, in that 
ap.Opoé is used in an unprecedented manner for povades. } 


25. To find a right-angled triangle such that the square of its 
hypotenuse = the sum of a square and its side, and the quotient 
obtained by dividing the (hypotenuse)’ by one side of the triangle = 
the sum of a cube and its side. 

Let one of the sides be a, the other 2’. 


Therefore (hypotenuse)’ =the sum of a square and its side, 


at+a* 





and =a cube + its side. 


Lastly, «*+a* must be a square. 


Therefore a + 1 =a square =(x — 2)’ say. 


Therefore a= S and the triangle is found. 

26. To find a right-angled triangle such that one side is a cube, 
the other =the difference between a cube and its side, the hypotenuse 
=the sum of a cube and its side. 

Let the hypotenuse = x* +a, one side = a — a. 
Therefore the other side = 2”* =a cube. 
Therefore x= 2, 

and the triangle is (6, 8, 10). 


TRACT ON POLYGONAL NUMBERS. 


1. AJl numbers, from 3 onwards in order, are polygonal, con- 
taining as many sides as units, e.g. 3, 4, 5, de. 

“ As a square is formed from the multiplication of a number 
by itself, so it was proved that any polygonal multiplied 
by a number in proportion to the number of its sides, 
with the addition to the product of a square also in pro- 
portion to the number of the sides, became a square. 
This we shall prove, first showing how a polygonal num- 
ber may be found from its side or the side from a given 
polygonal number.” 


2. If there are three numbers equally distant from each other, 
then 8 times the product of the greatest and the middle + the square of 
the least =a square whose side is (greatest + twice middle number). 

Let the numbers be AL, BG, BD (in fig.) we have to prove 
8 (AL)(BG) + (BD) = (AB + 286)’. 
TE seeeA. ncnencss 133 IDE; 
Now AB= BG + GD. 
Therefore 
8AB.BG=8 (BG? + BG. GD)=4AB, BG +4BG° +4 BG. ED. 
and 45G@.GD+DB°= AB [for AB=BG+ GD, DB= BG-GD), 
and we have to seek how AL’ +44AB. G+ 4G" can be made 
a square, 
Take AE = BG. 
Therefore 4AB,. BG =4AB. AL. 
This together with 42G° or 44 2” makes 4B2. FA, and this 
together with AL’ = (BE + BA)’ = (AB + 2BG)’. 


3. If there are any numbers in A.v. the difference of the greatest 
and the least > the common difference in the ratio of the number of 
terms diminished by 1. 
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Let AB, BG, BD, BE...be in ar. 
Bg A oe Chak DA on de 


Therefore we must have, difference of AB, BE= (difference of 
AB, BG) x (number of terms — 1). 

AG, GD, DE are all equal. Therefore LA = AG x (number 
of the terms AG, GD, DZ) = AG x (number of terms in 
series — 1), 

Therefore &e. 


4. If there are any numbers in s.r. (greatest + least) x number of 
terms = double the sum ofall. [2s=n(l+a).] 
Let the numbers be A, B, C, D, Z, F. 
(A + /) x the number of them shall be twice the sum. 
Fe LP SRL ESI ONY Dig! 5) 
ED ig Me Gans 
The number of terms is either even or odd; and let their 
number be the number of units in HG. 
First, let the number be even. Divide HG into two equal 
parts at KX, 
Now the difference of /, D =the difference of C, A. 
Therefore / + A=C+D, but #+A=(F+4) HL. 
Hence C+D=(F+4A) LM, £+B=(F +A) MK. 
Therefore A+B+...=(F +4) HK. 
And (F +A) HG =twice (A+ B+...). 


5. Secondly, let the number of terms be odd, A, B, C, D, L, 
and let there be as many units in /'// as there are terms, «ec. 
A.B.C.D.E 
F.G,E.H 
6. If there are a series of numbers beginning with 1 and increas- 
ing in A.P., then the sum of all x eight times the common difference 
+ the square of (common difference — 2) =a square, whose side dimin- 
ished by 2=the common difference multiplied by a number, which 
increased by 1 is double of the number of terms. 
[Let the a.p. be 1, 1+a, ... 1 +n—-l.a. 
Therefore we have to prove 
s. 8a + (a— 2)? ={a(2n—- 1) + 2}’, 
Le. Sas = 4a*n? — 4 (a — 2) na, 


or 2s = an? - (a - 2)n=n(2+n-Ia)). 
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Proof. Let AB, GD, LZ be numbers in A.P, starting from 1. 


Let 7 contain as many units as there are terms including 1. 

Difference between ZZ and | = (difference between AB and 1) 
x a number 1 less than H7'[Prop. 3]. 

Put AK, LL, HM each equal to unity. 

Therefore LA=UT KE: 

Take AW = 2 and inquire whether the sum of all x eight times 
KB + square on VB makes a square whose side diminished 
by 2=KBx sum of HT, 7M. 


1 : 1 ; 
Sum of all = 5 product (74+ HL). HT = 5 (LZ + 2EL) HT, 
and LZ= MT. KB from above. 

Therefore the sum = : (KB. MT .TH+ 2TH), 


or, bisecting M7’ at X, the sum= AL. TH, TX+ HT. 
Thus we inquire whether 
KB.TH,.TX.8KB+8KB. HT + square on NB 
is @ square. 
Now SAT. TX kB =thT Tees 
and 8KB.HT=4HM. KB+4(HT+ TM) KB, 


Therefore we must see whether 
4,.H7T.7M. KB? +4HM.KB+4(H7T+TM) KB+ NE 


is @ square. 

But 4HM .KB=2KB. NK, 

and 2KB.NK+ NB = KB’ + KN’, 
and again B= Ti) pe, 


and HM*. BK* + 4HT .7M. BK*=(HT+ TM) BE’. 
Hence our expression _becomes 


(17+ 7M) BK? +4 (HT +TM) KB+ KN* 








oA arcs een es R 
H.M x—T 
or, putting (77+ 7M) BK=NR, NR’°+4NR+ KN* 
and 4NR=2NR. VE. 


Therefore the given expression is a square whose side is RX, 
and RK—2=WNR, which is KB(HT+T7M), 
and H7' + 7M + 1= twice the number of terms. 


Thus the proposition is proved. 
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HT+TM=A, KB=B. 


TI 
D Ri Zz 
y 
T 





Therefore square on A x square on B=square on G, where 
G=(HT+TM) KB. 

Let DE =A, FZ = B, ina straight line. 

Complete squares D7’, LL, and complete 7'Z. 

Then DE : EZ=DT: TZ, and TE: EK=TZ: EL. 

Therefore 7’Z is a mean proportional between the two squares, 

Hence the product of the squares = the square of 7’Z, and 
DT =(HT+TM)’, ZK =square on KB. 

Thus the product (H7+7M)’. KB’= NRE’. 


8.. If there are any number of terms beginning from 1 in A.P. 
the sum is a polygonal number, for it has as many angles as the common 
difference increased by 2 contains units, and its side = the number 
of terms including the term 1. 


The numbers being represented in the figure, (sum of series 
multiplied by 8AB) + VB? = RK*. 


0.A.K..N...B——RG——D E,. L—Z 
H.M x——T 





Therefore, taking another unit AO, KO = 2, KN = 2, and 
OB, BK, BN are in arithmetical progression, so that 
8.OB. BK + BN®=(OB+2BK)’, 
[Prop. 2], and OB + 2BK-OK=3KB and 3+1- 2.3, 
or 3 is one less than the double of the common difference 
of OB, BK, BN. 
Now as the sum of the terms of the progression, including unity, 


H, D. 16 
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is subject to the same laws as OB’, while OB is any number 
and OB always a polygonal (the first term being AO [1] 
and AB the term next after it) whose side is 2, it follows 
that the sum of all terms in the progression is a polygonal 
equiangular to OB, and having as many angles as there 
are units in the number which exceeds by OK, or 2, the 
difference AB, and the side of it is HZ’ which = number 
of terms, including 1. 

And thus is demonstrated what is said in Hypsikles’ definition. 


If there are any numbers increasing from unity by equal 
intervals, when the interval is 1, the sum of all is a tri- 
angular number: when 2, a square: when 3, a pentagon and 
soon. And the number of angles = 2 + common difference, 
the side = number of terms including 1. 


So that, since we have triangles when the difference = 1, the 
sides of them will be the greatest term in each case, and 
the product of the greatest term and the greatest term 
increased by 1 = twice the triangle. 

And, since OB is a polygonal and has as many angles as 
units, and when multiplied by 8 times (itself -— 2) and 
increased after multiplication by the square of (itself — 4) 
[i.e. W.B’] it becomes a square, the definition of polygonal 
numbers will be : 

Every polygonal multiplied 8 times into (number of angles 
— 2) + square of (number of angles — 4) =a square. 

The Hypsiklean definition being proved, it remains to show 
how, given the sides, we may find the numbers. 

Now having the side 77 and the number of angles we know 
also KB, therefore we have (H7+7M) KB=NR. 
Hence KF is given [WK = 2]. 


1 This result Nesselmann exhibits thus. Take the arithmetical progression 
1, b+1, 2b41...(n—1) 041. 

If s is the sum, 8sb + (b — 2)2=[b (Qn —1) +2]. 

If now we take the three terms b — 2, b, b+2, also in A.p., 


8b (b+ 2) +(b—2)2=[(b +2) + 20]? 
= (3b +2). 


Now b+2 is the sum of the first two terms of first series; and 3=2.2—1, 
therefore 3 corresponds to 2n—1. 
Hence s and b+ 2 are subject to the same law. 
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Therefore we know also the square of KR. Subtracting from 
it the square of VS, we have the remaining term 
which = number x 8B. 


Similarly given the number we can find the side. 


9. Rule. To find the number from the side. 


Take the side, double it, subtract 1, and multiply the remainder 
by (number of angles—2), Add 2 to the product, and 
from the square of the number subtract the square of 
(number of angles — 4). Dividing the remainder by 8 
times (number of angles —2), we find the required 
polygonal, 

To find the side from the number. Multiply it by 8 times 
(number of angles — 2), add to the product the square of 
(number of angles — 4), We thus get a square. Subtract 
2 from the side of this square and divide remainder by 
(number of angles —2). Add 1 to quotient and half the 
result is the side required. 


10. [A fragment. ] 
Given a number, to find in how many ways it can be a polygonal. 
Let AB be the given number, 4G the number of angles, and 
in BG take GD=2, GH=4. 
A.T——B—E.,.D..G——K 
Z—H 
Therefore, since the polygonal AB has BE angles, 
8AB. BD + BE’ =a square = ZH” say. 
Take in AB the length A7’=1. 
Therefore 8A4B.BD=4AT7'. BD +4 (AB+ TB) BD. 


Take DK =4(AB+TB), 

and for 447’. BD put 2BD. DE. 
Therefore ZH?=KD.BD+2BD.DE+ BE", 
but 2BD. DE + BE’ = BD’ + DE’. 
Hence ZH*=KD.BD + BD’ + DE’, 
and KD.BD+ BD? =KB. BD. 
Thus ZH*?=KB. BD+ DE’, 


and, since DK = 4 (AB+ 7B), DK>4AT'>4, and half 4=D6@, 
GK > GD. 
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Therefore, if DX is bisected at L, Z will fall between G and K, 
and the square on LB=LD°+ KB. BD. 


A, T——B——E..D..G——L—_K 
Z—_H——_N——-M 


Therefore ZH? = BI? —- LD’ + DE’, 

or Z4H*+ DI? = BL’? + DE’, 

and LD? ~ DE? = LB’ ~ ZH’. 

Again since H#D= DG and DG is produced to L, 
EL. LG+GD* = DI’. 

Therefore DL’-DG*?=DL’*-DE’=EL. LG. 


Hence EL. LG= LB ~ ZH’. 

Put ZM = BL (BL being > ZH). 

Therefore 7M°? —- ZH? =EL.LG; but DK is bisected in LZ, 
so that DL=2(AB+ BT); and DG=24T. 
Therefore GL=48T7,and BT'= ; GL, 

but also AT (or 1)= 7 EG (or 4). 

Therefore AB =; EL, but TB also = 1 GL: 

Hence Ps Rey al 2 = EL. LG, 

or EL .LG=16AB. BT. 


Thus 16AB. BT = UZ —- ZH* = MH'*+2ZH. HM. 
Therefore 7 is even. 
Let it be bisected in JV....... 


{Here the fragment ends. ] 
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31, 33, 34, 35, 36, 37, 44 n., 49, 51 n., 
54, 55, 58, 59, 77, 78, 79, 85, 88, 91 n., 
92, 108, 110, 114, 121, 125, 1297., 
133, 142, 143 n., 144, 145, 146, 147, 
169 n., 212 n., 242 n. 

Nikomachos, 6, 14, 15, 16, 38, 65 n., 
135, 151 
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Notation, algebraic: three stages, 77— 
80; drawbacks of Diophantos’ nota- 
tion, 80—82 

Numbers which are the sum of two 
squares, 127—130 

Numbers which are the sum of three 
squares, 130—131 

Numbers as the sum of four squares, 
131—132 


épyavGou, 136—137 
dpiruévor aprOuol, 140 
Oughtred, 78 n. 


Pappos, 11, 12, 17, 65 n., 139 

mapiodtns OF mapworntos aywyn, 117— 
120 

Peletarius, James, 2, 43 

Pell, John, 56 

Perron, Cardinal, 20 

Phaidros, 14, 15 

wacuarikov, 169 n. 

Plato, 18, 141—142, 145 

\79os, coefficient, 93 n. 

plus, Diophantos’ expression of, 71, 
137 n.; Bombelli’s symbol for, 45 ; 
Vieta’s, 78 n. 

Pococke, 2, 12, 41 n. 

Polygonal Numbers, \31—35 and pas- 
sim 

Porisms, 18, 32—35, 87, 121—125, 210, 
218 

Poselger, 55, 120, 124 n. 

Powers, additive and multiplicative 
evolution of, 70—71, 150—151 

Proclus, 142 

Progression, arithmetical, summation 
of, 239—240 

mporacts and mpdéSnua, 34 

Ptolemy, Claudius, 9 

Pythagoras, 141 


Quadratic equation, solution of, 90— 
93, 140—141, 151—155; the two 
roots of, 92, 153—155 


Radiz, 68 
Ramus, Peter, 10, 14, 15 
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Reduction of determinate equations, 
29, 149—150 

Regiomontanus, Joannes, 2, 20, 21, 
22, 23, 42, 46, 78 

Reimer, 32 

Relati, 71 

Res, 68 

Riccati, Vincenzo, 27 n. 

Right-angled triangle: formation of, 
in rational numbers, 115, 141, 142; 
use of, 115, 127, 128, 155, 156; ex- 
amples, APPENDIX, especially Book 
VI. 

plgn of Nikomachos, 151 

Rodet, L., 29 n., 59, 60, 61, 62, 75—76, 
91 n., 92, 134, 151, 155 

Rosen, editor of Mohammed ibn Misa, 
q. Vv. 


Salmasius, Claudius, 19 n., 224 

Saunderson, Nicholas, 52 n., 133 

Scholia on Diophantos, 38, 39, 135 

Schulz, 55 and passim 

Series, arithmetical; summation of, 
239—240 

shai, 150 

* Side-numbers,” 142 

Simultaneous equations, how treated 
by Diophantos, 80, 89, 113, 140 

Sirmondus, Jacobus, 19 n., 20 

Square root, how expressed by Dio- 
phantos, 93 n. 

Stevin, 3, 55 

Struve, Dr J. and Dr K. L., 142 n. 

Subsidiary problems, 81, 86; examples 
of, 97, 110, 111 

Subtraction, Diophantos’ symbol for, 
66 n., 71—73; Tartaglia’s, 78 n.; 
Bombelli’s, 45 

Suidas, 1, 8, 9, 10, 11, 12, 13, 45 

Supersolida, 71 


Sursolides, 71 

Suter, Dr Heinrich, 28 n., 50, 53 n. 

Symbols, algebraic: see plus, minus, 
&e, 


tafsir on Diophantos, 40 

Tannery, Paul, 6, 7, 9 n., 10, 13, 14, 
15, 16, 133, 139, 142—146 

tanto, Bombelli’s use of, 45 

Twrikh Hokoma, 41 


- Tartaglia, 43, 78 n. 


Theon of Alexandria, 8 n., 10, 11, 12, 
they 33) 

Theon of Smyrna, 6, 135, 142 

Thrasyllos, 15 

Thymaridas, 140 

Translations of Diophantos, see Chap- 
ter 111. 


Unknown quantity and its powers in 
Diophantos, 57—69, 139—140; in 
other writers, 45, 68, 70, 71 ., 150, 
151, 157, 158; Diophantos’ devices 
for remedying the want of more than 
one sign for, 80—82, 89, 179 

Urapits, 29 n., 71, 137 n. 

Usener, Hermann, 12 n. 


Variable, devices for remedying the 
want of more than one symbol for a, 
80—82, 89, 179 

Vieta, 52, 68, 78 n., 123—124 

Vossius, 3, 21 n., 56 


Wallis, 70 n., 71, 138 
Wopcke, 24, 25, 26, 155 


Xylander, 45—51 and passim 


Zensus, 68 
Zetetica of Vieta, 52 
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